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PREFACE. 


In  order  to  ensure  succeu  in  the  eukivmtioii  of  any  bnusch 
of  learning,  it  is  a  matter  of  prime  importance  to  take  care 
that  the  first  principles  and  elements  be  thoroughly  under- 
stood,   and   firmly  fixed  in  the  memory,   by  a  sufficient 
number  of  suitable  exercises  and  examples.    This  salutary 
maxim  we  have  the  advantage  of  hearing  so  frequently 
repeated,  that  an  inattentive  observer  might  reasonably  be 
led  to  suppose  its  truth  had  obtained  universal  suffrage;  but 
in  this  he  would  be  mistaken,  ibr  though  all  seem  agreed  on 
the  subject,  the  assent  u  for  the  most  part  merely  verbal, 
and,  like  our  assent  to  truths  of  higher  importance,  has  too 
little  influence  on  the  practice.    It  would  be  beneficial  to 
learning,  and  consequently  to  society,  if  no  instance  could 
be  adduced  to  justify  this  conclusion ;  but  whoever  will  take 
the  trouble  to  examine  the  plan  on  which  the  business  of 
some  of  our  schools  is  conducted,  will  find  abundant  reason 
to  acknowledge  its  truth — he  will  find  that  too  little  attention 
is  paid  to  the  introductory  parts  of  learning,  and  that  pupils 
are  too  frequently  hurried  on  frcmi  one  subject  to  another, 
with  a  rapidity  which  does  not  adnlit  of  their  fully  under- 
standing  any  thing  they  pass  through.    This  conduct  is  both 
cruel  and  impolitic ;  it  deprives  both  the  learner  and  society 
at  large,  of  the  benefits  which  might  be  expected  from  talents 
properly  cultivated    But  if  part  of  the  blame  rest  with 
the  preceptor,  a  much  larger  share  attaches   itself  to  his 
employers,  whose  impatience  for  their  children's  hasty  im- 
provement is  too  generally  productive  of  this  abuse.    The 
VOL.  I.  b  , 
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preceptor,  indisputably  the  fittest  judge  of  his  own  business^ 
and  consequently  of  what  methods  ought  to  be  pursued  for 
the  real  benefit  and  improvement  of  his  scholars^  cannol 
always  presume  to  follow  the  dictates  of  his  own  unbiassed 
understanding ;  if  he  did,  he  might  soon  ^^  vaunt  and  vapour 
in  ah  empty  school/' 

But  one  of  the  greatest  impediments  to  successful  teaching, 
is  the  undue  deference  which  it  is  the  fashion  to  pay  to  juvenile 
opinion ;  for  although  the  extravagant  doctrines  of  liberty-, 
asserted  by  some  modem  philosophers,  as  far  as  they  relate 
to  politics,  are  justly  exploded  as  absurd  and  impracticable^ 
they  still  possess  a  considerable  degree  of  influence  on  our 
system  of  education.  No  sooner  has  a  young  gentleman 
assumed  the  neckcloth,  than  he  feels  himself  invested  with 
a  degree  of  consequence,  which,  a  century  or  twa  ago, 
would  have  been  thought  daingerous  in  such  hands,  and  is 
allowed  a  right  to  offer  bi»  opinion  with  unlimited  freedom 
on  every  subject.  It  frequently  happens  that  a  father  enter-* 
tain's  such  an  extraordinary  respect  for  his  son^s  judgment 
add  penetration,  that  almost  every  thing,  relating  to  his 
future  studies,  is  submitted  to  hb  own  decision:  of  course,  he 
determines  on  that  which  he  expects  will  be  attended  with 
the  least  difficulty  to  himself;  but  as  he  prefers  amusements 
of  his  own  choosing,  none  that  are  proposed  will  suit  him 
exactly..  He  objects  to  grammar  because  its  rules  aredry ;  and 
if  he  is  obliged  to  learo  them,  he  is  sure  that  his  memory  will 
not  retain  them — he  has  not  a  genius  for  numbers,  his  father 
never  had — ^he  would  consent  to  learn  Algebrd,  but  he  has 
been  informed  that  the  symbols  employed  mean  nothing ; 
how  then  can  the  science  have  any  meaning  or  use  ?  but 
admitting  it  to  be  useful,  the  operations  appear  so  difficult 
and  complicated,  that  the  advantage  of  acquiring  it  cannot 
be  worth  the  trouble.  Geometry,  according  to  his  deter- 
mination (for  he  is  always  positive),  is  of  no  use  to  any  but 
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eominoD  mechmics,  and  as  be  is  not  intended  for  one,  it 
can  be  of  DO  semce  to  him.  A  pupil  of  thb  hopeful 
desciiptioQ,  however  he  may  object  to  the  difficulties  of 
lenmiDg,  lif»  generally  sense  enough  to  see  the  necessity  of 
pursuing  (at  least  in  appearance)  some  one  or  more  of' these 
studies^  in  order  to  secure  that  respectability  to  which,  in 
tpte  of  indolence,  his  pride  prompts  him  to  aspire.  In  doing 
Ihisy  if  he  employs  any  effort  of  mind,  it  is  only  in  con- 
triving how  to  evade  difficulties  of  every  kind,  get  through 
the  uninteresting  rudiments  as  hastily  as  possible,  and  arrive 
at  those  parts  which  seem  to  pi^mise  more  pleasure,  or  less 
expense  of  mental  exertion.  But  in  this,  ere  long,  he  finds 
hk  mistake ;  for,  having  obtained  his  wish,  he  does  not  fail 
to  {Mtove  an  incessant  torment  to  his  tutor,  whose  painful 
duty  it  now  becomes  to  teach  him  the  application  of  those 
fundamentals  which  he  would  never  take  the  pains  either  to 
itderstand  or  remember,  and  which  nothing  can  induce  hira 
sow  to  resume*. 

The  consequences  resulting  from  both  the  above  cases, 
are  in  general  the  same.  The  pupil,  weary  of  a  pursuit 
which  he  is  at  length  convinced  will  yield  neither  pleasure 
iKkr  advantage^  the  moment  he  is  completely  at  his  own 
disposal,  quits  it  with  disgust — the  money  spent  on  that  part 
of  his  education  is  totally  thrown  away,  or  would  have  been 
better  employed  in  acts  of  charity ;  and,  what  b  far  worse, 
those  precious  bouts,  days,  months,  perhaps  years,  wliich 

•  If  Wbat  M.  RolHn  says  be  true,  viz.  **  That  it  is  the  end  of  masters  to 
itHtuaie  ikeir  ^cAaiars  to  tmifiut  appUctUiom;  to  make  tbem  lore  and  value  the 
KieoceSy  and  cultivate  tucb  a  taste  as  shall  make  tbem  thirst  after  the  sciences 
when  they  are  gone  from  school ;"  what  grief,  vexation,  and  disappointment 
nust  that  master  experience  who  is  unfortunate  enough  to  have  in  his  school 
hilf  a  ddzeo  such  pupils  as  we  have  described.  The  best  preceptor  confined 
to  the  tuition  of  fuch  would  be  in  great  danger  of  soon  becoming  good  for  noth- 
iDg;  and  indeed,  opposition  of  any  kind,  from  whatever  quarter  it  may  arise, 
if  it  b^  taficieatly  offfeacious  to  disappoint  or  subvert  the  tutor's  plans,  will 
btfe*a  ftroBg  tCBdeney  to  relnc  bit  ardour ;  it  will  by  -d^^rees  bring  on  an 
increasing  imU^reoee  to  hb  duty,  add  at  length  reduce  bim  to  the  state  of  a 
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constituted  the  only  proper  season  for  his  improvement,  are 
irrecoverably  lost.  When  arrived  at  the  state  of  manhood, 
he  cannot  but  feel  his  deficiency)  and  is  sometimes  almost 
half  inclined  to  regret  his  former  obstinate  misconduct. 
Nevertheless,  he  palliates  it  with  the  mild  name  of  juvenile 
indiscretion ;  attributes  the  whble  to  the  ignorance  or  negli- 
gence of  his  tutors^  whose  peculiarities  (and  perhaps  their 
virtues)  are  the  occasional  subjects  of  his  merriment;  and  if 
he  has  children,  he  educates  them  as  nearly  as  possible  after 
the  same  plan  on  which  he  himself  was  educated. 

These  are  some  of  the  bad  effects  which  follow  from 
parental  authority  being  misapplied,  inefFectually  exerted,  or 
not  exerted  at  all ;  and  might  easily  be  avoided,  if  parents, 
with  .due  attention  to  their  children's  talents,  would  them- 
selves resolve  on  the  studies  to  be  pursued,  and  leave 
the  plan  and  execution  entirely  to  the  wisdom  and  known 
fidelity  of  the  master;  and  it  is  a  happy  circumstance  for 
learning  and  mankind,  that  to  the  prevailing  custom  there 
are  many  exceptions  of  this  kind.  We  readily  admit,  that 
our  ancestors  erred,  by  introduciiig  too  much  strictness  and 
rigid  formality  into  their  mode  of  instruction ;  but  it  is  no 
less  certain  that  the  present  generation  deviate  in  theirs  full 
as  widely  towards  the  opposite  extreme,  and,  from  a  due 
comparison  of  both,  it  appears  that  the  last  error  is  by  far 
the  worst  ^  :  but  as  the  removal  of  the  cause  is  not  likely  to 
be  effected,  various  contrivances  have  been  resorted  to,  in 
order  to  counteract  as  much  as  possible  its  bad  effects :  every 
possible  means  has  been  employed  to  allure  the  dull,  the 
idle,  and  the  frivolous  of  every  description,  to  the  pursuit  of 

^  Dr.  Kooz  delivers  his  opinion  yery  freely  on  this  subject ;  let  the  attentive 
obsenrer  determine  how  far  it  is  correct.  **  It  is  certain"  (says  the  Doctor) 
**  that  schools  often  degenerate  with  the  contmunity,  and  continue  greatly  to 
incsease  the  general  depravity,  by  diffusing  it  at  thie  m^  susceptible  periods  of 
life.  The  old  scholastic  descipline  relaxes^  habits  of  idleness  and  intemperance 
are  ooottactedy  and  the'scholfir  often  comes  from  them  with  tiie  acquisition  of 
effrontery  alone,  to  compensate  ioi*  his  ignorance.**  Anodr  oji  Education,  p.  31 . 
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knowledge,  as  well  as  to  assist  and  promote  the  progress  of 
real  genius  and  industry,  by  removing  obstacles,  and  making 
die  way  plain  and  easy.  Hence  arises  the  multiplicity  of 
easy  introductions,  easy  grammars,  games,  &c.  which  we 
have  in  every  branch  of  learning,  works  which  are  all  useful 
as  fiir  as  they  go^  but  it  must  be  remarked,  that  if  they 
remove  difficulties  out  of  the  8cholar*s  way,  instead  of  teaching 
him  how  to  encounter  and  surmount  them,  these  perfor- 
mances, however  they  may  be  patronized  and  praised,  are 
of  but  little  value.  Scientific  games,  it  is  allowed,  are 
pleasing  and  instructive  amusements  for  the  nursery;  but 
whatever  they  may  seem  to  promise,  it  is  making  sad  game 
of  the  sciences,  to  suppose  that  these  can  be  acquired  by  play. 
I  am  persuaded  that  none  ever  did,  or  ever  will  attain  to 
useful  or  honourable  proficiency  in  any  branch  of  learning, 
widiout  proportionate  labour  and  application  ^ 

If  what  has  been  said  be  correct,  it  will  not  only  account 
for  the  great  numbei'  of  easy  elemeajtjiry  treatises  tliat  has 
a{qpeared,  but  will  shew  that  an  almost  endless  variety  is 
absolutely  necessary  to  accommodate  the  various  tastes  of 
learners;  it  will  be  a  sufficient  apology  for  adding  one  to 
the  number,  as  well  as  for  the  plan  on  which  it  is  written. 

In  the  following  work,  it  is  proposed  to  combine  more 
advantages  than  are  to  be  met  with  in  any  single  book  on 
the  subject,  viz.  historical,  theoretical,  and  practical  know- 
ledge, and  to  accompany  the  whole  with  explanations  so 
exceedingly  simple  and  easy,  that  it  is  presumed  to  be  im« 

«  '*  Nothing  can  be  more  absurd*'  (says  tbe  author  of  Hermet)  '*  than  the 
commoD  notion  of  instruction ;  as  if  science  were  to  be  poured  into  the  mind 
Uke  water  into  a  cistern,  that  passively  waits  to  receive  all  that  comes.  The 
growth  of  knowledge  resembles  the  growth  of  fruit ;  however  external  causes 
may  in  some  degree  co-operate,  it  is  the  internal  vigour  and  virtue  of  the  tree 
that  must  ripen  the  juices  to  their  just  maturity."    Harris. 

"  To  lead  a  child  to  suppose,  that  he  is  to  do  nothing  which  is  not  conducive 
to  pleasure,  is  to  give  him  a  degree  of  levity,  and  a  turn  for  dissipation,  which 
will  certainly  prevent  his  improvement,  and  may  perhaps  occasion  his  niin." 
^Hox  on  EdtxatUm^  p.  19. 
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possible  that  any  person  of  moderate  talents  will  fail  to 
understand  them.  It  supposes  the  learner  to  be,  in  the 
proper  sense  of  the  word,  a  beginner^  consequently  unac- 
quainted with  even  the  rudiments  of  science;  and  from 
common  principles  known  and  acknowledged  by  all^  it  pru* 
ceeds  by  easy  and  almost  imperceptible  gradations,  to  lead 
him  on  (with  the  aid  of  Simsons  Euclid  and  a  Table  of 
Logarithms,  both  which  it  explains)  to  the  attainment  of  a 
considerable  degree  of  mathematical  knowledge,  with  scarcely 
any  assistance  from  a  master.  The  work  is  divided  into  ten 
parts,  in  which  the  subjects  treated  of  are — ^Arithmetic, 
Algebra,  Logarithms,  Common  Geometry,  Trigonometry, 
and  the  Conic  Sections ;  each  preceded  by  a  popular  history 
of  its  rise  and  progressive  improvements :  to  which  are  added^ 
by  way  of  notes,  brief  memoirs  of  the  principal  authors 
mentioned  in  the  text ;  some  account  of  their  writings,  dis« 
coveries,  improvements,  &c.  with  a  variety  of  useful  infor- 
mation of  a  miscellaneous  nature,  respecting  the  Mathe- 
matical Sciences. 

Part  L  begins  with  an  Historical  Account  of  Arithmetic  **, 
explaining,  to  a  considerable  extent,  the  nature  and  con- 
i^ruction  of  numbers,  and  proceeds  by  laying  down  in  a  plain 
and  simple  manner,  what  are  usually  called  the  four  funda- 
mental rules:  next  follow  in  order.  Reduction,  the  Com« 
pound  Rules,  Proportion  Direct,  Inverse,  and  Compound ; 
the  Rules  of  Practice,  the  theory  and  practice  of  Fractional 
Arithmetic,  Vulgar,  Decimal,  and  Duodecimal ;  Involution^ 
Evolution,  and  Progression,  both  Arithmetical  and  Geome- 
trical ;  the  whole  demonstrated,  exemplified,  and  explained  i 
and  as  simplicity  and  clearness  were  always  the  objects  aimed 


^  Plato  calls  Aritbmetic  and  Geometry  <<  The  wings  of  the  mathematician  ;'* 
<<  Arithmetic"  (says  11.  08anam)'«may  be  considered  as  the  mathematician's 
fighi  wing,  because  without  this  Geometry  would  be  very  imperfect.;  this  jus- 
tifies, the  common  practice  of  beginnin^f  the  Mathematics  with  the  study  oi 
Arithmetic." 
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at,  it  is  hoped  do  obstacle  will  be  found  in  the  learner's  way 
which  may  not  easily  be  suraiognted.     Under  these  beads, 
which  comprise  the  whole  of  Elementary  Arithmetic,  is 
given  a  great  number  of  particular  rules  and  observations,  not 
to  be  found  in  siuy  other  work,  hut  which  are  necessary,  in 
order  fully  to  explain  the  theory,  and  facilitate  the  practice  of 
numbers.     Besides  the  examples  fully  wrought  out  and 
explained,  several  others  are  introduced  under  each  rule, 
with   their  answers  only,  and  a  few   are  given   without 
answers.     Part  IL  contains  an  Hbtorical  Account  of  Lo- 
garithms, the  theory  and  practice  of  Logarithmical  Arithr 
metic,  with  numerous  examples,  problems,  and  explanations. 
P^  III.  contfiins  the  History  of  Algebra,  and  its   funda- 
mental rules ;  Rules  for  solving  Simple  and  Quadratic  £qua<r 
tions,  in  which  one,  two,  three,  or  more  unknown  quantities 
are  included;  and,  lastly,  a  collection  of  Problems,  teaching 
the  application  of  Simple  and  Quadratic  Equations,  in  a 
great  variety  of  ways;  the  whole  accompanied  with  notes  and 
easy  explanations  as  above.    This  completes  the  first  volume. 
The  second  volume  (Part  IV.)  begins  with  Literal  Algebra, 
in  which  the   Problems  are  analytically  investigated,  and 
likewise  demonstrated  by  tbe  method  of  Synthesis.     General 
conclusions   are  applied   to   particular  examples,   and  the 
methods   of   converting    numeral    Problems    into   general 
ones;  deducing  Theorems,  Rules,  and  Corollaries ;  registering 
the  steps  of  operations,  &c.  are  laid  down  and  applied  in  a 
variety  of  cases.    The  doctrine  of  Ratios,  Proportion,  Pro- 
gression, Variable  and  Dependant  Quantities,  Interest,  Dis- 
count, Permutations,  Combinations,  the  Properties  of  Num- 
bers,  &c.   are  Algebraically  investigated,    with    numerous 
examples.     Part  V.  explains  tbe  nature  and  theory  of  Equa- 
tions in  general,  their  Composition,  Depression,  Transfor- 
mation, and  Resolution,  according  to  the  methods  of  Newion, 
Cardan,  Euler,  Simson,  Des  Cartes,  and  others.     Various 
methods  of  Apffos^imation  as  laid  down  by  Simsori,  Rqphson, 
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Button,  Bernoulli,  &c.  the  Solution  of  fixponeotal  Eqaationsr^ 
and  Problems  for  exercise.  Part  VI.  explains  the  nature 
and  method  of  resolving  indeterminate  Problems,  both  simple 
and  Diophantine.  Part  VII.  shews  how  to  convert  Fractions 
and  Binomial  Sards  into  Infinite  Series,  by  Sir  Isaac 
Newton's  Binomial  Theorem,  and  otherwise :  how  to  sum, 
Interpolate,  and  revert  a  given  Series ;  to  which  is  added,  the 
Algebraic  investigation  of  Logarithms,  with  Rules  for  con- 
structing entire  tables  of  those  numbers,  both  common  and 
hyperbolical.  Part  VIII.  treats  of  Geometry,  tiz.  its  history 
and  use,  and  describes  the  nature,  construction,  and  use  of 
Mathematical  Instruments,  to  prepare  the  learner  for  the 
practical  application  of  Geometry:  this  is  followed  by  an 
easy  logical  Introduction  to  the  study  of  EaclitTs  Elements, 
considered  as  a  system  of  demonstration,  with  Observations 
on  the  Definitions,  Postulates,  and  Axioms,  and  the  most 
remarkable  propositions  in  the  first  six  books,  as  they  stand 
in  Dr.  Simson*»  Tramlaiion;  with  Corollaries,  explana- 
tions  of  the  difficulties  that  occur,  &c.  partly  original,  and 
partly  selected  Arom  Clavius,  Barrow,  SaviHe,  Austen, 
Zfudlam,  Ingram,  and  Pkqfair :  to  which  is  subjoined,  an 
Appendix,  containing  some  useful  propositions,  not  in  Euclid; 
and  an  easy  system  of  Practical  Geometry  and  Mensuration, 
for  the  purpose  of  applying  Euclid*s  theory  to  practice. 
Part  IX.  contains  the  theory  and  practice  of  Trigonometry, 
the  investigation  of  Formulae  for  the  Sines,  Tangents,  Se« 
cants,  &c.  both  natural  and  artificial ;  with  the  description, 
construction,  and  use  of  instruments  employed  in  Altimetry, 
Surveying,  Geography,  Navigation,  &c.;  and,  lastly,  the  Men« 
suration  of  inaccessible  heights  and  distances.  In  Part  X. 
is  given  the  History  of  the  Conic  Sections,  with  the  principal 
and  Doost  useful  properties  of  those  celebrated  curves,  deduced 
by  an  easy  and  natural  method,  accoQipanied  with  numerous 
references  to  Euclid,  for  the  convenience  of  the  learner. 
Such  is  the  plan. of  the  work ;  with  respect  to  its  execution^ 
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the  Author  submits  with  becoming  diffidence  to  the  judg« 
ment  of  the  public :  he  is  aware  of  many  imperfectionf ,  and 
is  too  well  acquainted  with  himself,  not  to  suspect  that  some 
em»s  may  have  escaped  him,  of  which  he  is  unconscious ; 
bnt  he   trusts  that  none  will  be  found  of  sufficient  im- 
portance to  mislead  the  student,  or  materially  impede  his 
progress.     If  any  plea  for  indulgence  could  be  urged  or 
admitted,  it  might  be  truly  said,  that  few  books  have  been 
composed  under  more  unfiivourable  circumstances  than  this ; 
but  waving  every  claim  of  the  kind,  the  Author  only  requests 
it  will  be  remembered,  first,  that  his  work  is  intended  for 
bq^ners;  this  will  account  for  some  apparent  prolixity, 
especially  in  the  explanations,  and  for  the  manner  in  which 
some  of  the  rules  And  operations  are  accounted  for,  being 
rather  popular  than  scientific.     Secondly,  that  as  he  was 
not  within  fifty  miles  of  the  press,  typographical  errors  are 
unavoidable ;  but  firom  the  kind  attention  of  two  learned 
friends  at  Oxf(Mid,  and  the  care  taken  by  the  Printers,  their 
number  is  comparatively  small.    Thirdly,  part  of  the  manu- 
script was  at  die  press  and  inaccessible  to  the  Author,  while 
he  had  the  other  part  under  correctk)n,  which  will  explain  the 
cause  of  two  dt  three  unnecessary  repetitk>ns,  should  they 
be  discovered. 

It  ought  to  be  acknowledged,  that  in  the  piosecution  of  the 
subjects  here  treated  of,  occasional  assistance  has  been  de- 
rived from  the  writings  of  approved  authors  and  commen- 
tators; and,  in  some  instances,  their  methods  and  obser- 
vations have  been  extended,  abridged,  or  otherwise  altered,  to 
suit  the  plan  of  the  Author :  this  is  allowable  in  works  of  an 
elementary  nature  %  and  is  not  without  its  advantage,  both  to 
the  subject  and  to  the  reader. 

Two  copies  of  the  greater  part  of  Vol.  I.  having  been  more 
than  twelve  months  in  boards,  were,  by  way  of  experiment, 

*  V«oeior  iiiTeiita  Sapie&tiae,  inTentoresque  adire  tanqiuun  multorum  haere. 
dhftteiB,  jiiYat.    Mibi  ista  acquisita,  mihi  laborata  sunt.    Seneca. 
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put  into  the  hands  of  some  young  persons^  not  remarkable 
for  their  abib'ties,  and  who  had  hitherto  experienced  con* 
siderable  difficuhies  in  understanding  the  treatises  of  Walk-' 
ingame,  Bonnjfcastle^  &c.  By  the  use  of  these  copies  only, 
they  have,  during  the  above  period,  made  considerable  pro- 
gress, with  very  little  trouble  to  themselves  or  others;  having 
each,  on  an  average,  made  only  about  five  or  six  applications 
per  month  for  assistance,  beyond  what  the  book  supplies. 
This  fact,  which  from  its  nature  does  not  depend  on  single 
testimony,  is  highly  gratifying  to  the  Author,  as  it  evinces 
the  usefulness  of  his  work,  and,  he  hopes,  will  operate  as  a 
reconunendation ;  at  the  same  time,  he  wishes  to  take  no 
improper  advantage  of  the  public,  but  that  it  may  abide  a 
fair  trial ;  and  as  he  would  not  willingly  expose  himself  to 
merited  ridicule,  by  becoming  his  own  panegyrist,  it  remains 
only  for  him  to  adopt  the  poet's  candid  request-r- 

^  <#  Si  quid  noviad  rectius  istis, 

<<  Candidas  imperti :  si  non,  his  utere  mecuin." 

The  Author  is  truly  sensible  of  the  honour  done  him  by 
his  pupils  and  othefis,  whose  respectable  names  compose  the 
list  of  subscribers :  he  desires,  in  particular,  to  express  his 
gratitude  to  Dr.  Macbride  and  Richard  Berelis,  Esq.  LL.  D. 
for  their  fiiendly  advice  and  occasional  corrections ;  for  their 
kindness  in  undertaking  the  sole  management  of  getting  Ihe 
work  printed,  and  for  other  favours. 
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Pure  and  Mixed  Mathematics  defined^  and  their  Nature 

and  Uses  explavied. 

1  HE  term  Mathematics  \  in  its  original  acceptation,  means 
Learnings  Sdence>  or  Discipline  ^  but  in  a  more  restricted  and 
commonly  received  sense^  it  is  the  science  of  quantity^  which 
treats  of  magnitude^  considered  either  as  computable  or 
measurable. 

The  Mathematics  comprehends  several  branches,  each  of 
which  ranks  as  a  distinct  science :  these  are  arranged  under  two 
general  heads,  viz.  Pure  Mathematics,  and  Mixed  Mathematics. 

Pure  Mathematics  treats  of  magnitude  generally,  simply, 
and  abstractedly ;  it  determines  the  properties  and  relations  of 
magnitudes  and  quantities,  considered  purely  as  such,  and  with- 
out relation  to  any  material  substance  whatever.  This  class 
comprehends  Arithmetic,  or  the  science  of  Numbers ;  Analy- 
sis, or  the  science  of  general  calculation  \  GeometrYj  or  the 
science  of  local  extension;  and  mixed  Geometry,  in  which 
Aiithmetic  and  Analysis  are  combined  with  pure  Geometry. 

Mixed  Mathematics  is  pure  Mathematics  applied  to  Natu- 
ral Philosophy  or  Physics ;  it  combines  the  properties  of  Body, 
Motion,  &c.  as  determined  by  incontestable  experiments,  with 
the  doctrine  of  pure  quantity;  whence  by  a  methodical  and 
demonstrative  chain  of  reasoning,  it  deduces  conclusions  as 
incontrovertibly  evident,  as  those  ^vhich  Pure  Mathematics 
derives  from  self-evident  principles  and  definitions. 

'  Tbe  word  Jitahematiei  is  derived  from  /im^ngtSf  diaciplifM  or  loieikat. 
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The  following  sciences  are  comprehended  under  Mixed  Ma- 
thematics 3  viz.  I.Mechanics,  or  the  science  of  the  equili« 
brium  and  motion  of  solid  bodies,  treating  of  the  properties  and 
efifects  of  the  five  mechanical  Powers,  viz.  TheLever^  the  Axb  in 
Peritrochio,  the  Pulley,  the  Inclined  Plane,  the  Wedge,  and  the 
Screw  3  and  also  of  machines  of  ^very  description  compounded 
of  two  or  more  of  these.  2.  Hydrostatics^  and  Hydraulics, 
comprehending  the  theory  of  the  nature,  gravity,  pressure,  and 
equilibrium  of  fluids  5  the  theory  of  pumps,  syphons^  and  ar- 
tificial water- works  of  every  description  3  to  which  may  be 
added  Pneumatics,  which  treats  of  the  weight,  pressure,  elas- 
ticity, &c.  of  air  and  elastic  fluids,  the  air  pump,  air  gun,  &c. 
3.  Astronomy,  or^  the  science  which  treats  of  the  motions, 
periods,  eclipses,  distances,  magnitudes,  and  other  phenomena 
of  the  celestial  bodies.  4.  Optics,  or  the  doctrine  of  vision, 
light,  and  colours,  the  theory  of  the  eye,  the  telescope^ 
the  microscope,  spectacles^  and  all  kinds  of  reflecting  and  re- 
fracting glasses,  to  which  may  be  added  Perspective,  or  the 
theory  by  which  visible  objects  are  accurately  represented  on  a 
plane.  5.  Acoustics  or  Phonics,  which  treats  of  sound,  ex- 
plaining the  nature  of  the  ear,  of  speaking  and  hearing  tffam- 
pets,  whispering  galleries^  &c.  including  Music,  or  the  science 
of  harmony  in  sounds. 

From  various  combinations  of  these  branches  of  mixed  Ma- 
thematics, we  derive  a  g^reat  number  of  additional  branches,  as 
Surveying,  or  the  art  of  dividing^  delineating,  and  measuring 
land.  Architecture,  civil,  military,  and  naval,  or  the  art  of 
planning  and  building  houses,  churches^  palaces,  castles,  ships^  &c. 
Pyrotechnia,  or  the  art  of  constructing  and  managing  fire- 
works^  gunnery,  &c.  Navigation,  or  the  art  of  conducting 
a  ship  at  sea  from  one  port  to  another.  Chemistry,  or  the  art 
of  decompounding  substances,  both  solid  apd  fluids  by  means  of 
fire.  Electricity,  or  the  investigation,  of  certain  powers  and 
their  efiects,  as  found  in  amber,  sealing  wax,  glass,  tourmalin,  &c. 
and  indeed  every  part  of  natural  philosophy,  and  every  manual 
art  that  can  be  practised,  is  connected  more  or  less  with  mixed 
Mathematics. 

The  method  by  which  mathematical  truths,  which  before  were 
doubtful,*  become  evident  to  the  understanding,  is  called  Ds- 
monstration  :  it  is  this  that  peculiarly  characterizes  accurate 
kno^edge,  or  true  science,  and  distinguishes  it  from  that  ape^ 
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cies  of  knowledge  which  arises  from  conjecture,  probability, 
testimonyt  inductkm  of  ftdls,  &c.  The  latter  kinds  are  called 
moral  evidence,  because  they  are  chiefly  employed  on  subjects 
connected  with  moral  conduct. 


On  the  Difference  between  Mathematical  Demonstration 

and  Moral  Evidence. 

Demonstration  differs  from  Moral  Evidence  in  the  following 
particulars  '. 

1.  Demonstration  is  employed  about  abstract  truths,  and  the 
necessary  relations  of  ideas,  viz.  such  as  are  connected  with 
extension,  duration,  weight,  force,  Telocity,  with  whatever  else 
can  be  accurately  expressed  by  numbers  and  lines.  But  Moral 
Evidence  relates  to  matters  of  fact,  and  the  constant  or  variable 
connections  whic)i  subsist  among  things  actually  existing. 

2.  They  are  conducted  in  a  diflferent  manner.  In  demon- 
stration we  proceed  from  known  truths  to  those  which  were 
unknown,  by  steps,  each  of  which  is  necessarily  connected  with 
that  which  precedes  it.  In  a  moral  proof,  there  is  no  such 
ne<:essaTy  connection,  but  it  generally  consists  of  a  number  of 
independent  ailments. 

3.  In  Demonstration  it  is  only  necessary  to  consider  one  side 
of  the  question  3  for  if  by  Demonstration  justly  conducted,  & 
proposition  be  proved  true,  it  is  of  no  consequence  what  may  be 
urged  against  it  3  for  whatever  is  offered  as  proof  on  the  opposite 
side,  must  be  a  mere  fiJlacy.  But  in  Moral  Evidence,  there  are 
frequently  cogent  arguments  on  both  sides  of  the  question; 
both  sides  therefore  must  be  carefully  examined,  and  the  assent 
given  to  that  which  is  supported  by  the  strongest  evidence. 

4.  The  contrary  to  a  demonstrated  proposition  is  not  only 
false,  but  absurd.  But  the  contrary  to  a  proposition  established 
by  Moral  Evidence,  although  false,  is  not  necessarily  absurd. 

t  These  pvticiilar*  were  taken  'for  the  moft  part  from  Gambier's  hUrodue* 
tiou  to  the  study  of  Moral  Etidence^  Chap,  1.  A  work  which  I  hazard  nothiog 
in  saying  fully  merits  the  encoraiam  which  Dr.  Johnson  has  applied  to  Watts's 
ImproTement  of  the  Mind,  vie.  "  Whoever  has  the  care  of  instrncting  others^ 
may  be  charged  with  deficience  in  his  duty,  if  this  book  is  not  recommended." 
While  the  student  is  engaged  in  the  study  of  Euclid's  Elements,  he  should 
embtace  occasional  opportunities  to  read  Duncan's  or  Watts's  Logic,  aod  these 
should  be  svoeeedcd  by  Wstts'e  Iwiprovfment  ^f  the  Mind. 
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6.  In  demonstration  there  is  a  necessary  connection  between 
the  successive  steps^  and  hence  the^deas  compared  are  imme- 
diately perceived  to  agree  or  disagree.  But  in  Moral  Evidence 
their  agreement  or  disagreement  is  only  presumed  ^  and  that  on 
proofs^  which  are  in  their  nature  fallible  5  the  former  therefore 
produces  absolute^  but  the  latter  can,  at  the  most,  produce  only 
moral  certainty. 

6.  As  Demonstration  is  always  accompanied  with  certainty* 
rules  laid  down,  which  are  in  all  cases  capable  of  being  demon- 
strated, will  in&llibly  lead  to  tnith.  But  in  Moral  Evidence, 
no  rules  can  be  given,  which  will  direct  us  how  to  form  an 
infallible  judgment  in  any  particular  case. 

7«  Demonstration  terminates  in  certainty,  which  is  always 
absolute,  and  cannot  admit  of  degrees.  But  the  degrees  of 
moral  assent  may  be  indefinitely  various,  from  suspicion  up  to 
moral  certainty. 

8.  Demonstration  requires  no  accumulation  of  evidence; 
for  the  truth  of  a  proposition  as  effectually  appears  from  one 
proof,  properly  conducted,  and  as  completely  commands  our 
assent,  as  from  many.  But  Moral  Evidence  admits  of,  and 
frequently  requires  an  accumulation  of  proofe,  and  ^ach  inde- 
pendent argument  in  favour  of  the  thing  to  be  proved,  increases 
the  weight  of  evidence,  but  the  whole  does  not  compel  the 
assent. 

9.  In  Demonstration  we  may  reason  safely  from  a  conclusion 
already  established ;  and  u{)Qn  that  establish  a  second,  upon 
these  a  third,  and  so  on  to  any  length.  In  Moral  Evidence,  we 
can  seldom  proceed  with  complete  safety  beyond  the  first  step : 
for  the  second  step  will  be  less  certain  than  the  first  -,  the  third 
less  certain  than  the  second,  and  so  on. 

10.  All  the  terms  used  in  a  system  of  Demonstration  ace  pre- 
viously defined  with  the  greatest  accuracy,  and  are  always  used 
in  the  same  sense,  so  that  no  dispute  can  arise,  nor  any  ambi- 
guity have  place  in  their  application.  But  the  terms  employed 
in  Moral  Evidence  are  not  always  accurately  defined;  they  are 
frequently  susceptible  of  very  di£Perent  ineanings,  and  conse- 
quently must  often  lead  to  uncertainty. 

Hence  it  appears  that  Demonstration  is  vastly  superior  to 
Moral  Evidence.  But  on  the  other  hand.  Moral  Evidence  is  l^ 
no  means  to  be  lightly  esteemed  5  for  although  the  former  is  in 
all  cases  absolutely  conclusive,  and  the  latter  toot  so,  yet  the 
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cases  to  Whkfa  Demonstratioii  applies,  are  Teiy  few  indeed  com- 
pared with  thoae  whidi  we  are  obliged  to  believe  on  Moral  Bvi«- 
dence :  we  act  upon  the  latter  in  nearly  all  the  afBurs  of  Hie: 
"  it  is  frequently  the  only  light  afforded  us  to  form  our  opinion 
of  &cts,  and  to  negulate  our  conduct  with  respect  to  them. 
Without  attending  to  Moral  Evidence,  we  can  neither  act,  nor 
eease  to  act  5  we  catinot  even  subsist  without  acting  upon  it, 
»nce  it  cannot  be  demonstrated  that  our  food  will  not  poison 
instead  of  nourish  us." 

Thus  much  it  was  thought  necessary  to  add  on  this  subject,  to 
caution  the  mathematical  student  never  to  attempt  the  extension 
of  his  demonstrative  powers  to  objects  beyond  their  proper 
sphere.  Some  have  greatly  erred  in  thb  particular,  who,  because 
they  couM  demonstrate  a  f^w  things,  became  so  unaccountably 
enamoured  with  the  seducing  charms  of  demonstration,  as 
scarcely  to  heKeve  any  thing  on  evidence  short  of  mathematical 
yrooii  and  from  this  absurd  and  dangerous  scepticism,  by  an 
easy  «nd  natural  transition,  have  at  length  terminated  their 
earthly  cieu^r^n  the  gloomy  and  fearful  character  of  confirmed 
atheists. 

A  farther  Account  of  the  Vsefulnes  of  the  Mathematia. 

It  is  impossible  by  any  description,  to  produce  in  the  mind  of 
one  unacquainted  with  the  subject,  an  adequate  idea  of  the  use- 
fulness of  mathematical  learning ;  he  a1on6  who  has  made  con- 
siderable progress  in  the  acquisition,  will  be  able  in  some  sort  to 
appreciate  its  value :  it  wfll  however  be  necessary,  for  the  infor- 
mation of  the  unlearned,  to  observe,  that  mathematical  know- 
ledge suf^es  most  of  the  means  by  which  the  businesses  and 
affairs  of  Society  are  carried  on.    To  mathematical  principles 
the  skilful  architect  necessarily  resorts  for  the  means  of  con- 
triving and  executing  his  plans,  and  to  them  every  building,  from 
the  cottage  to  the  palace,  owes  its  existence.    By  Mathematics* 
stateljf  ships,  which  repel  invasion  from  our  coasts,  assail  with 
British  thunder  the  fleets  and  maritime  fortresses  of  our  foes,  or 
waft  to  the  alternate  shores  the  produce  of  every  climate,  are 
constructed.     By  it  the  mariner  shapes  his  course  through  the 
wide  and  pathless  ocean,  and  the  intrepid  soldier  plans  his  opera- 
tions for  the  honour  and  protection  of  our  country,  and  the  an- 
noyance of  our  enemies :  versed  in  mathematical  knowledge,  the 
niaer  contrives  his  subterraneous  excavations,  and  performs 
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tliiitt  with  safety  and  success,  procuring  metals  and  minerals  for 
our  U8e>  and  fuel  for  our  fires.  By  this  the  skilful  Artist  delineates 
with  acdttucy,  fatthfnl  transcripts  of  Art  and  Nature  ^  and  the 
Musician  extracts  harmony  from  the  animal>  vegetable,  and 
mineral  Creation.  Guided  and  assisted  by  mathematical  reason- 
ing, the  ingenious  Mechanic  contrives  and  executes  the  various 
maehines  in  use  among  us,  and  calculates  their  powers  and 
efifeeCs  ',  to  mnthematical  principles  almost  every  tool,  or  instru- 
ment we  use  is  indebted  for  its  existence  or  perfections,  and  by 
them,  the  extent  and  value  of  property  of  eveiy  description,  are 
accurately  computed  and  ascertained. 

Hence  it  appears,  that  Mathematics,  considered  only  with 
respect  to  its  immediate  application,  is  indispensably  necessary 
to  compete  the  philosopher  ^^  the  mariner,  the  soldiar,  the 
mechanic,  and  the  artist  j  but  this  excellent  science,  (although 
fundamentkl  to  them)  is  by  no  means  confined  to  practical  arts 
and  neoessaiy  computations  ^  it  claims  an  important  pre-emi- 
nence which  renders  it  worthy  the  attention  of  all  who  aspire 
to  the  rank  of  rational  beings.  The  Mathematics  is  a  system 
of  pure,  strict,  solids  and  conclusive  reasoning,  calculated  to 
strengthen,  extend,  and  invigorate  the  powers  of  the  mind  ^,  to  . 

^  The  Rev.  W.  Jones  very  justly  remarks,  that,  *'  in  philoiophyj  etpeciaUy 
under  the  present  state  of  it,  the  use  of  mathematical  leamini^  ig  unqiiestioa- 
able  ;*'  and  Dr.  Watts  says  ,tbat  **  the  moderns  have  found  a  thooMUid  thing* 
by  applying  mathematics  to  natural  philosophy,  which  the  ancients  were  igno* 
rant  of.*'  See  Jones  on  the  use  of  Math,  Learning,  p.  36  \  and  fFatls's  JLogUtl 
p.  80. 

i  Jones  on  mathematical  learning. 

^  Dr.  Watts  observes,  that  **  the  greatest  clearness  of  thought  and  fofce  vi 
reaioning  abound  in  the  mathematical  sciences ;"  and  he  adds,  that-**  if  there 
were  nothing  valuable  in  them  for  the  uses  of  human  life,  yet  the  very  spfoa* 
latiye  parts  are  well  worth  our  study ;  for  by  perpetual  examples  they  teach  «• 
to  conceive  with  clearness^  and  to  conduct  our  ideas  and  propositions  in  a  tmrif' 
of  dependence ;  to  reason  with  strength  and  demonstration,  and  to  dtstingnidi' 
between  truth  and  falsehood."     "  The  Mathematics"  (says  Mr.  Lo^e)  **  H 
eminently  serviceable  to  strengthen  and  improve  the  intellectual  facnlfieiy  arid . 
fit  them  for  every  kind  of  speculation.     Would  you  have  a  man  reason  nel^ 
yon  must  use  him  to  it  betimes,  exercise  bis  mind  in  observing  the  eonnoekioa 
of  ideas,  and  followiug  them  in  train ;  nothing  does  this  better  than  Matht* 
matics,  which  therefore,  I  think,  should  be  taught  all  those  who  have  time  and 
opportunity,  not  so  much  to  make  them  mathematicians,  as  to  make  them  rea- 
sonable creatures."     *<  The  ancients,"  says  professor  Duncan,  <<  who  so  wdl 
understood  the  manner  of  forming  the  mind,  always  began  with  the  Mnthiima- 
tic»— here  the  understanding  is  by  degrees  habituated  to  truth^  ooDtntole  ii^ 
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guide  and  assist  us  in  the  investigation  of  truth ;  apj^Iicahlc  to 
ereiy  enquiry  where  quantity  is  concerned,  to  which  human 
reason  is  competent,  and  capable  of  conducting  our  researches 
with  unerring  certainty  to  the  utmost  limit  to  which  the  powers 
and  faculties  of  the  mind  can  extend. 

From  what  has  been  said  on  the  subject,  the  ingenious  student 
will  be  able  to  ibrm  his  own  judgment ;  he  will  perceive  that 
this  science  is  of  general  utility,  absolutely  necessary  to  all  who 
are  engaged  in  any  learned  profession  or  ait,  useful  in  trade,  and 
ought  to  be  studied  by  the  Fh3rsician,  the  Lawyer^  the  Divine, 
and  by  all  who  have  suflScient  opportunity. 

But  it  must  not  hence  be  inferred,  that  every  one  is  bound  to 

Mjuihlj  a  certun  fbndDett  for  it,  and  learnt  ncTer  to  yield  its  assent  to  any 
propositkm,  bat  where  the  evideoce  is  sufficient  to  produce  full  conviction. 
For  this  TeasoQ  Plato  has  called  mathematical  demonstrations  The  Caikmrtic* 
or  PtKrgoHvea  of  the  SotU,  as  being  the  proper  means  to  cleanse  it  from  error, 
ipd  reatoM  that  natural  exercise  of  its  fiicnlties."     Lord  Bacon  represents  the 
Mathematics  as  eminently  adapted  to  correct  the  irr^nlarities,  and  remedy  the 
defects,  of  tba  mind,  equally  beneficial  to  its  faculties  as  athletic  extrcises  are 
fo  those 4>f  the  body,  prodncinaj:  strength,  vigour,  and  activity.     Of  the  same 
opinioa  is  Mr.  Harrity  who  asserts  that  "  every  exercise  of  mind  upon  theorems 
of  science,  1i|pa  gcneroas  and  manly  exercise  of  the  body,  tends  to  call  forth 
an4  streofthcn  natnre's  original  vigour.    The  nerves  of  reason  are  braced  by 
the  flitns  <aiploy«  and  we  become  abler  actors  in  the  drama  of  life,  whether 
oar  part  b«  of  the  hosier,  or  of  the  scdater  kind."     The  Rev.  W.  Jones  of 
Ploahlqr  sapitsws  similar  sentiments  in  nearly  the  same  words  ^^  and  many 
4tttr  tilHmiiln  equally  unexceptionable  in  behalf  of  mathematical  learning 
m^tL  ba  aMsd;  but  i  shall  conclude  this  long  note  with  part  of  the  Inaugural 
Olation  H^JDt.fearrow  oo  his  entering  the  Lucasian  professorship  of  Matbe- 
al  Cailbridfa  in  1668. .  «  The  Mathematics,"  suys  he,  **  effectually 
r,  not  vmiidy  delude,  nor  vexatiuusly  torment  studious  m  nds  with  ob- 
Sttbtilti^  bat  |Hainly  demonstrate  every  thing  within  their  reach,  draw 

tin  oofMlasioDS,  instruct  by  profitable  rules,  and  unfold  pleasant  questions. 
adid^lincs  likewise  inure  and  corrol>orate  the  mind  to  a  con-tant  dUi- 
im  study;  they  wholly  deliver  us  from  a  credulous  simplicity,  most 
iofftify  OB  against  the  vanity  of  scepticism,  effipctnally  restrain  us  from 
a  lash  jprsauiptitti,  most  easily  incline  us  to  a  due  assent,  and  perfectly  snb- 
juX  as  !#  tha  goremment  of  right  reason.  While  the  mind  is  abstracted  and 
tievatad  from  sensible  matter,  distinctly  views  pure  forms,  conceives  the  beauty 
U  ideas,  and  investigates  the  harmony  uf  proportions,  the  manners  themselves 
ift  ineasibly  corrected  and  improve/1,  the  a£Fections  composed  and  rectified, 
the  fltey  calmed  and  settlad,  and  the  understanding  raised  and  excited  to  more 
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aim  at  becoming  a  profound  mathematician :  our  priucipal  at- 
tention ought  to  be  directeci  to  the  duties  of  the  profession  for 
which  we  are  intended,  or  in  which  we  are  engaged,  and  to  the 
acquirement  of  the  parts  of  learning  immediately  connecited 
with  it. 

Deep  and  difficult  researches  in  the  aUstruse  regions  of  science 
are  indeed  the  business  of  a  few,  but  they  are  not  necessary  to 
the  greater  portion  of  mankind ;  a  general  acquaintance  with 
the  sciencesj  provided  the  elementary  branches  be  well  undeiv 
stood^  will  be  abundantly  sufficient  for  the  student,  who  does 
not  intend  to  make  this  part  of  learning  his  chief  study ;  it  wiU 
enable  him  to  understand  the  works  on  Philosophy,  Astronomy, 
&c.  which  are  usually  read,  and  will  be  fully  adequate  to  all  the 
purposes  of  the  general  scholar. 

A  few  Hints f  which  it  is  hoped  will  prove  useful  to  the 

mathematical  Student, 
Our  fJEiculties,  both  mental  and  corporestl,  are  talents  which 
our  all-wise  Creator,  to  accomplish  his  beneficent  purposes,  has 
committed  to  us  in  trust  5  and  the  cultivation  of  them  is  by  no 
means  optional  3  the  duties  we  owe  to  God,  our  .neighbour,  and 
ourselves,  require  their  utmost  exertion,  and  strongly  imply  the 
necessity  of  their  improvement,  and  that  for  the  neglect,  we  - 
shall  one  day  stand  accountable.    The  man  possessing  an  im- 
proved  understanding  is  certainly  better  qualified  to  benefijt 
society  than   he  who  is  ignorant  j  and   if  the  obllgatioa  Im^ 
equally  binding  on  those  who  have  learning;  and  thpsi^  w|iQ 
possess  the  means,  but  want  the  inclination  to  obtain  it^  how 
culpable  must  he  be  who  neglects  or  refuses  instruction  I  Wbai 
a  pleasing  advantage  does  the  devout  and  serious  mind  eqjoy, 
which  is  capable  of  tracing  the  Almighty  in  his  magnificenf 
works  of  creation !  which,  aided  by  the  light  and  assistance  cC 
science,  is  enabled  to  contemplate  the  imiversal  scale  of  being: 
through  its  successive  gradations  from  the  minute  to  the.stUn 
pendous,  and  at  every  step  to  discover  convincing  proofe  of  the- 
power,  the  msyesty,  the  wisdom,  and  the  unchangeable  goodness 
of  God.     This  b  equally  the  duty  and  the  privilege  of  rational 
creatures,  and  although  it  ranks  no  higher  than  as  a  branch  of 
natural  religion,  yet  the  sincere  Christian  will  feel  itof  toogseat 
importance  to  be  overlooked  >  it  is  perhaps  the  (M)ly  yiew.-iflb 
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wbidi  he  can  conteiBplate  sublunary  things  to  advantngr,  and  is 
fitted  to  supply  one  source  of  comfort^  to  cheer  hiin  under  the 
difiicoltics  and  distresses  of  life. 

In  concluding  this  part  of  the  subject,  it  will  be  pro|H*r  to 
oflfer  a  few  observations,  whereby  the  student  will  be  the  better 
prepared  to  decide  on  the  comparative  value  of  the  science  here 
recommended. 

Philosophy,  or  the  knowledge  of  men  and  things,  is  the  end 
to  which  learning  aspires.  The  Mathematics  (considered  with 
r^ard  to  its  practical  application)  is  nearly  the  same  to  natural 
philosophy  and  the  arts,  as  grammar  is  to  language.  Neither 
Mathematics  nor  grammar  can  teach  its  own  use,  nor  be  of  any 
service  except  as  introductory  to  subjects  altogether  distinct 
from,  and  superior  to  them. 

Wisdom  is  the  ri^ht  u^e  of  knowledge,  and  ensures  to  us  the 
attainment  of  the  chief  good  3  without  wisdom  all  our  profi- 
ciency in  knowledge,  as  far  as  it  concerns  ourselves,  will  ulti- 
mately be  of  no  advantage.  Wisdom  includes  knowledge  and 
rectitude  of  mind  -,  knowledge  is  obtained  by  learning,  especially 
by  the  mathematical  sciences,  which  strengthen  the  mind,  im- 
prove its  liaiculties,  and  enlarge  its  powers  in  a  wonderful  n.an- 
ner  3  but  rectitude  of  mind,  without  which  knowledge  is  useless 
or  pernicious,  is  not  to  be  attained  by  science,  or  by  any  me- 
thods except  those  which  the  Holy  Scriptures  prescribe  j  this 
alone  is  calculated  for  the  double  purpose  of  stamping  a  just 
Talue  on  learning,  and  securing  our  eternal  interests.  Compare 
the  loQgest  life  with  eternity,  and  it  will  be  found  less  than  a 
drop  of  water  when  compared  with  the  ocean  :  this  should  teach 
us  in  what  proportion  our  anxiety  for  the  present  and  the  future 
ought  to  be  regulated.  But  there  is  a  happy  art  by  which  the 
interests  of  time  and  eternity  may  be  both  efficaciously  pursued 
togisther,  without  obstructing  each  other.  Let  this  be  the  stu- 
dent's chief  aim,  that,  like  a  truly  Christian  Philosopher,  he  may 
'*80  pass  through  things  temporal,  as  finally  to  lose  not  the 
things  eternal" 

There  is  one  more  particular  on  which  (as  an  instructor  of 
youth,  and  feeling  that  I  am  accountable  for  the  advice  I  give  to 
a  tribunal  from  whence  there  is  no  appeal)  it  is  my  duty  to  offer 
a  few  words.  We  highly  value  those  by  whose  labours,  inventions, 
or  imprdvementB  in  any  useful  branch  of  knowledge,  have  been 
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made,  and  we  honour  their  memory :  all  this  is  perfectly  ri^t  f 
they  are  benefactors  to  mankind,  and  as  such  are  entitled  to  oar 
esteem  and  gratitude:  but  our  applause  ought  by  no  means  ta 
exceed  its  just  bounds;  let  it  be  always  remembered  that  Goix 
is  the  only  sourge  of  light,  knowledge,  wisdom,  and  power  ;-^ 
'Mhe  author  and  giver  of  every  good  and  perfect  gift  3** — the. 
GREAT  FIRST  CAUSE  of  whatever  is  calculated  to  promote  the 
comfoit  and  happiness  of  man.  When  any  discovery  is  made, 
let  it  be  remembered,  that  it  is  his  good  Providence  which  by 
latent  means  brings  about  tlie  concurrence  of  events  by  which, 
it  is  effected,  and  therefore  to  him  we  ought  to  consecrate  not 
only  our  first,  but  a  lasting  tribute  of  praise.  But  man,  who 
is  merely  the  uistrument,  acting  by  means  of  powers  with 
which  (independent  of  his  own  consent  or  agency)  he  has  been- 
previously  endued,  does  not  scruple  to  give  and  receive  that 
honour  which  is  due  only  to  the  Creator. 

»  "  Men  homage  pay  to  M«n, 

*<  Thoughtless  beneath  whose  dreadful  eye  they  bow." 
Therefore,  while  we  erect  magnificent  statues  to  record  the 
worth  of  philosophers,  statesmen,  and  heroes,  whose  lives  have 
been  devoted  to  the  service  of  mankind,  and  whose  actions 
claim  our  admiration  and  gratitude ;  let  us  not  be  forgetful  of 
Him,  from  whom  they  derived  wisdom  to  plan,  and  strength  to 
execute  3  of  Him  in  whom  we  all  *'*  live,  move,  and  have  our 
being  :*'  who  has  repeatedly  declared  himself  to  be  *^  a  jealous 
God,"  that  '^  he  will  not  resign  his  honour  to  another,**  and 
that  "  those  who  honour  him  he  will  honour  j  but  those  who 
despise  him  shall  be  lightly  esteemed.** 

But^  notwithstanding  these  awful  sanctions,  there  are  to  be 
found  some  who  boldly  attempt  to  exclude  the  Almighty  from 
his  own  creation,  and  others,  still  more  impiously  daring,  who 
pretend  to  prove  by  arguments  drawn  from  the  sciences,  which 
they  pervert  and  misapply,   that  there  is   no   such   Being  K 

I  Of  the  former  kind  may  be  reckoned  those  who  deny  the  existence  of  a* 
superintending  and  particular  Providence;  they  pretend  that  the  gabat* 
(;reat()R  having  made  and  furnished  the  world,  put  it  in  motion,  and  imposed 
on  it  ceitain  laws,  has  left  it  entirely  to  its  own  care  and  management.  To  this 
l\m%  belong  all  the  numerous  worshippers  of  nature  instead  of  Nitfare's  OoD, 
and  those  who  ascribe  all  events  to  fortuney  luckf  or  chance^  three  im^ioary 
agents  which  hare  been  aptfy  called  the  Foot*  Trinity,  Of  the  latter  kind 
the  refined  philosophy  of  modern  times  has  produced  mnltitudes.   Berkelqr  Aod 
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Against  these  merciless  sophists,  who  (while  they  attempt 
to  deprive  even  the  wretched  of  his  only  consolation.  Hope) 
call  themselves  philanthropists,  it  is  the  duty  of  every  friend 
of  religion^  virtue,  science,  and  mankind,  to  make  a  resolute 
stand.  Those  especially,  to  whom  the  sacred  charge  of  edu(  a- 
tkm  18  entrusted,  should  he  careful  to  guai*d  the  tender  minds  of 
their  pupils  against  the  dangerous  tenets  of  such  infidel  writers, 
Iiy  embracing  fit  opportunities  of  exposing  the  fallacy,  inconsist- 
ency, and  evil  tendency  of  their  arguments ;  by  pointing  out 
the  nature^  object,  and  limits  of  demonsti*alion,  and  of  moral 
evidence  3  shewing  how  these  differ,  and  instancing  proper  cases 

Hnmt  (the  fanner  in  his  Princi^ka  of  Hunum  KnowUdgef  and  Dialoguea 
httweeti  MtfUu  mml  Pkiionous  ;  and  the  latter  in  ^  Treatue  oh  Human  Natwre 
and  his  Essays)  bare  attempted  to  prove,  that  we  cannot  be  certain  of  our 
own  existence,  or  that  any  thing  exists,  &c.    Now  the  obvious  inferences  which 
foOoir  from  this  and  other  articles  of  their  creed  (which  we  cannot  here  cuu- 
xmate)  are  sneb  as  are  destructive  of  all  distinction  between  virtue  and  vice, 
and  lead  directly  to  atheism.     Some  of  the  inferences  which  Hume  has  drawn 
from  bis  own  sceptical  theory,  are  of  so  blasphemous  a  tendency,  that  Dr. 
Bcattie  (bis  great  castigator)  refuses  to  commit  them  to  paper.    Gibbon  is  a 
vast  dangerous  wri:er  on  the  side  of  infidelity ;   under  a  shew  of  great  cati- 
dc«r  and  acquiescence,  the  attentive  reader  may  perceive,  that  be  is  always 
aiming  a  mortal  stab  at  Revelation.     Of  Voltaire  it  has  been  truly  said,  that 
he  **  built  God  a  church,  and  laughed  his  word  to  scorn."     Had  this  elegant 
writer  been  content  to  employ  his  satirical  talents  in  exposing  the  knavery  of 
quacks  and  pretenders  of  every  description,  without  attempting  to  undermine 
and  sob  vert  those  principles  on  which  alone  mankind's  best  hopes  are  founded, 
every  honest  man  would  have  been  obliged  to  him.     D'Alembert,  Diderot, 
Condorcet,  Lk  Place,  Bobinet,  and  others  of  the  compilers  of  the  French 
Encyclopedia  have  done  their  utmost  to  make  that  extensive  work  a  vehicle 
far  disseminating  the  poison  of  infidelity.     Of  Halley,  Robins,  Thomas  Paine, 
Godwin,  Darwin,  Walcot,  and  the  writers  of  some  of  our  magazines  and 
reviews  I  sliall  say  nothing ;  it  will  be  necessary  merely  to  inform  my  youthful 
readers,  that  every  cavil  which  these  or  others  have  started  against  the  truths 
of  Christianity,  has  been  refuted  over  and  over  again  ;   but  notwithstanding 
this,  they,  or  their  disciples,  are  daring  enongh  still  to  persist,  and  to  call  op 
the  world  to  admire  their  sagacity  and  penetration  ;  and  for  what  ?  for  reviving 
old  and  worn  out  quibbles,  which  have  been  satisfactorily  answered  a  thousand 
years  ago! 

Should  any  apology  be  required  for  introducing  this  subject  here,  I  have  only 
to  say,  that  I  have  scrupulously  copied  the  practice  of  these  men ;  they  have 
instilled  the  principles  of  infidelity  and  atheism  by  means  of  their  «books  on 
science;  and  I  endeavour  to  oppose  them,  only  by  declaring  what  I  firmly 
believe  to  be  true,  and  beneficial  to  society,  in  mine. 
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to  which  they  severally  apply :  and,  lastly,  by  constantly  referring 
the  whole,  and  every  part  of  knowledge,  back  to  its  divine  ori^« 
nal.  This  the  illustrious  Newton,  with  a  modesty  not  leas  coo^ 
spicuous  than  his  great  talents,  felt  a  pleasure  in  doing:  fhe 
same  has  been  the  practice  of  Bacon,  Boyle,  Nieuwentyt,  Ray, 
Derham,  Watts,  Jones,  Ryland,  Adams,  and  others:  in  thia 
rer.pect,  the  labours  of  these  great  men  confer  an  honour  on  the 
sciences,  and  a  lasting  obligation  on  mankind. 

Ou  the  Rise  and  Progress  of  the  Mathematics* 

The  labours  of  the  early  inhabitants  of  the  world,  were 
direct^  solely  to  the  supply  of  their  immedfate  wants.  Ne- 
cessity, the  fruitful  parent  of  invention,  exited  all  their  skill  and 
address,  to  procure  the  means  of  sustenance  and  defence.  These 
first  eflforts,  rude  as  they  were,  and  unpromising  as  they  would 
now  appear,  rank  as  the  lowest  step  in  the  progressive  scale  of 
knowledge ;  by  means  of  a  series  of  accumulated  improvemeatt 
which  have  successively  taken  place  during  the  space  of  nearly 
six  thousand  yeans,  they  have  at  length  grown  into  that  almost 
endless  variety  of  useful  results,  which  supply  the  necessities,  the 
conveniences,  and  the  luxuries  of  the  present  age. 

The  subjects  of  human  knowledge,  as  £sir  as  relate  to  its 
inquiries,  are  either  theoretical  or  practical }  the  former  is  called 
SCIENCE,  the  latter  art>  and  since  practice  must  have  been 
established  long  .before  theory  could  be  formed,  it  plainly  follows 
that  every  science  must  have  been  an  art  at  first;  and  since 
the  observation  and  comparison  of  a  great  number  of  facts  are 
necessary  to  constitute  a  theory,  it  is  evident,  that  some  ages 
must  have  elapsed  before  any  thing  like  science  could  have  been 
formed,  and  it  must  have  been  still  later  before  sufficient  leisure, 
information,  and  inclination  would  concur,  to  induce  any  person 
to  commit  these  facts,  comparisons,  and  observations  to  writing. 

It  might  be  expected,  in  an  inquisitive  and  learned  age  like 
the  present,  that  to  trace  tlie  arts  and  sciences  back  to  their 
origin,  would  be  no  very  difiicult  task :  but  this  is  not  the  case ; 
whoev*er  undertakes  to  examine  the  historj' of  former  times  with, 
this  view,  will  find  himself  grievously  disappointed :  he  will  find 
that  whilst  the  freaks  of  tyrants,  which  have  desolated  the  earth, 
are  recorded  with  disgusting  minuteness,  the  progress  of  the 
human  mind  in  quest  of  knowledge  benefici^  to  mankindj  is 
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almost  totally  n^lected.  Scarcely  any  particulars  connected 
with  early  researches  of  this  kind  have  been  noticed  by  histo- 
rians 3  and  of  the  few  facts  which  have  been  casually  trans- 
mitted to  us,  the  accounts  are  so  involved  in  obscurity  and 
Gmitnuliction«  that  very  little  dependence  can  be  placed  on 
them"*.  In  what  follows  therefore^  we  shall  merely  notice  the 
countries  where  the  Mathematics  are  reported  to  have  been  first 
cultiTated>  and  the  principal  nations  and  individuals  by  which 
they  have  been  successively  improved,  and  at  len^h  transmitted 
down  to  us. 

it  is  is  generally  believed  that  the  mathematical  sciences  were 
firtt-oultivated  by  the  Assyrians  and  Chaldeans^  the  two  most 
tocient  nations  on  record^  at  an  early  period  afcer  the  flood  ■. 
Of  the  nature  and  extent  of  these  sciences,  as  they  then  stood, 
we  are  not  informed ;  but  it  is  generally  believed  that  these 
aneient  people  were  accustomed  to  make  celestial  observations 
ia  order  to  understand  the  seasons,  and  fbr  the  purposes  of 
astrology,  a  fallacious  art  for  which  they  appear  to  have  been 
early  distinguished.  We  likewise  gather  from  circumstances, 
that  Numbering,  Measuring,  practical  Mechanics^  and  Building, 
were  arts  with  which  they  were  not  unacquainted.  From 
Cbaldea  the  science  was  transmitted  to  other  neighbouring 
countries,  among  which  Egypt  is  celebrated  as  being  for  a  long 
time  the  seat,  and  chief  source  of  learning.  The  Egyptian 
priests,  **  directed  by  the  laws  of  their  institution  to  study  and 
collect  the  secrets  of  nature,  were  become  the  depositaries  of  all 
human  knowledge  >*'  they  were  consulted  on  every  difficult  sub- 
ject, not  only  by  their  own  unlearned  countrymen,  but  the  most 

»  IH,  Robertson. 

*  With  the  state  of  knowledge  among  the  antedilnvians  we  are  almost  en- 
tiidy  Dimcqiuimted.  <<  Tubal  Cain  was  an  instructor  of  every  artificer  in 
brass  and  iron,"  and  Jabal  *'  was  the  father  of  all  such  as  handle  the  harp  and 
organ:"  tb\t  is,  I  beliere,  all  that  Moses  says  on  the  subject.  Josephoa 
afirm,  that  the  sons  of  Setb  were  astronomers.  Indeed  we  haye  reason  to  con- 
dade  from  the  great  length  of  human  life,  and  the  consequent  excessive  popu- 
iMiMU  of  the  world  before  the  flood,  that  arts  and  sciences  might  have  been 
cultivated  by  them  to  a  considerable  extent.  Probably  Noah's  sons  possessed 
all  the  learning  of  that  period  :  if  so,  it  will  help  to  account  for  the  skill  in 
Architecture,  Astronomy,  &c.  which  we  find  display<kl  within  about  a  century 
after  tbellood. 
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cenowncd  pliJ^osophers  of  all  the  neighbouriDg  parts  flcx:ked  to 
them  for  instruction  ". 

Ihe  Phenicians  were  a  tr'^ing  and  fbiirishing  people  as 
eai-ly  as  A.  C.  1500,  they  excelled  in  learning  and  manufactures^ 
and  to  theip  have  been  attributed  the  invention  of  letters  ^, 
arithmetic^  commerce,  and  navigation  **. 

*  According  to  the  president  Gogaet,  Egypt  has  the  honour  of  being  the  first 
nation  which  established  a  public  Library ;  this  was  contained  in  one  of  the 
buildings  forming  a  part  of  the  magnifioent  tomb  of  tbeir  king  Osymandyas, 
who  lived  about  the  time  of  the  Trojan  war,  A.  C    ISOO ;  over  the  door  of  tbw 
library  was  written,  "lar^av  ypvj^ntt  The  shop  for  the  Physic  of  ihe  Soul.    See 
the  Origines  SccT.tp^  by  Stillingfleet,  vol.  1 .  p.  55.    The  learned  and  iodustrioos 
Sir  Walter  Ralegh  has,  fi-om  the  w^ritings  of  DiodorUs.  Diogenes  Laertias* 
laroblicos,  Philo  Judsus,'  Eosebius,  &c.  collected  a  summary  of  the  Egyptian 
learning,  as  it  was  in  the  days  of  Moses ;  but  he  does  not  pretend  to  answer  for 
its  correctufiss  :  **  It  was  divided,"  says  he, ''  into  four  parts,  v\z,  Mathematicall, 
^aturall,  Div4fie,  and  Morall.    In  the  mathematical!  part,  which  is  distingvisbt 
into  Gcomctrie,  Astronomic,  Arithnietick,  and  Musick,  the  ancient  Egyptiaae 
exceed  all  others."     Hiatorie  of  the  World ^  Part  J.  B.  2.  Ch,  6. 
P  Lucan  thus. expresses  the  current  opinion  on  this  subject : 
Phoenices  primi  (Fainae  si  creditur)  ansi 
Mansuram  rudibus  vocera  signare  figuris. 
The  Pbeoician  alphabet,  consisting  of  sixteen  letters,  was  carried  to  Greece  by 
('admus.  A.*  C.  1493 ;  to  these  eight  were  aftervrards  added,  riz.  four  by  Falame* 
des,  A.  C.^|190,  and  the  remaining  four  by  Simonides,  A.  C.  540.    The  ioreiH 
tion  of  writing  is  likewise  ascribed  (by  a  writer  whom  Pliny  has  mentioned)  to 
Memnon,  an  Ethiopian  kidg,  who  flourished  during  the  Trojan  war. 
^  Aocording  to  the  following  verse  of  Tibullus, 

Prima  ratem  vcntis  credere  docta  Tyros. 
The  Phenicians  passed  the  Strait  of  Gibraltar  as  early  at  A.  O.  It 50 ;  and 
(as  Bochart  supposes)  discovered  the  Ctusiterides,  or  Scilly  islands,  A.  C*.  904. 
According  to  Herodotus  (lib.  4.)  they  were  the  first  who  sailed  roaiid  Africa; 
for  this  purpose  they  were  furnished  with  ships  by  Nechns,  Kiiig  of  EgypL 
Sailing  from  the  Red  Sea  westward,  they  doubled  the  Cape  of  Good  Hope,  and 
after   three  years  spent  on  the  voyage,  continued  their   route  to  Egypt.. 
Tbnae  other  attempts  of  the  same  kind  were  made,  as  we  are  informed,  by 
the  aj^cients,  but  only  one  of  these  succeeded.     If  the  tradition  respecting 
these  voyages  was  known  in  Europe,  it  does  not  seem  to  have  obtained  much 
credit ;  fdr  we  find,  that  as  late  as  the  fifteenth  century,  the  passage  round  the  ' 
sotrtb  of  Africa  was  deemed  impossible,  and  therefore  never  attempted.    The 
sudcess  of  Vasco  da  Gama,  who  in  1497  doubled  the  Cape  of  Good  Hope,  was  . 
h^erd  jl^  throughout  Europe,  with  the  utmost  astonishment. 

The  Phenicians  were  almost  the  only  people  among  whom' we  find  any  very  ' 
earfv  traces  of  a  system  of  Phi!usjpby.     Palestine  contained  public  schools  for  ^ 
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■  Tfaales  and  other  Grrecian  philosophers  travelled  through  the 
eastern  countries  in  quest  of  knowledge,  to  civilize  and  enrich 
their  own :  Egypt  appears  to  have  been  their  principal  resource ; 
from  that  country  they  carried  the  knowledge  of  the  sciences 
into  Greece  about  A.C.  600.  But,  however  highly  the  learning 
of  the  Egyptian  priests  may  be  esteemed,  it  does  not  appear 
that  the  Mathematics  merited  the  honourable  name  of  a  science, 
until  sonae  time  after  it.  had  passed  from  them  to  the  Greeks  j 
10  the  hands  of  this  diligent  and  in2<enious  people,  a  few  de- 
tached principles,  theories,  and  observations,  were  digested  into 
form  and  consistence,  and  soon  began  to  assume  the  appearance 
of  symmetry  and  beauty:  we  may  therefore  consider  the  Greeks 
as  the  inventors  of  science ;  for,  if  it  be  affirmed  that  they  re- 
ceived the  principles  and  materials  from  other  countries,  it  must 
likewise  be  granted  that  these  were  altogether  rude  and  indi- 
gested»  with  scarcely  any  trait  that  could  entitle  them  to  the 
appellation  of  science. 

Among  the  earliest  of  the  Greeks  who  a^^lied  to  this  subject 
were  Thales,  Pythagoras,  Cleostratus,  Anaximander,  CSnopides, 
Anasagoras,Euetemon,Meton,Zenodorus,  Hippocrates,  Plato,&c. 
and  the. branches  chiefly  cultivated  by  these  were  Geometry, 
A^tfopomy,  and  Arithmetic.  The  school  of  Plato  produced 
many  excellent  mathematicians,  of  whom  Leodamus  improved 
the  analysis  of  his  master,  Thesetetus  wrote  Elements,  and  Ar* 
chytas  first  applied  Mathematics  to  practical  uses.  Eudoxus, 
according  to  some,  was  the  first  founder  of  a  r^;ular  system  of 
Astronomy.  Aristotle's  works  abound  with  Mathematics ;  and 
Theophrastus  composed  a  mathematical  history. 

^Tbe  building  of  Alexandria  in  Egypt  by  Alexander  the  Great, 
A.C.  332.  forms  an  important  epoch  in  mathematical  history, 
lliis  magnificent  city,  shortly  after  the  death  of  its  founder, 
became  celebrated  for  its  commerce,  and  still  more  so  as  the 
seat  of  learning.  Ptolemy  Lagus,  the  immediate  successor  of 
Alexander  over  Egypt,  established  here  the  famous  Museum, 
consisting  of  a  society  of  learned  men,  maintained  at  the  public 
expense,  and  employed  in  the  advancement  of  philosophy,  sci- 
ence, and  the  liberal  arts :  he  founded,  besides,  a  magnificent 

teaching  the  ^ieoces  Kiijatb  Sepbcr,  mentioned  by  Joshua,  Chap.  xr.  r.  1$, 
A.C.  1444,  denotes  the  City  of  Books  or  Letters;  which  naffie  seems  to  signify, 
ibat  the  cit/ contained  a  great  number  of  learned  men. 
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library,  which  his  successor  endowed  with  vahiaUe  coUectiont 
of  books,  amounting  in  the  whole  to  700,000  volumes,  and  like- 
wise with  mathematical  and  astronomical  instruments  of  eveiy 
description  then  known.  Here  were  schools  of  Astronomy, 
Physic,  Theology,  &c.  Here  were  constantly  assembled  learned 
men  and  students  from  every  quarter,  who  met  with  great 
encouragement ',  and  in  distant  conntries,  it  was  considered  as  a 
high  recommendation  to  ha^'e  studied  at  Alexandria.  It  is 
scarcely  necessary  to  observe,  that  fi&voared  by  such  an  institcition 
the  Mathematics  was  cultivated  with  ardour,  and  flourished  in  an 
uncommon  degree.  Among  the  numerous  philosophere  fur» 
nished  by  these  schods  Euclid  must  not  be  omitted,  A.C.  280; 
he  wrote  the  Elements  of  Geometry  now  in  use,  to  which 
Aristeus,  Isidorus,  and  Hypsides  added  the  books  on  Solids. 
Philolaus  asserted  the  annual  motion  of  the  earth  about  the 
sun ',  and  Hicetas  of  Syracuse  taught  that  the  earth  has  like- 
wise  a  diurnal  motion  about  her  own  axis.  Archimedes  was  an 
excellent  Geometer,  and  the  inventer  of  various  machines  for 
i>ising  water,  lifting  heavy  bodies,  hurling  stones,  darts,  &c. 
Apollonius  Pergseus  has  left  us  a  masterpiece  on  the  Conic 
Sections;  Sosigenes  instituted  the  Julian  year;  Hipparchus 
wrote  on  the  Chords  of  Arcs;  Theodosius  on  Spherics }  and 
Vitruvius  on  Architecture  '. 

In  the  first  century  after  Christ  lived  Menelaus ;  he  wrote  on 
chords  and  spherical  triangles.  Ptolemy,  who  died  A.  D.  147> 
has  left  us  an  entire  summary  of  ancient  Geography  and  Astro- 
nomy ;  the  latter  in  a  work  entitled  MtyuXn  Xm»J;tf,  the  great 
system ;  in  which  he  asserts  that  the  earth  is  the  centre  of  the 
universe,  an  hypothesis  since  distinguished  by  the  name  of 
The  Ptolemaic  System.  Nicomachus  is  celebrated  for  his 
arithmetical,  geometrical,  and  musical  works;  Theon  for  his 
eommentaries  on  ancient  geometricians;  and  Proclus  for  his 
commentaries  on  Euclid.     Serenus  wrote  on  the  section  (tf  the 

'  The  learned  and  eccentric  Cardan  ranks  Vitruvius  among  the  twelve  peraon* 
.  whom  he  supposes  to  have  excelled  all  others  in  force  of  genius  and  inventipn  ; 
itud  be  thinks  Vitravius  would  have  been  deserving  of  the  first  place  if  it  could 
be  certain  that  he  delivered  nothing  but  bis  own  discoveries.  These  twelve  per- 
sons were  Euclid,  Archimedes,  Apollonius  Pergaeus,  Aristotle,  Ar*  hytas,  Vitrn* 
Yius»  Alkindus,  Mahomed  £bn  Musa,  Duns  Scotus,  Suisset,  Galen,' and  Heber 
of  Spain.  * 
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CyL'nder;  CtesibiuB  and  Hero  invented  pumps^  syphons,  nnd 
fountains ;  Pappus  has  left  as  six  books  of  mathematical  colleo* 
tions;  we  have  commentaries  on  Archimedes  and  Apollonius  by 
Eiitocius,  the  friend  and  disciple  of  Isidore,  a  learned  architect, 
yfbo  biiilt  the  church  of  St  Sophia  at  Constantinople ;  and 
lliophantus  was  the  only  Greek  author  who  has  left  ns  any  work 
on  Algebra  :  but  when  he  lived  is  uncertain. 

After  the  division  of  the  Roman  Empire,  A.D.  364,  the 
eastern  portion  became  the  retreat  of  the  sciences.  But  here, 
in  oonsequence  of  the  perpetual  conftision  arising  from  the  rapid 
progress  of  vice  and  profligacy,  they  were  but  feebly  supported, 
and  at  length  almost  wholly  conflned  to  the  museum  and 
schoob  of  Alexandria.  Here  the  sciences,  although  in  a  manner 
unprotected,  still  continued  to  flourish,  until  that  city  fell  a  prey 
to  the  victorious  arms  of  the  Arabs.  In  the  year  649  Alexandria 
was  taken,  and  nearly  all  the  documents  of  science  which  the 
world  had  ever  possessed,  perished  with  its  fall.  The  schools 
were  deserted,  the  philosophers  dispersed,  and  the  numerous 
volumes,  which  the  munificence  and  learning  of  the  Ptolemies 
liad  aocumulated,  were  consigned  to  the  flames  *;  a  few  only 
were  spared,  not  from  any  regard  to  their  inherent  worth,  but 
for  the  beauty  and  elegance  of  their  execution,  which  tempted 
the  avarice  of  their  fierce  and  barbarous  possessors. 

HistCKTians  are  at  a  loss  for  language  to  express  their  horror 
fA  this  sad  catastrophe  4  but  dreadful  as  it  was,  like  every  other 

■  Tbe  city  was  taken  by  the  Arabs  on  Friday,  in  the  beginning  of  the  month 
4]  Mobarrem,  and  the  twentieth  year  of  the  Hcjira ;  after  they  had  besieged 
it  fnirtt'f  n  months,  and  lost  before  it  23000  men. 

Some  time  after  the  surrender,  John  the  grammarian,  a  learned  man  oi 
Aleiandria,  having  found  meant  to  ingratiate  himself  with  the  Arabian  Gene- 
ral Amrn  Ebn  Al  As,  begged,  that  as  the  books  of  the  library  were  of  no  use 
tothe  Arabs,  he  might  be  permitted  to  have  them.   Td  this  request  the  general 
Rplied,  that  as  he  had  not  the  power  to  give  them,  he  would  immediately  write 
to  tbe  Kalif  Omar,  his  prince,  to  know  his  pleasure.     He  wrote,  and  receircd 
for  answer,  *'  If  the  books  you  speak  of  are  in  all  respects  agreeable  to  the 
Koran,  that  is  perfect  without  them,  and  there  is  no  occasion  for  them  :  but  if 
they  are  contrary  to  tbe  Koran,  they  ought  to  be  destroyed ;  therefore. let  them 
be  bamed."  Omar's  cruel  mandate  was  unfortunately  obeyed  with  too  scrupu- 
^  a  punctuality  ;  and  the  numerous  volumes  supplied  fuel  during  tbe  space 
of  six  months  for  4000  baths,  which  contributed  to  the  health  and  conveBlence 
of  that  funoos  city. 
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afflictive  events  even  this  was  not  without  its  beneficial  conse" 
qoences;  for  the  dispersion  of  the  learned  obliged  roany  of 
them  to  seek  an  asylum  in  the  territories  of  their  conquerors  5 
who  by  degrees^  and  notwithstanding  the  prolubftory  danses 
in  the  Koran^  acquired,  by  means  of  unavoidable  intercouree, 
a  taste  for  those  sciences  which  but  a  few  years  before 
they  had  used  all  their  endeavours  to  proscribe.  The  reader 
who  knows  how  to  set  a  just  value  on  knowledge^  need  not 
be  reminded,  that  a  tiibute  of  unfeigned  gratitude  is  due  to 
Almighty  Providence  for  an  event  equally  unexpected,  as  it 
has  been  happy  in  its  consequences  to  us;  an  event  whereby  use- 
ful learning  was  wondeiiully  (not  to  say  miraculously)  preserved, 
and  at  length  transmitted,  not  without  improvements,  to  the 
barbarous  nations  of  Europe. 

Under  the  reign  of  the  Ealif  Abu  Gaifer  Almansor,  which 
began  A.  D.  754,  the  sciences  had  taken  root,  and  began  to  flou- 
rish j  they  were  zealously  patronized  by  his  grandson  Harun  Al 
Baschid,  who  himself  was  well  skilled  in  Astronomy  and  Me- 
chanics. No  fewer  than  eleven  E^i&  of  the  family  of  Al  Abbas 
are  mentioned  as  cultivators  or  patrons  of  science ;  but  not  one 
of  all  the  Arabian  princes  cultivated  the  sciences  with  so  much 
ardour  and  success  as  Al  Mamon,  who  ascended  the  Moslem 
throne  A.  D.  813.  The  virtues  and  attainments  of  this  excellent 
prince,  and  his  zeal  in  the  pursuit,  encouragement,  and  difiusion 
of  knowledge,  would  have  done  honour  to  a  more  enlightened 
age  and  nation.  On  the  revival  of  learning  among  the  Arabs, 
their  first  care  was  to  procure  the  works  of  the  best  Greek  writers 
on  Arithmetic,  Geometry,  Trigonometry,  Mechanics,  Natural 
Philosophy,  and  particularly  Astronomy  5  they  translated  into  the 
Arabian  language,  Euclid's  Elements,  Archimedes  on  the  Sphere 
and  Cvlinder,  with  other  parts  of  his  works,  the  Trigonometry 
of  Menelaus,  the  Conies  of  Apollonius,  Ptolemy's  Almagest, 
Aristotle's  Analytics,  &c.  and  enriched  their  translations  with  vari- 
ous observations,  commentaries,  and  improvements.  The  principal 
Arabian  astronomers  and  mathematicians  of  this  era  were  Alkin- 
dus,  Habesh  al  Merwazi  of  Baghdad,  Ebn  Musa  al  Kowarazmi, 
Ebn  Sahel,  Ebn  Batrick,  Alfragan  surnamed  tJie  Calculator,  Ebn 
Thebit,  Musa  Ebn  Shaker,  Abu  Gaifar  Ebn  Musa,  Achmed  Ebn 
•Musa,  Al  Hazen,  Albategnius,  surnamed  the  Arabian  Ptolemy, 
Ilonain  Ebn  Al  Ebadi,  Isbak  Ebn  Honain,  &c. :  by  the  labours 
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of  these  and  many  others^  the  sciences,  which  had  been  in  a 
manner  lost,  were  recovered,  improved,  and  preserved;  and 
from  their  country  at  length  transmitted  into  the  western  na- 
tions of  Europe  \  The  means  by  which  the  latter  was  effected 
arose  principally  from  the  inroads  and  final  settlement  of  the 
Moors  or  Saracens  in  Spain,  A.D.  713,  into  which  countiy 
they  carried  the  sciences  3  and  the  necessary  intercourse  between 
them  and  the  natives,  and  the  occasional  visits  of  incjuisitiTe 
foreigners  terminated  in  the  gradual  diffusion  of  mathematical 
learning  through  the  neighbouring  countries.  From  the  Arabs 
the  Europeans  received  translations  of  several  Greek  trutises 
on  the  sciences,  before  it  was  known  here  that  the  originals  were 
in  existence.  Euclid's  Elements  were  first  translated  from  the  Ara- 
bic into  Latin,  at  a  time  when  no  Greek  copy  was  to  be  found  ". 
The  Europeans  manifested,  at  first,  considerable  aversion  to 
the  sciences  ';  but  by  the  labours  and  address  of  a  few  Icained 

*  The  diffasuMi  of  science  is  to  be  ascribed  partly  to  the  Jewish  people,  whose 
eztentive  commerce  with  almost  every  part  of  the  world  was  fiiToarable  to  tUa  ■ 
purpose.   Historians  mentis  the  names  of  several  learned  men  of  tba  Hebrew  - 
nation,  among  whom  are  Rabba  Jodah,  Isaac  Ebn  Barucb,  who  read  lectures 
on  the  Mathematics ;  Beren  Al  Pherec,  Rabbi  Abi,  Jodah  de  Toledo,  Ebn 
Ragel ;  Alqaibuts  de  Toledo,  Ebn  Musio,  Mahommed  de  Savellia,  Joseph  Ebn 
Hali,  and  Jacob  Abvena,  were  skilful  astronomers :  Ebn  Ezra  was  one  of  the 
most  learned  men  of  the  age,  (A.  D.  1 1 70 ;)  he  excelled  as  an  astronomer, 
philosopher,  physician,  poet,  and  critic,  and  wrote  on  Geometry,  Algebn,  • 
Arithmetic,  Logic,  Astronomy,  Astrology,  &c.  In  every  country  where  learning 
was  beginning  to  be  cultivated,  ti^e  Jews  seem  to  have  been  among  the  first  of 
those  wha  were  employed  as  teachers,  especially  in  Britain ;  probably  they  were 
the  only  persons  at  all  qualified  to  undertake  the  arduous  and  (at  that  time) 
unthankful  employment.    See  Dr,  Henry's  History  o/Briiain,  vol,  iv./r.  16S.  . 

■  It  is  stated  in  some  of  our  public  prints,  that  Dorville  (on  Chariton,  : 
p.  49,  50)  says  he  was  in  possession  of  the  works  of  Euclid  in  manuscript, 
dated  A.  D.  995,  which  manuscript  is  now  lost:  the  oldest  manuscript  at  |He-  ■ 
sent  extant  is  part  of  the  works  of  Plato,  dated  A.  D.  996. 

*  It  is  said  that  learning,  such  as  it  was,  flourished  in  Britain  from  the  end  * 
of  the  first  century  after  Christ  to  the  middle  of  the  fourth,  when  it  began  to  ' 
decline.  During  the  sixth  century,  this  island  was  a  continued  scene  of  war,  '■ 
confusion,  and  misery  \  very  few  piud  any  attention  to  learning,  and  they  were  ■ 
despised  and  insulted  on  account  of  it.  Books  were  so  extremely  scarce,  that  > 
Bone  but  kings,  bishops,  and  abbots,  could  afford  to  purchase  them :  King 
Alfred,  in  690,  gave  eight  hides  of  land  to  Benedict  Biscop,  Abbot  of  Were-  -. 
mouth,  for  ene  single  volume  of  cosmography.  There  were  no  schools  at  .tbis  • 
period,  except  in  king^'  palaces,  bishops'  seats,  or  monasteries ;  hence  the  Iitt|e 
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persons  id  Italy^  Germany,  France,  and  England,  knowledge 
began  to  znake  a  perceptible  progress.  Pope  Sylvester  II.  ac- 
quired Arithmetic  from  the  Arabs,  A;D.  960;  Aiphonsus  H. 
King  of  Castile,  founded  a  CoUege  for  the  advancement  of  As- 
tronomy, and  placed  it  under  the  direction  of  some  learned 
Arabs;  Leonard  de  Pisa  was  skilled  in  Algebra, according  to 
M.  Cossali,  as  early  as  1202 ;  Jordanus  Nemorarius  wrote  cm 
Arithmetic,  Greometry,  and  the  Planisphere,  A.  D.  1230 ;  -  and 
about  the  same  time  Johannes  de  Sacro-bosco,  an  Englishman, 
was  professor  of  Mathematics  at  Paris,  and  wrote  on  Arithmetic, 
the  Sphere,  (he  Calendar,  and  the  Astrolabe.  Twenty  years 
after  Campanus  de  No  vara  wrote  on  the  Sphere,  Theories  of 
the  Planets^  &c.  and  translated  Euclid's  Elements  3  and  Gerard 
of  Cremona  translated  the  works  of  Aristotle,  the  Almagest  of 
Ptolemy,  with  Greber's  Commentary,  Alhazen*s  Treatise  on  Twi* 

learniog  then  in  vogae  was  necessarily  confined  to  princes,  priests,  and  a  few  of 
the  chief  nobility.  The  eighth  century  was  more  dark,  barbarons,  and  igno- 
rant tlmn  any  preceding;  many  of  the  priests  conid  not  even  readl  The  ninth' 
centary  was  little  better ;  bat  it  prodnc^d  a  few  learned  men,  as  AlA^d,  Aldhelm,- 
Bede,  Egbert,  and  Alcninus.  The  tenth  centary  has  been  called  theukhappy  agt, 
which  *.*  for  its  barbarism  and  wickedness"  (says  Beronius)  "  may  be  called  tkt 
age  ^f  iron;  for  its  dulness  and  stupidity,  the  age  of  lead;  and  for  its  blind- 
ne99  and  ignorance,  ihe  age  of  darknesx"  The  little  learning  of  the  eleventh 
and  twelfth  centuries  (althouc^h  patronized  by  princes  and  great  nren)  was 
chiefly  confiaed  to  the  monks ;  it  consisted  of  Metapbysicfl,  Natural  Pbilosoiphy, 
Law,  Medicine,  School  Divinity,  Geometry,  Astronomy,  (as  these  sciences  thcd 
stood)  and  Astrology.  Ingnlphus,  Lanfranc,  Anselin,  Pnllfis^  Eadm^rat;* 
William  of  Malmsbary,  Simon  of  Dtithain,  Matthew  Paris,  Rogieir  Ho^eilefl, 
Benedict  Abbas,  Peter  of  Blois,  and  John  of  Salisbury,  were  among  the  most 
distinguished  scholars  of  this^  age.  The  thirteenth  and  fourteenth  centuries  are 
chiefly  remarkable  for  the  theological  disputes  of  the  schoolmen,  and  for  the 
vain  and  ridiculous  pursuits  of  astrologers,  magicians,  and  alchymists,  which 
abounded  every  where.  The  fifteenth  century  (as  we  have  observed  above] ' 
witnessed  the  dawnings  of  science.  These  dark  and  barbarous  timiis'  include' 
tUat  space  wldch  is  usually  denominated  in  history,  the  middle  age^.  llidse 
wlrt>  aspired  to  the  rank  of  philos^hers,  in  these  ages  of  ignorance,  endeavoured^ 
to  persuade  themselves  and  others,  that  by  consulting  the  various  configurations' 
aad  positions  of  the  planets,  they  could  determine  the  future  destinies  of  king- 
doms, states,  and  individuals ;  they  laboured  with  incessatat  assidnityto  find 
the  jMloMpher*s  stone,- m  a  composition  whereby  it  wai  pretended  that  basi^ 
metals  might  be  changed  into  geld ;  or  in' equally  vain  and  foolish  attempts  to 
diseover  tke  Panacea  or  unirersai  remedy,  which  they  supposed  would  cure' 
cvciy  disease  and  prolong  life,  if  not  wholly  prevent  the  approach  of  deitth. 
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%Kt,  &Ci  into  Latin ;  he  likewise  wrote  a  work  on  the  planeCs. 
In  l%60  Thomas  Peckam>  Archbishop  of  Canterbury,  and 
Vitellio,  a  PoIe>  wrote  treatises  on  0{itic8>  as  did  Albertiis 
Ma^os  on  Arithmetic,  Geometry,  Astronomy,  and  Mechanics  i 
at  this  period  flourished  the  famous  Roger  Bacon,  who  possessed 
an  extensive  and  accurate  knowledge  of  the  sciences  rarely  to  Iw 
met  with  in  those  barbarous  times.  The  invention  of  Spectacles, 
by  Alexander  de  Spina  of  Pisa,  a  Jacobin  friar,  took  place  about 
the  same  date^  and  that  of  the  Mariner's  Compass  in  1309. 
Peter  d'Apono  wrote  on  the  Astrolabe  $  and  Ascoli,  professor  of 
Mathematics  at  Bologna,  composed  a  commentary  on  the  Sphere 
of  Sacro-bosoo^  both  these  were  considered  as  heretics  and 
soroerem  5  in  consequence  of  which  the  former  was  burnt  in 
efligy,  and  the  latter  in  person,  at  Bologna,  A.  D.  1328.  A  few 
other  mathematicians  flourished  in  thefburteenth  centary ;  as  John 
de  Moris,  Nicholas  d'Oresme,  Suisset,  John  de  Lignieres,  Brad- 
warden^  &c.  But  these  dark  ages  are  principally  famed  fbr  the 
schoolmen,  ^  class  which  comprised  all  the  learned  men  of  those 
times  i  in  their  hands  the  Logic  of  Aristotle  became  an  engine 
for  solving  all  manner  of  doubts  and  difficulties ;  knotty  ques* 
tiotts,lkvquently  on  the  most  trivial  subjects,  in  some  cases  inde- 
cent, and  in  others  profane,  furnished  matter  fbr  their  almost 
endless  disputes,  which  were  urged  with  vehemence  and  acri- 
mony, not  so  much  to  discover  truth  as  to  obtain  victory  3  indeed 
the  sole  tendency  of  their  labours  was  to  obscure  truth,  and 
involve  the  human  mind  in  the  grossest  ignorance :  however, 
notwithstanding  this  clouded  and  inactive  state  of  knowledge, 
two  inventions  in  mechanics,  during  this  period,  desen'e  our 
notice,  viz.  a  machine  for  grinding  rags  for  the  purpose  of  mak- 
ing paper,  l^  Ulman  Strame,  of  Nuremberg ;  and  wheel-woiic 
doeks^  both  fixed  and  portable. 

The  fifteenth  century,  which  may  be  considered  as  the  dawn 
of  science,  produced  many  able  mathematicians,  among  whom 
may  be  mentioned  John  Gmunden,  Dailli,  George  of  Trebi- 
zonde.  Cardinals  Bessarian  and  Cusa  5  Purbach  and  Regiomon- 
taniis,  the  two  great  restorers  of  Astronomy  i  Waltherus,  Lefevre> . 
Novera,  Bianchini^  Angelo,  Ferdinand  of  Cordova,  Henry  Duke 
of  Visco,  and  Xiucas  de  Burgo,  the  introducer  of  Algebra  into 
Europe.  This  century  is  famous  fbr  the  invention  of  Pointing, 
^  Faust  of  Strasburg,  in  1440,  and  also  fbr  the  first  and  grand 
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applkatioAs  of  the  theory  of  the  Loadstone/  and  of  ittathematical 
knowledge  to  the  usefiil  purposes  of  navigation  and  commerce, 
namely,  in  the  voyages  of  Diaz,  Vascoda  Gama,  and  Columbus : 
the  first  reached  the  Cape  of  Good  Hope  in  I486,  the  second 
doubled  it  in  1492,  and  the  same  year  Columbus  crossed  the 
Atlantic,  and  discovered  the  West  Indies. 

The  sixteenth  centtuy  is  the  era  of  the  complete  revival  of 
mathematical  learning,  and  of  important  discoveries  and.  im- 
provements in  several  of  its  branches.  Algebra  is  indebted  ia* 
this  respect  to  the  labours  of  Carden,  Ferrei,  Tartalea,  F«rnnrf, 
Bombelli,  Maurolycus,  Scheubelius,  Sturmius,  Recorde»  Stife-. 
lius,  Clavius,  and  Vieta  whose  improvemenrts  were  great  and> 
valuable.  Tartalea,  Commandine,  Durer,  Nonius,  Ubaldi,  Saville^: 
Hamus,  and  Vieta  excelled  in  Geometry;  Copernicus  revived* 
the  Pythagorean  system  of  the  universe ;  Tycho  Brahe  wa» 
called  The  great  Observer ;  Kepler  was  the  creator  of  true  physi- 
cal Astronomy;  Schonerus,  Fracastorius  and  WiUiam  prince  of 
Hesse  Cassel  were  diligent  obsei'vers  of  the  heavenly  bodies ;  and* 
Aloysius  Lilius,  an  astronomer  of  Verona,  was  the  person  whose 
plan  was  adopted  by  Pope  Gregory  XI II:  for  reforming  the 
calendars  John  Baptista  Porta  invented  the  Camera  Obftcwm; 
and  Maurolycus  was  a  considerable  writer  on  Optics* 

The  numerous  inventions  and  discoveries  which  took  place  in 
the  seventeenth  century,  advanced  the  theory  and  practice  of 
mathematical  learning  to  a  pitch  until  then  unknowQ,  and  ihr 
exceeded  the  most  sanguine  expectations  or  hopes  of  any  fire-, 
ceding  age.  One  of  the  most  noble  and  useful  of  these  wab  tW 
invention  of  the  Telescope,  which  is  ascribed  by  some  to  Joha 
Lippersheim,  in  1605;  by  others  to  2^chary  Jansen;  and  again: 
by  others  to  James  Metius;  but  it  was  claimed  by  Fontooa. 
Kepler  first  explained  this  useful  instrument ;  and  it  received, 
various  improvements  from  Galileo,  Reive,.  Borelli>  Hartsoeker, 
Cqx>  Campania  Hevelius,  Scheiners  Reita,  Gregory,  Huygeii8>. 


•A 


y  The  method  now  in  ase  of  computing  from  the  bicth  of  CljurM  was  ^ 
stitnted  by  Rabbi  Samuel,  Rector  of  t^e  Jewish  School  at  Sora  in  Meaopotania* 
probably  about  the  year  260.  It  wa»  first  used  in  the  West,  A.D.  597,  bj 
Dionysius  Exiguns,  by  birth  a  Scythian,  and  at  that  time  a  Roman  Mfdt, 
Venerable  Bede  employed  it  in  bis  writings :  the  reooMmoadatioa  it  tbnebf ' 
ebtaiiied,  necasioned  it  to  be  brouglit  into  (;pmmon  «ae,  and  tha  great  oumttfi 
cnea  of  this  epooht  hat  caused  it  to'^  fetained  aver  Mace. 
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Newton^  Caleb  Smith,  Dollond,  Ramsden,  &c.  Drebell,  a 
Datdiman,  is  said  to  have  invented  the  micruscope  about  J691 ; 
but  Fontaoa  aasames  the  honour  of  the  discovery,  which  he  aayt 
took  place  in  1618.  Torricellius  invented  the  Barometer ;  and 
t^e  Thermometer  has  been  ascribed  to  diflPerent  persons,  as 
Galileo,  Father  F^ul,  Sanctorio,  and  Cornelius  Drebell  of 
Alkmaer.  Antonio  de  Dominis  first  explained  the  phenomenon 
of  the  rainbow ;  as  did  Wellebrord  Snellius  the  laws  of  refraction : 
Columbus  first  observed  the  variation  of  the  magnetic  needle  $ 
Edward  Wright  discovered  the  true  method  of  dividing  tha 
maridiaa  Hne,  and  of  constructing  the  charts  usually  ascribed  to 
Msrcator.  Napier  was  the  first  who  publbhed  a  system  of 
Logarithms,  viz.  in  1614,  which  numbers  were  greatly  improved 
by  Briggs.  Stevinus  of  Bruges  was  the  inventor  of  Decimal 
Arithmetic,  1610.  Harriot  was  the  father  of  modem  Algebra, 
1631.  Geometry  and  Analysis  are  ibdebted  to  Roberval,  Cava- 
lerius,  Comiers,  rH6pital,  Leibnitz,  Mercator,  Pascal,  Wren, 
Sauveur,  Parent,  Barrow,  and  Wallis,  for  several  new,  useful, 
and  interestiAg  theories.  Gassendi,  Kepler,  Picard,  Ueveliiis, 
Flamstead,  Horrox,  Recciolus,  Hooke,  Longomontanus,  Kir- 
cher,  Bayer,  and  Graliko,  were  eminent  in  Astronomy.  Des 
Cartes  excelled  in  Geometry  and  Algebra,  and  was  the  inventor 
of  the  Cartesian  Philosophy,  depending  on  the  absurd  theory  of 
the  vortices,  the  foundation  of  which  existed  only  in  the  imagi- 
oatiua  of  the  author.  Sir  Isaac  Newton  excelled  in  almost 
every  branch  of  knowledge,  and  appears  to  have  been  the  highly 
honoured  instrument,  designed  by  Providence  to  dispel  the  mists 
of  error  which  had  hitherto  inveloped  the  human  mind  -,  his 
discoveries  and  improvements  in  Analysis  are  numerous  and 
valuable;  his  Doctrine  of  Fluxions,  in  addition  to  its  extensive 
application,  is  a  masterpiece  of  ingenuity  -,  he  first  established 
the  true  theory  of  Light  and  Colours  in  bis  excellent  work  on 
Optics:  he  confirmed  the  system  of  Copernicus^  and  by  hi3 
discovery  of  the  universality  of  the  principle  of  gravitation, 
and  his  newly  invented  Analysis,  he  explained  and  demon- 
strated the  laws  by  which  that  'system  is  regulated.  Bacon 
and  Boyle  were  ^oiong  the  first  who  taught  philosophers  to 
reason  from  experiment  and  observation,  and  to  emancipate 
ths^hujnan  mind  from  that  slavery  to  Hypothesis,  in  which 
it  had  been  triumphantly  detained  for  several,  ages  by  the 
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tchoolmen  *.  Doring  this  century  several  Institutions  for  thf 
joint  purposes  of  cultivating,  extending,  and  registering  everj 
part  of  science  were  formed  in  different  parts  of  Europe,  viz» 
at  Soissons,  Beaujolois,  Nismes,  Angers,  Bologna,  Florenc6j 
Naples,  Verona,  Brescia,  and  Fadua.  The  Uojral  Society  al 
London  was  founded  in  1660  -,  and  the  Academie  des  Scicsioes  $t 
Paris  in  1666  3  the  Observatory  at  Paris  was  built  in  167^3  that 
of  Flamstead  House,  at  Greenwich,  in  1676. 

The  recent  discoveries  and  improvements  by  Vietay  Dei 
Cartes,  Harriot,  Newton,  Leibnitz,  and  others,  opened  a  new 
and  extensive  field  for  the  exercise  of  talent,  in  every  depart- 
ment of  science.  The  Newtonian  Analysis  has  been  applied 
with  equal  zeal  and  success  to  some  of  the  most  difficult  and 
interesting  problems  in  Mechanics,  Astrdnomy,  &c.  the  solutioa 

*  T|^e  learned  men  wbo  floHrished  between  the  time  of  the  Conquest  and  the 
revival  of  learning  are  usaally  denominated  tchoolmen,  though  some  writen 
]»lace  them  within  narrower  limits.  The  schoolmen  had  the  vanity  to  pretend 
to  Account  for  every  thing;  they  explained  the  Phenomena  of  Nature  by 
Hypotheses,  instead  of  facts  deduced  from  experiment  and  observation; 
their  hypotheses  were  always  conjectural,  and  very  frequently  imprckbabli 
and  false,  consequently  their  reasonings  and  conclusions  mast  have  becm 
injurious  to. the  progress  of  sound  knowledge.  They  substituted  hard  and 
unintelligible  words  and  phrases,  for  causes  which  they  did  not  at  aU  comr 
prebend,  in  order  to  conceal  their  ignorance  ;  and  wished  mankind  to  belieTe, 
that  by  referring  to  these  they  had  explained  the  nature  of  things.  Logical 
arguments  were  their  grand  resource,  and  the  defence  and  support  of 
fsvourite  hypotheses,  their  chief  employ.  Their  disputations  were  carrisd  oa 
with  a  view  to  obtain  victory  rather  than  for  the  discovery  of  truth.  ^  TiMf 
infected  every  subject  with  their  jargon ;  Law,  Physic,  Divinity,  and  Scienof 
abound  with  their  sophisticated  phraseology,  consisting  of  little  else  tbaa 
grave  and  pedantic  displays  of  ostentatious  trifling ;  especially  the  books  00 
those  subjects  written  about  three  centuries  ago,  which  on  this  account  the 
modern  reader  will  be  at  considerable  loss  to  understand.  The  logic  <^ 
Aristotle,  as  th^  grand  engine  of  the  schoolmen,  has  met  with  indiscriniinate 
censure  from  a  great  number  of  later  writers ;  but  I  think  without  joitice^ 
as  it  is  not  the  science,  but  its  misapplication  that  deserves  blame.  Bacoa, 
Boyle,  Barrow,  Locke,  and  other  reformers  of  science  have  made  great  use  of 
the  Aristotlean  logic  in  their  discoveries,  and  the  only  difference  is,  that  the 
reasonings  of  these  were  always  founded  on  truth  or  (where  that  could  not 
be  obtained)  strong  probability,  and  had  the  discovery  of  truth  for  their  obrfcet ; 
while  those  of  the  schoolmen  were  too  often  founded  on  vague  or  improbahia 
hypotheses,  and  terminated  in  procuring  their  anthors  undeserved  renowot 
hut  made  mankind  neither  wiser  nor  better. 
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rf  whidi  bad  (wen  bitlierto  soi^t  Ibr  by  otber  tnelboik  in 

Tbe  following  are  the  aameB  of  some  of  those  who  since  tho 
fOmmeQcemeiit  of  the  eighteenth  centuiy,  have  eyselled  in  thi« 
and  olher  faran(Bb«8«  viz.  Mad.  Agoeii*  D'Aleuibert,  Atwood,  De 
lliify,  James,  Jobskp  and  Daniei  Bernoulli,  Beaout,  Burda,  Birck^ 
Satteo,  Browne,  Le  Bas,  Bossut,  Barlow,  Bonnycabtk,  Bridge, 
Cousin,  Coortivron,  Cotes,  ColsQn,X1aicaut,  Cramer,  Condorcet« 
Ciaig,  C.  and  6.  Cooke,  Chriatie,  Demoirre,  Balby,  Dealoy, 
Dodson,  £iiler,  Emerson,  Fontaine,  Eacio,  Fagnanus,  Fread, 
Farish,  Lsi  Grange,  Guisn^,  Glenie,  Olinthus  Gregory,  L*Udpital« 
Ja  Hire,  Hayes,  Hombuckle,  Hermann,  Hutton,  Hustler,  Hel- 
liDgB,  Jacquier,  Jones,  Kirkby,  Kelly,  De  Lagni,  Landenj 
littledale,  NManfiredi,  Monmort,  Madaurin,  Montucla,  Maaeresj 
JMilner,  l^icole^  D^Omerique,  Ozanam,  Pemberton,  Presto, 
Pingrfe,  Peacock,  Riocati,  Reyneau,  Robertson,  Rigaud,  Sterling, 
Saunderson,  Le  Sieur,  Saurin,  Simson,  T.  Simpson,  Sowerby, 
B.  Taylor,  M.  Taylor,  Turner,  Viviani,  Varignon,  Viace, 
Waring  Wolfius,  Watson,  Woodhouse,  Wood,  &c.  Astronomy 
has  been  cultivated  during  tbe  same  spaee  by  many  learned 
men,  among  which  the  following  are  some  of  tbe  principal, 
viz.  Adams,  Bradley,  Bouguer,  Bailli,  Bulkley,  the  Cassinis, 
La  CaiUe,  Ferguson,  Halley^  Harding,  Herschel,  Juan,  Koenig, 
Keill,  La  Lande,  Long,  Lax,  Maupertuis,  Mayer,  Maskelyne, 
Olbers,  Pound,  Smith,  WoUoston,  &c.  Some  of  these,  with  many 
others,  excelled  in  various  branches  of  the  Mathematics,  besides 
those  we  have  ascribed  to  them  $  to  particularize  their  inventions, 
improvements,  and  excellencies,  with  just  discrimination,  would 
&r  exceed  our  prescribed  limits ',  and  fully  to  understand  them, 
recourse  must  be  had  to  a  great  variety  of  modern  treatises  on 
every  branch  dT  mathematical  science. 

Thus  we  have  endeavoured  to  shew,  in  a  brief  and  general 
manner,  the  nature,  great  importance,  and  use  of  mathematical 
knowledge ;  and  to  point  out  a  few  of  the  leading  facts  in  its 
history.  The  reader  need  not  be  informed,  that  by  the  improve- 
ments and  discoveries  in  science,  which  have  taken  place  during 
the  three  last  centuries,  and  the  application  of  mathematicsd 
and  physical  knowledge  to  Civil  Polity,  the  Arts,  Commerce, 
^d  Agriculture,  the  present  generation  enjoys  advantages 
superior   beyond   comparison  to   those    possessed    by  former 
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ages.  Our  own  oounCiy  vms,  but  a  few  centuries  ago^  ait 
ovei^grown  wilderness^  a  prey  to  the  wildest  superstition,  and 
scarcely  supplied  the  bare  necessaries  of  life  to  its  scanty  and 
savage  inhabitants.  Now,  the  conveniences  and  luxuries  of 
levery  kingdom  in  the  world  are  poured  in,  and  added  to  tbtf 
produce  of  our  own,  constituting  a  rich  abundance  for  the  supjdj 
of  every  want,  and  the  gratification  of  almost  every  wish ;  it 
fellows  then,  that  our  obligatibns  to  Providence  are  proportion* 
a!Uy  greater  than  those  of  former  ages.  If  the  ox  knows 
his  owner,  and  the  ass  his  master's  crib,  let  us  not,  more  stupid 
and  ungrateful  than  they,  while  we  live  in  the  ei\)oyment  of 
infinitely  superior  benefits,  be  less  dutiful  in  our  attachment, 
nor  overlook  the  kind  hand  which  supfdies  them.  Possessing 
more  am|^  means  than  our  ancestors  possessed,  it  is  incumbent 
on  us  to  improve  our  advantages,  by  the  strict  and  feithful 
observance  of  every  religious,  moral,  and  social  duty. 
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MATHEMATICS,  &c. 


PART  I. 

ARITHMETIC. 


HISTORICAL  INTRODUCTION. 

Kctm«ronim  notitia  caicunque  primis  saltern  literift'eruditio  neces«aria  est. 

QUINTILIAN. 

Arithmetic*,  or  the  science  of  Numbers,  is  justly 
considered  as  the  basis  of  all  the  other  mathematical  sci- 
ences; and  therefore  a  sufficient  acquaintance  with  its 
principles  and  elementary  rules  ought  to  be  acquired 
before  any  of  the  otber  branches  are  attempted^ 

Arithmetic  holds  a  distinguished  rank  among  the 
mathematical  sciences;  it  even  surpasses  them  all  in 
usefulness:  its  universal  application  to  the  conimon 
concerns  of  life  renders  it  a  part  of  knowledge  not 
merely  desirable,  but  necessary  to  every  one  who  wishes 
to  be  serviceable  to  society,  to  manage  his  own  private 
affairs  well,  and  to  guard  against  fraud  and  imposition. 

Nptbing  satisfactory  can  be  offered  respecting  the 
wigia  and  invention  of  Arithmetic^  lik-e  almost  every 

*  The  word  is  derived  from  the  Greek  o^t^fMs,  number,  and  fitr^w,  tff 
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other  useful  art,  its  beginning  must  have  been  extremely 
rude  and  simple,  the  fruit  of  pure  necessity,  and  it  must 
have  originated  in  the  first  ages  of  the  world,  when  men 
began  to  form  societies ;  for  it  is  not  easy  to  conceive 
how  social  intercourse  could  have  been  maintained,  dif- 
ferences and  disputes  adjusted,  bargains  made,  and  traf- 
ficking carried  on,  without  the  necessary  aid  of  compu- 
tation. 

Shortly  after  the  dispersion  of  mankind,  the  sciences 
were  carried  by  the  descendants  of  Shem  into  Ghaldaea 
and  the  East;  in  these  countries  Arithmetic  was.  cul- 
tivated probably  at  an  earlier  period  than  in  any  other. 
The  Phoenicians^,  who  were  descended  from  Canaan, 
the  son  of  Ham,  and  settled  on  the  eastern  coast  of  the 
Mediterranean  sea,  were  the  people  who  first  of  any 
addicted  themselves  to  commerce,  to  which  they  made 
navigation  subservient;  and  as  they  must  have  practised 
Arithmetic  to  a  great  extent  in  their  numerous  mercan- 
tile transactions,  succeeding  nations  have  ascribed  to 
them  the  invention. 

Josephu^*"  informs  us>  that  Abraham,  having  acquired 

^  The  PhoBDicians  inhabited  the  sea'coast^  extending,  according  to 
Ptolemy,  from  the  river  Eleutherus  on  the  north,  to  Pelusium  on  the 
south.  They  are  called  in  the  sacred  writings  Canaanites,  and  ave  re- 
markable for  the  series  of  awful  calamities  and  judgments  which  a  lon|;. 
and  uninterrupted  course  of  the  roost  abandoned  profligacy  had  brought 
upon  them.  They  were,  during  the  captivity  of  t^e  Israelites  in  Egypt, 
ffvom  1635  to  149'l^>  A.  C.)  considered  as  a  great  and  powerful  people.  Their 
mercantile  spirit  and  excessive  riches  are  mentioned  by  the  prophets 
Isaiah  and  Ezekicl,  both  of  whom  denounce  the  impending  judgments  of 
the  Almighty  on  their  pride  and  obduracy.  Profane  authors  speak  of  their 
great  industry,  and  represent  tfaem  as  the  inventors  of  letters^  arithmietic, 
commerce,  navigation,  and  almost  every  thing  that  is  useful. 

<  Flavins  Josephus  was  born  at  Jerusalem  A.  D.  37>  and  died  A.  D. 
93 ;  he  was  equally  great  as  an  historian  and  an  orator,  as  is  witnessed  by 
his  "  History  of  the  Antiquities  and  Wars  of  the  Jews."  His  "  Discourse 
on  the  Martyrdom  of  the  Maccabees"  is  a  masterpiece  of  eloquence  ;  he  is 
•ailed  by  St.  Jerome,  «  The  Livy  of  the  Greeks," 
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a  knowledge  of  Arithmetic  in  the  East^  was  the  first  who 
instructed  the  Egyptians  in  the  art*.  By  the  Egyptian 
priests  Arithmetic  was  cultivated  with  ardour^  and  con- 
stituted no  inconsiderable  part  of  their  theology  and 
philosophy.  The  Grecian  philoisophers,  who  travelled 
into  the  East  in  quest  of  knowledge,  transmitted  this 
science  from  Egypt  into  Greece,  where  it  must  (in  com- 
mon with  the  other  sciences)  have  received  considerable 
improvements;  among  which  the  invention  of  the  Mul- 
tiplication Table  is  ascribed  to  Pythagoras',  and  a  me- 
thod of  determining  the  Prime  Numbers  to  Eratosthe- 
nes*. 

<  Joseph.  Antiq.  b.  i.  c.  8.    Abraham  was  a  native  of  Ur  in  Cha]daea« 
fifbm  whence  he  was  driven  by  a  famine  into  Egypt.    If  the  account  given 
hf  Josephtis  be  true,  we  are  sure  that  Arithmetic  roust  have  been  known 
and  practised  by  the  Chaldaeans  about  the  time  of  their  first  settling  in 
that  country. 

'  **  The  combinations  of  numbers  constituted  one  of  the  principal  ob- 
jects of  his  researches ;  and  all  antiquity  testifies  that  he  carried  them  to 
the  highest  degree.".  .....*<  He  attached  several  mysterious  virtues  to 

nonibers,  and  swore  by  nothing  but  the  number yb«r,  which  was  to  him 
the  number  of  numbers.  In  the  number  three  likewise  he  discovered  va- 
rifws  marvellous  properties ;  and  said,  that  a  man  perfectly  skilled  in  Arith- 
metic possessed  the  sovereign  good."  It  is  supposed  by  some,  that  these 
expressions,  and  others  of  a  like  tendency  ascribed  to  the  ancient  philoso- 
phers, are  not  to  be  understood  literally,  but  that  they  have  a  figurative 
and  hidden  meaning  unknown  to  us. 

*  Prime  Numbers  are  such  as  cannot  be  divided  by  any  number  greater 
thab  unity  without  a  remainder ;  the  rest  are  called  composite.  The  inge- 
nious method  alluded  to  above  was  called,  '*  The  Sieve  qf  Eratosthenes :" 
for  some  account  of  it,  see  Dr.  Horsley's  paper  in  the  Philosophical  Tran8» 
actions,  vol.  6Sl.  p.  3^7.  Eratosthenes  was  a  native  of  Cyrene,  a  city  of 
Lybia;  he  was  the  second. person  entrusted  with  the  care  of  the  Alexan^ 
drian  library :  grammar,  poetry,  philosophy,  and  mathematics,  were  the 
niljects  that  engaged  his  affections,  especially  the  latter.  He  measured  the 
obliquity  of  the  ecliptic,  making  it  only  about  20^  degrees ;  he  also  mea- 
sured a  degree  of  the  meridian,  and  thence  determined  with  tolerable  accu- 
racy the  circumference  of  Ihe  earth.  The  invention  of  the  armillary  sphere 
is  ascribed  to  him;  and  his  consummate  skill  acquired  him  the  nam^s  of 
The  second  Plato — The  Cosmographer  and  Geometer  qf  the  fVorld^  &c. 
He  starved  himself  to  death,  A.  C.  194,  in  the  82d  year  of  his  age.  Of  his 
compositions  a  few  fragments  only  remain. 
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The  Hebrews,  Greeks,  and  Romans  represented  nunv- 
bers  by  the  letters  of  the  alphabet  pecaliar  to  each  na- 
tion. The  most  simple  method  of  notation  among  the 
Greeks  was,  by  making  their  24  letters  represent  each  a 
number  in  order,  from  1  to  24;  this  method  may  be 
geen  by  referring  to  Homer's  Iliad,  or  Xenophon's  ,Cj^- 
ropaedia,  where  it  is  employed  in  numbering  the  books^; , 
higher  numbers  were  represented  by  small  letters  pointed 
underneath,  by  the  capitals,  and  by  inclosing  the  capw. 
tpls  with  the  Greek  11,  &c. 

From  Greece  Arithmetic  passed  to  the  Romans,  who 
do  not  seem  to  have  made  any  improvement  in  the  sci» 
ence;  they  merely  adapted  the  letters  of  their  alphabet 
to  the  numbers  received  from  their  masters.  Thejr  me* 
thod,  which  is  still  employed  in  denoting  datesj  cb^p* 
ters,  and  sections  in  books,  ought  to  be  understood  by 
every  one,  and  is  as  follows.  I  stands  for  onCj^V  fiot^ 
X  ten^  Ijjijty,  C  one  hundred^  D  Jive  hundred,  M  bnit 
thousand^;  these  seven  letters,  differently  placed  or  marked, 
were  made  to  express  all  numbers.  As  often  as  any  cha- 
racter is  repeated,  so  many  times  its  value  is  repeated; 
thus,  II  represents  tzco^  III  threey  XX  tzcenti/,^XX  thirty ^ 
CC  two  hundred,  MM  two  thousand.  A  less  character 
placed  on  the  left  of  a  greater  diminishes  its  value;  thus, 
IV  denotes ybwr,  IX  riine,  ^hfortj/,  XC  ninetif.  A  less 
character  to  the  right  of  a  greater  increases  its  value; 
thus,  Vl  denotes  six,  VII  seven,  XI  eleven,  LX  sixty, 

*"  The  derivation  of  these  numerals  is  thus  giren  by  some :  I,  denotiii|^ 
initium^  the  beginning,  was  considered  as  the  only  fit  representative  of  the 
first  number,  or  one.  V,  (the  ancient  U,)  being  the  fifth  vowel,  was  with 
propriety  put  for  Jive,  X,  being  made  up  of  two  V's,  represented  two  fives, 
or  ten,  C,  centum,  or  one  hundred,  M,  mille,  or  one  thousand,  L,  being 
the  half  of  the  old  C,  which  was  square,  was  put  for  half  a  hundred,  or  Jift$f^ 
D,  dimidium  mille,  or  half  a  thousand,^i'e  hundred.  The  D  was  frequently 
written  ID»  and  the  M,  CI^  ;  hence  these  latter  marks  are  sometimes  put 
fax  500  and  1000  respectively. 
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/iCXX  one  hundred  and  twenty ^  DXJive  hundred  and  ten, 
.  DCC  seven  hundred,  M,DCCCC,XC,IX  owe  thousand 
nine  hundred  and  ninety-nine.  In  some  ancient  books,  re- 
cords, and  inscriptions,  and  on  antique  coins  and  medals, 
we  meet  with  the  C  inverted  ;  thus,  ID  denotes^t*e  hun- 
dred:  every  O  added  increases  it  tenfold ;  thus,  IDO  de- 
notes ^re  thousand ;  Cl3  stands  for  one  thousand^  and  a 
C  and  3  added  at  the  ends  increase  its  value  tenfold ; 
thus,  CCIOO  denotes  ten  thousand,  CCCIOOD  one  hun*- 
Mt  thousand,  CCCC1DD33  one  million ;  a  line  over 
any  number  increases  its  value  a  thousand-fold;  thus, 
VIII  denotes  eight  thousand,  X  ten  thousand,  LXXX 
nghty  thousand,  CC  two  hundred  thousand,  MMxVl  three 
milliony  See* 

Wfehave  not  the  meains  of  tracing  the  progressive  im- 
provements of  Arithmetic  among  the  ancients;  judging 
from  their  works,  (which  however  are  not  always  to  be 
depended  on  %)  there  is  reason  to  suppose  that  the  sci- 
ence advanced.  Beside  Addition,  Subtraction,  Multipli- 
cation, and  Division,  the  ancients  possessed  methods  of 
extracting  the  Square  and  Cube  Roots ;  they  were  ac- 
quainted with  the  theory  of  Proportions ;  Arithmetical 
and  Geometrical  Progression;  and  in  general  with  the 
combinations  of  numbers,  the  reduction  of  ratios  to  their 
simplest  form,  &c.  '  ^^ 

The  ancient  methods  of  notation  were,  however,  but 
ill  adapted  to  the  practical  operations  of  Arithmetic ;  and 
hence  it  is  that  the  art,  with  respect  to  its  practical  part, 
fliust  have  made  but  slow  progress.    The  destruction  of 

( Although  the  greater  part  of  heathen  antiquity  has  descended  to  us 
(linMigh  the  bands  of  the  Greeks,  yet  their  evidence  must  he  received  with 
caution,  particularly  that  of  the  Helladians ;  they  were  a  bigotted  people, 
Idgbly  prejudiced  in  their  own  favour.    There  surely  was  never  any  nation 
*e  incurious  and  indifferent  about  the  truth.     Brytmi^M  AnaiysU,yo\,\, 
1».143. 155, 
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the  famous  AlexandriaD  library^  A.  D.  642^  bas  left  n» 
DO  particular  treatise  on  the  subject ;  we  have,  howevefi 
some  of  the  most  plain  and  useful  propertied  af  numberf 
in  the  seventh,  eighth^  ninths  and  tenth  books  of  Eluclid*i 
Elements^  A.  C.  280,  and  in  the  Arenarius  of  ArchimedeSi 
A.  C.  220;  there  is  likewise  the  Commentary  of  Eptocios 
on  Archimedes'  Treatise  of  the  Circle,  some  fragments 
of  Pappus**,  A.  D.  400.  The  writings  of  Nicomachus, 
A.  D.  lOOy  which  were  published  at  Paris  in  1538,  and 
the  treatise  of  Boethius*^  written  at  Rome  in  the  sixth 
century,  give  us  no  very  favourable  idea  of  the  ancient 
Arithmetic,  which  seems  to  have  consisted  principally  of 
dry  and  tedious  distinctions  and  divisions  of  numbers; 
so  that  on  the  whole,  the  acquisition  of  any  considerable 
degree  of  knowledge  in  this  most  useful  branch  n^ast 
have  been  attended  with  almost  insurmountable  difficul- 
ties ^ 

I*  Pappus  was  an  eminent  mathematician  and  philosopher  of  .Alexandria; 
he  lived  in  the  fourth  century  after  (^hrist ;  the  greater  part  of  his  valuable 
writing  are  lost.  His  Mathematical  Collections,  in  eight  books,  except  the 
first,  and  part  of  the  second,  are  still  extant ;  parts  of  these  have  been  pub* 
lished  by  tl^  following  authors,  viz.  Commandine,  in  a  Latin  translatipn 
with  a  commentary,  1558;  Mersepne,  1664;  Meibomius,  1655;  Wallis, 
1688;  David  Gregory,  1703;  and  Dr.  Halley,  1706;  also  Dr.  Hutton  has 
given  a  brief  analysis  of  these  books  in  his  Mathematical  Dictionary,  p.  187* 
188.  vol.  ii. 

*  Boethius  was  a  celebrated  Roman  ;  he  was  put  to  death,  A.  D.  525,  by 
Theodoric,  king  of  the  Ostrogoths,  on  suspicion  of  a  conspiracy.  During 
hip  confinement  he  wrote  that  excellent  work  'X>e  p^msolationc  Phihtophie* 
T)ie  best  editions  of  his  works  are  that  of  Hagenau,  4to,  14^1,  and  that  of 
Ley  den,  eum  notis  variorum,  1671. 

^  Aldhelm,  bishop  of  Shireburn,  and  one  of  the  most  learned  men  of  the 
age,  who  flourished  in  the  time  of  the  Saxon  Heptarchy,  A.  D..  700,  com* 
plains  bitterly  of  the  difficulties  he  met  with  in  learniifg  Arithmetic,  as 
almost  surpassing  the  powers  of  the  human  mind.  He  thus  writes  to  his 
friend  Hedda,  bishop  of  Winchester.  **  What  shall  I  say  of  Arithmetic, 
whose  long  and  intricate  calculations  are  sufficient  to  overwhelm  the  mind, 
and  throw  it  into  despair  ?  All  the  labour  of  my  former  studies,  by  which 
1  made  myself  a  complete  master  of  several  sciences,  was  trifling  in  com- 
parison of  what  this  cost  me/^  Anglia  Sacra,  t.  ii.  p.  6,  7*  piottd  (jf  Dr, 
Henrp. 
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Psellus,  who  lived  in  the  ninth  centary,  wrote  n  com- 
pendium  of  the  ancient  Arithmetic  in  Greek,  which  wai 
pvblifthed  by  Xylander,  A.  D.  1536,  in  Latin;  and  a  si-* 
milar  work  was  written  shortly  after  in  the  same  Ian« 
goage  by  lodocus  Willichins.  These  works  are  at  present 
objects  rather  of  learned  cariosity  than  nse;  few  persons 
will  take  the  trouble  to  understand  them. 

The  Arabs,  who  had  shewn  themselves  the  most  in- 
veterate enemies  of  learning,  by  a  revolution  of  senti- 
ments not  nncommon,  became  its  most  zealous  sup- 
porters. From  them  Arithmetic  received  some  of  its 
most  useful  improvements;  among  which  the  method  of 
notation  at  present  in  use  may  be  considered  as  the  chief. 
It  doea  not  appear,  however,  that  the  Arabians  ever  laid 
claim  to  the  invention;  they  refer  us  to  the  Indians ;  and 
hence  the  figures  employed  in  our  calculations  are  some- 
times called  Indian  characters. 

The  Arabs  were  in  possession  of  the  Indian  method  of 
notation  probably  for  the  space  of  three  centuries  before 
the  Europeans  knew  any  thing  of  the  matter.  The  latter 
were  involved  in  the  darkest  ignorance,  which  the  genius 
and  learning  of  the  few  great  men  this  age  of  blindness 
produced  were  unable  to  dispel,  and  which  served  only  to 
render  that  mental  darkness  visible  in  all  its  horrors. 

Among  the  few  illustrious  characters  which  appeared 
at  this  period,  Gerbert*  deserves  the  first  place.    This 

1  Gerbert  was  born  of  mean  parents,  but  it  is  uncertain  in  what  year. 
Having  spent  several  years  amon;  the  Saracens  at  Corduba,  during 
which  he  industriously  collected  all  tbact  was  vahiable  of  thofir  Geo* 
metry,  Astronomy,  and  Arithmetic,  he  returned  to  France  in  970,  where 
he  was  caressed  by  the  wiser  part  of  his  countrynaen ;  but  the  generality  of 
them  treated  him  a$  a  redoubtable  Magician  :  and  the  credulous  writers 
of  those  times  relate  many  ridiculous  stories  about  him ;  as  that  he  under- 
stood the  lang:ua^e  of  birds  i  that  he  could  raise  the  Devil,  was  very  hr 
nuUar  with  hini,  and  bequeathed  his  soul  to  him  after  death,  &c.  &c.  See 
Vincent's  Lectures  against  Popery,  Lect«  VII.  p.  191«a  book  in  which  tanMf 
stories  of  the  kind  are  to  be  found. 
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literary  hero  possessed  an  enlargement  of  mind,  and  a 
thirst  for  knowledge^  rarely  to  be  met  with.  He  was  edn^ 
cated  in  the  monastery  of  Fleury  ^  but  soon  discoveriog; 
tbe  incapacity  of  bis  teachers^  he  fled  from  bis  monas^ 
tery^  and  went  to  Spain,  which  was  then  under  the  do-* 
minion  of  the  Arabs.  Having  fixed  himself  at  Corduba^ 
he  applied  with  ardour  to  the  acquisition  of  the  Arabiaor 
language,  and  .the  sciences  which  that  people  almost 
ex<;lusi;vely  possessed;  he  succeeded  so  well,  that  in  ar 
few  years  he  returned  to  France^  and  enriched  tbe: 
Christian  world  with  the  literary  spoils  obtained  from' 
the  Mahometans,  A.  D.  96O.  To  him  the  nations  oS 
Europe  are  indebted  for  the  most  valuable  of  all  his  ac-;' 
quisitions,  a  knowledge  of  the  Arabian  numeral  figures, 
on  the  use  of  which  depends  every  subsequent  improve- 
ment in  Arithmetic^ 

The'  Arabian   method   of  notation   introduced  from:^ 
Spain  by  Gerbert,  notwithstanding  its  advantages,  was 
not  so  eagerly  adopted  as  one  might  be  led  to  expect;. 
150  years  having  elapsed  before  it  was  known  in  Britain, 
and  nearly  100  more  before  it  was  brought  into  common 
use,  as  is  shewn  by  Dr.  Wallis. 

The  first  ^writer  of  note  after  the  reception  of  the 
Arabian  method,  was  Jordanus  of  Namur  in  Flanders,: 
about  the  year  1200;  his  work  was  commented  on,  and 
published  shortly  after  the  invention  of  printing,  by 
Johannes  Faber  Stapulensis,  viz.  in  1480.  Johannes 
de  Sacro  Bosco,  an  Englishman,  wrote  a  treatise  ovk 
Arithmetic  in  the  thirteenth  century;  as  did  Maximus 

Gerbert  was  preceptor  to  Robert  I.  Ring  of  France,  and  to  Otbo  III. 
Emperor  of  Germany.  He  was  Bishop  of  Rheims,  and  afterwards  Arch* 
bishop  of  Ravenna.  At  length,  011  the  death  of  Pbpe  Gregory  V.  A.  D.  998, 
Gerbert  was,  by  the  influence  of  his  pupil  Otho,  chosen  to  succeed  him  Oft 
tbe  Papal  throne,  under  the  name  of  Sylvester  II,  He  died  about  tbe  year 
1003. 
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Planudes^  the  Scholiast^  either  in  that  century  or  the 
Bext« 

After  the  introduction  of  printing,  the  diffusion  of 
loowledge  necessarily  became  much  more  extensive- 
than  it  had  been  at  any  former  period,  from  the 
Bamber  of  books  which  were  successively  published. 
The  earliest  authors  who  wrote  on  Arithmetic  were 
Lacas  De  Burgo,  1470.  Cardan,  Purbach,  Stifelins, 
Scheubelius,  Tartalea,  M aurolycus,  Peletarius,  &c.  these 
were  foreigners.  Of  our  own  countrymen,  Recorde, 
Boikley,  Digges,  and  Dee,  were  among  the  earliest  writ- 
en.  The  doctrine  of  Decimal  Fractions  was  intro- 
duced about  1464,  by.  Regiomontanus":   but  the  first 

*  John  Muller  was  born  at  Mons  Regius,  in  Koning^ber^,  in  1436,  and 
Rcdved  the  name  of  Regioiiiontanus  from  his  birth-place,  where,  and  at 
Lnpsie,  he  acquired  the  rudiments  of  Mathematics  and  Astronomy.  At 
fifteen  he  went  to  Vienna,  where  he  studied  to  ^od  purpose,  under  the  ce- 
lebrated Pnrbach,  to  whom  he  became  a  useful  assistant,  and  an  affectionato 
friend.  He  afterwards  accompanied  Cardinal  Bessarion,  the  friend  and 
patron  of  science,  to  Rome,  where  our  author  studied  the  Greek  language, 
tod  at  the  same  time  continued  his  Astronomical  labours.  In  1463  he 
vent  to  Padua,  where  he  became  a  member  of  the  University,  and  explained 
the  works  of  the  Arabian  philosopher  Alfraganus.  Having  collected  a 
great  number  of  Manuscripts,  he  returned  to  Vienna,  and  resumed  the  du- 
ties of  his  o£Bce :  at  length  he  retired  to  Noremberg,  and  set  up  a  press,  in- 
tending to  print  and  publish  the  valuable  books  he  had  written  or  collected, 
nd  of  which  the  catalogue  is  still  in  being.  Here  he  became  acquainted 
vHh  Bernard  Walther,  a  sincere  lover  of  the  sciences,  who,  entering  heart- 
ily into  his  views,  undertook  the  expence  of  erecting  a  printing-house,  and 
constructing  Astronomical  instruments.  He  now  printed  The  new  Theories 
ofPurbach,  The  Astronomicon  of  Manilas,  7%:  Cosmography  of  Ptolemy, 
^^iKieot  Commentaries  on  the  Almagest s  also  The  new  Calendar,  tjid 
Ephemerides  of  his  own  composing. 

In  1474  Pope  Sixtus  IV.  invited  our  Author  to  Rome,  to  assist  in  re- 
ding the  Calendar.  To  induce  him  to  leave  his  retreat,  the  Pope  made 
bim  large  promises,  and  nominated  him  Bishop  of  Ratisbon.  He  consented, 
2nd  arrived  at  Rome  in  1475,  but  died  the  next  year,  as  it  is  supposed,  by 
poison.  The  atrocious  deed  is  ascribed  to  the  sons  of  George  Trabezond, 
in  revenge  for  their  father's  death,  who  is  said  to  have  died  of  a  broken 
beart,  in  consequence  of  some  severe  criticisms  made  by  RegiomontanuSj  . 
»n  hit  Translation  of  Ptolemy's  Aboaagest, 
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who  wrote  expressly  od  the  subject  was  Simon  SteYioas^  ] 
of  Bruges,  about  1582.    Dr.  Wallis,  in  1657,  publi^b^  i 
bis  mathematical  works,   wherein  he  h«9  the  first  of  i 
any  treated  at  large  of  Recurring  Decimals.   Some  bon*'  r 
dreds  of  books  on  the  subject,  possessing  various  dr^  ^ 
grees  of  merit,  have  from  time  to  time  appeared,  ia  \ 
many  of  which  the  fundamental  principles  and  roles   . 
have  been  laid  down  with  much  clearness  and  perspi- 
cuity, and  their  applications  to  mathematical,  mecba* 
nical,  and  commercial  subjects  (which  were  mostly  re* 
ceived  from  the  Arabians)  simplified,  extended,  and  im* 
proved.    Omitting  a  long  list  of  names,  we  pass  on  to 
the  next  valuable  discovery  in  Arithmetic,  namely,  the 
invention  of  Logarithms,  or  numbers  whereby  the  most 
tedious   and  diihcult  calculations  are  performed  with 
surprising  ease  and  facility.     For    this    invention   the 
world  is  indebted  to  the  skill  and  industry  of  John  Ijord 
Napier,  a  Scotch  Nobleman,  who  first  published   it  in 
l6l4)  and  for  a  most  important  improvetnent  in  the 
system,  which  took  place    three  years   after,   to    Mr. 
Henry   Briggs,   Professor   of    Geometry   at    Gresham 
College.     IVrtlier  particulars  of  this  interesting  disco- 
very will  be  given  in  its  proper  place  ;    and  we  will 
conclude  this  sketch  with  the  mention  of  a  few  names, 
to  one  or   other   of   which   most   of  our  eountrymen 
are  indebted  for  their  skill  in  the  science.     The  Arith- 
metic of  Mr.  Edmund  Wingate"  was  £rst  published  in 
l6^;  and  after,  an  edition  of  the  same,  improved  and 
enlarged  by  John  Kersey  %  teacher  of  the  Mathematics 

•  Mr.  "Wingat^s  a  a»alous  cultivator  and  cncourager  of  mathematical 
loamini?,  flourished  in  the  reiirns  of  James  and  Charles  the  First.  He  car- 
ried the  knowledge  of  Logarithms  to  France,  where  he  published  some  Tracts 
OB  the  subject :  be  likewise  af  plied  the  Logarithnts  to  two  sliding  ralers,  so 
accoNiModnted  to  euoh  other,  that  problemi  may  be  mechanically  pei>fi>rmetl 
by  them  vrithout  the  awistance  of  compasses. 

•  Kersey  Uved  in  the  reign  of  (  hoiist  the  Second.  He  was  the  author  of 
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in  LoDdon  :  this  book  had  a  good  sale,  mi  was  coqsit 
dered  as  a  useful  introductioa  when  pur  grandfather! 
were  boys  at  school.  The  arithmetical  part  of  the  YouDff 
Mathematician's  Guide^  by  Mr.  John  W^rd'  of  Chetr 
ter,  is  remarkably  plain  and  clear  for  the  time  in  which 
it  was  written.  This  work,  which  appeared  in  1706,  bai 
been  much  esteemed,  and  still  maintains  its  reputatipQ* 
Mr.  Malcolm's  New  System  of  Arithmetic,  theoretic^) 
and  practical,  published  in  17S0,  is  a  Tery  complete 
work,  and  served  as  a  model  to  some  of  our  best  ele^ 
mentary  writers.  Dihvorth's  **  Schoolo^^ster's  Assistant, 
1743,  was  much  in  use  thirty  or  forty  years  ago ;  it  qon* 
tfdas  an  ample  collection  of  easy  examples  under  every 
role,  and  is  on  the  whole  a  good  old-fashioned  Schoo}<v 
book.  Fenning's  Arithmetic  is  a  plain  and  easy  system 
of  rules,  with  very  few  examples.  Walkingame's  Tm» 
tor's  Assistant  has  had  a  great  run ;  indeed  it  haf 
been  found  more  useful  to  the  practical  scholar  than 
books  more  scientifically  written.  Its  proprietors  have 
taken  great  pains  to  render  the  work  as  perfect  as  possi- 
ble :  a  few  alterations  in  its  structure  would  make  it  the 
best  school  book  on  practical  arithmetic  in  print.  Dr. 
Button's  Treatise  on  Practical  Arithmetic  needs  no 
better  recommendation  than  his  name.  The  same  may 
be  said  of  Mr.  Bonnycastle's  Scholar's  Guide ;  in  this 
\^ork  the  rules  are  not  only  exemplified,  but  demon« 
»lrated^  and  the  taste  and  science  of  the  author  appear 

an  excellent  treatise  oq  Algebra  in  folio^  therein  the  Diophantine  Pro- 
blems are  very  sl^ilfully  managed ;  be  also  yi^Tote  an  English  Dictionary, 

'  John  Ward  was  born  in  the  year  1648.  He  appears  from  his  manner  and 
fttyle  of  writing  to  have  been  a  very  respectable  scholar,  but  I  know  no  par- 
ticulaisofhislife. 

^  Thomas  Dilworth  was  ori^nally,  as  I  have  been  informed,  an  assistant 
to  the  Rev.  Thomas  Dyche,  who  kept  a  school  at  Stratford  le  Bow :  he  after- 
Wards  was  master  of  a  school  in  Wapping,  and  published  several  elementary 
"^1^  ^hich  are  still  qonaidered  a9  useful. 
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to  great  advantage.  The  questions  composed  by  the  late 
Martin  Clare,  F.  R.  S.  have  been  arranged  under  their 
proper  rules  by  Mr.  Vyse,  in  a  work  entitled,  The  Tu- 
tor's Guide,  to  which  he  has  added  a  Key,  containing 
the  solutions,  the  whole  forming  a  very  comprehensive 
system.  The  ingenious  Mr.  Keith's  Complete  Practical 
Arithmetician  is  very  properly  entitled ;  the  work  toge- 
ther with  the  Key  certainly  form  the  completest  practical 
treatise  extant :  the  demonstrations  added  at  the  end  are 
very  clear  and  satisfactory,  and  shew  that  the  author 
has  chosen  a  very  modest  title  for  his  work.  The  Rev. 
Mr*  Joyce's  System  of  Practical  Arithmetic,  published  in 
1808,  is  the  last  work  on  the  subject  which  we  shall  no- 
tice; this  is  a  very  complete  and  well-written  little  book, 
containing  a  large  collection  of  well-chosea  examples, 
and  much  information  pot  to  be  met  with  in  any  other 
work  of  this  nature. 

Arithmetic  may  be  considered  as  a  Science,  or  an  Art : 
as  a  Science,  it  treats  of  the  properties  of  numbers,  of 
their  sums,  differences,  ratios,  proportions,  progressions, 
powers,  roots,  &c.  in  the  most  general  and  abstracted 
manner ;  it  considers  them  purely  as  numbers,  and  has 
no  reference  to  any  application  or  use,  except  that  of 
deducing  orj.e  property  from  another,  and  constituting  a 
necessary  link  in  the  chain  of  universal  science.  Al- 
thoitih  this  abstracted  consideration  of  numbers  is  pro- 
for  the  mathematician,  it  will  be  of  little  use  to  the 
Karner ;  he  will  find,  that  the  quickest  and  surest  way  to 
/  gain  a  good  and  useful  knowledge  of  numbers  is  to 
acquire  theory  from  *  practice,  and  apply  his  theory 
from  time  to  time  as  he  acquires  it  to  practical  pur- 
poses. 

Arithmetic  is    to   be  considered  as  an  Art,  when  it 
teaches  how  to  pei-form  operations  with  numbers,  and 
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to  apply  them  to  use  in  trade  and  business,  and  in 
the  common  affairs  of  life.  Surely  arguments  cannot 
be  necessary  to  prove  that  no  art  is  more  generally 
useful  than  this.  Whatever  our  occupations  or  en- 
gagements in  Ufe  may  be,  in  every  trade,  business,  and 
employment,  to  every  individual,  rich  and  poor,  the 
knowledge  of  numbers  is  necessary.  But  we  need  not 
enlarge  on  this  subject;  a  small  degree  of  experience 
and  observation  will  be  sufficient  to  convince  the  can- 
did enquirer  of  the  great  usefulness  of  Practical  Arith- 
metic* 

In  commencing  his  mathematical  studies,  the  learner 

will  begin  with  '  Notation ;  this    and  Numeration  he 

must  endeavour  to  understand  welly  as  what  are  usually 

called  the  four  ftmdamental  rules  depend  immediately 

on  the  structure  of  our  excellent  system  of  numbers. 

Addition  and  Subtraction  follow  in  order;  and  next  the 

Multiplication- table,  which  must  be  learned  sufficiently 

perfect,  that  it  may  be  repeated  through  from  one  end  to 

the  other,  either  backwards  or  forwards,  without  mistake 

or  hesitation.  Having  acquired  a  perfect  knowledge  of  the 

table.  Multiplication  and  Division,  which  follow  next  in 

order,  will  not  be  fbund  difficult.   To  pass  through  these 

rules  in  a  blundering  and  aukward  manner,  although  it 

may  satisfy  a  lazy  dunce,  will  not  be  sufficient  for  him  who 

aspires  to  knowledge  :  if  any  operation  is  not  perfectly 

understood,  so  as  to  be  performed  with  tolerable  ease, 

tbe  previous  examples  ought  to  be  worked  over  again, 

and  repeated  until  it  is.  Having  passed  through  the  rules 

in  the  order  they  stand  in  this  book,  and  occasionally 

consulted  the  notes,  so  as  to  understand  the  reasons  on 

which  the  rules  are  founded,  their  connection  with  each 

'  The  word  Notation  is  derived  from  the  Latin  notaf  a  mark,  and  Nume- 
Xf^wn.  from  numertUf  a  number. 
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other,  and  dependence  on  self-evident  principles,  th^ 
learner  may  proceed  to  Algebra ;  he  will  find  very  little 
difficnlty  in  that  if  he  understands  the  arithmetical  part 
well. 
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DEFINITIONS. 

1.  An  unit  is  that  which  is  known  by  the  name  of  one, 

2.  Number  is  either  an  unit ;  a  collection  of  two  or  oekm^ 
umtsj  or  one  or  more  parts  of  an  unit. 

3.  A  whole  number  is  that  which  consbts  of  one  or  more 
umti. 

4.  A  broken  number  or  fraction  is  that  which  consists  of  on« 
or  more  parts  of  an  unit. 

5.  An  even  number  is  that  which  can  be  divided  into  two 
squal  whole  numbers. 

6.  An  odd  (or  uneven)  number  is  that  which  cannot  be  di« 
tided  into  two  equal  whole  numbers.  « 

7.  An  integer  is  any  whole  quantity  or  thing,  considered  as  a 
whole ;  the  word  is  used  in  opposition  to  a  part* 

WHOLE  NUMBERS. 

8.  Arithmetic  of  whole  numbers  teaches  how  to  calculate  or 
compute  by  whole  numbers. 

9.  The  fundamental  rules  of  Arithmetic  are  Notation  and  Nu« 
meration,  whence  are  derived  Addition,  Subtraction,  Multipli* 
cstioB,  and  Division :  in  the  proper  application  of  these  rules 
the  whole  art  of  Arithmetic  consists. 

NOTATION  AND  NUMERATION. 

10.  Notation  teaches  how  to  write  or  express  numbers  by  ap- 
propriate characters,  either  singly,  or  by  a  proper  combination 
of  two  or  more  characters  5  and  Numeration  shews  how  to  read 
numbers  when  written- 

11.  There  are  ten  characters  called  digits  •  or  figures,  by  one 
Of  more  of  which  every  number  is  expressed :  they  are  written 

*  From  the  Latin  digitus^  a  finger.  The  want  of  fic^ret  to  express  numbers 
probably  gave  rise  to  digital  or  manual  Arithmetic,  in  which  numbers  were  ex- 
pressed, and  calculations  performed,  by  the  different  positions  of  the  hands  and 
fingers.  This  appears  to  us  a  childish  plaiy,  but  it  was  fortnerly  a  serious  study, 
a»  appears  from  the  elaborate  aocotknt  <rf  it,  giren  by  venerable  Bede,  in  his" 
^'^mr,  p.  227,  &c.  Some  of  the  eastern  nations  still  employ  this  method,  and 
they  are  said  tu  surpass  us  in  th«  cxpeditibii  and  accuracy  of  their  cakulatioiis. 
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and  named  as  follows;  I,  one^  or  unity >  2; two;  3,  three;  4\ 
four;  5,  Jive ;  6,  six;  7 9  seven ;  8,  eight;  9,  nine ;  and  0,  notight, 
(or  nothing.) 

V2.  Unity,  or  one,  is  the  least  of  all  whole  numbers,  and  may 
be  considered  as  the  root  or  origin  of  all  the  rest;  for  if  unity  be 
increased  by  itself,  and  if  the  result  be  increased  by  unity^  and 
again^  if  the  last  result  be  incre^u^d  by  unity,  and  so  on  conti- 
nually, the  several  results  will  constitute  the  entire  system  of 
whole  numbers.  For  example,  unity  or  1  increased  by  itself  be- 
comes (i,  1,  or)  2  5  again,  2  increased  by  unity  becomes  (1, 1, 1, 
or)  3  j  in  like  manner  3  increased  by  unity  becomes  (1, 1>  1«  1> 
or)  4,  and  so  on  indefinitely. 

13.  The  nine  first  numbers  are  all  that  can  be  expressed  by 
single  figures ;  to  denote  all  higher  numbers  it  is  necessary  to 
combine  two,  three,  or  more  figures,  and  sometimes  to  employ 
one  or  more  ciphers. 

14.  It  has  been  shewn  in  the  preceding  article,  that  all  num- 
bers originate  in  unity,  and  successively  arise,  by  the  continual 
increase  of  the  preceding  number  by  unity,  and  that  the  nine 
figures  represent  the  nine  first  numbers ;  also  that  higher  num- 
bers require  a  combination  of  two  or  more  figures.  Before  we 
explain  the  method  of  combination,  it  will  be  necessary  to  shew 
the  manner  of  classing  numbers,  which  has  been  universally 
adopted  for  the  convenience  of  computation,  and  is  indis* 
|)ensable  where  high  numbers  are  concerned. 

15.  Numbers  are  classed  and  ranged  under  the  following  de- 
nominations, viz.  Units,  Tens,  Hundreds,  Thousands,  Tens  of 
Thousands,  Hundreds  of  Thousands,  Millions,  8ic.  The  first  nine 
numbers  constitute  the  class  of  units :  the  number  which  next 
follows  the  last  of  this  class  (or  9)  is  ten ;  this  is  the  first  number 
of  the  class  of  Tens;  this  class  proceeds  thus,  (1  ten,  or)  Ten;  (< 
tens,  or)  Twenty;  (3  tens,  or)  Thirty;  (4 tens,  or)  Forty-,  (5  tens, 
or)  Fifty;  (6 tens,  or)  Sixty;  (7  tens,  or)  Seventy;  (8  tens,  or) 
Eighty:  (9  tens,  or)  Ninety;  and  the  next  number  in  this  order  is 
(10  tens,  or)  1  Hundred,  which  is  the  first  number  of  the  next 
superior  class ;  this  class  proceeds  thus,  1  Hundred,  2  Hundreds, 
3  Hundreds,  and  so  on  up  to  10  Hundreds,  which  is  1  Thousand, 
or  the  first  number  of  the  next  superior  class  -,  which  in  like 
manner  proceeds  thus,  1  Thousand,  3  Thousands,  3  Thousands, 
&c.  up  to  10  Thousands,  which  is  the  first  number  of  the  next 
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class  superior  to  the  former ;  tins  again  proceeds,  (I  ten  Thou- 
sands, or)  Ten  Thoni€mds ;  (2  tens,  or)  Tfcemty  Thousandi;  (3 
tms,  or)  Thirty  Thousands;  and  so  on  up  to  10  ten  Thou- 
sands, or  One  Hundred  Thousands  3  which  is  the  first  of  the  next 
superior  class  3  whence  proceeding  as  before  we  have,  1  Hundred 
Thousands,  2  Hundred  Thousands,  3  Hundred  Thousands,  &c.  up 
to  Ten  Hundred  Thousands,  or  1  Million,  &c.  &c. 

16.  Hence  it  appears,  that  1  ten  is  ten  units ;  2  tens,  twenty 
units 'y  3  tens,  thirty  units;  4  tens,  forty  units,  &c. :  that  1  hun- 
dred is  ten  tens ;  2  hundreds,  twenty  tens ;  3  hundreds,  thirty 
tens,  &c.:  that  1  thousand  is  ten  hundreds ;  2  thousands,  twenty 
hundreds:  3  thousands,  thirty  hundreds;  and  in  general  that 
every  superior  denomination  is  tenfold  the  next  inferior  one ;  and 
also  that  any  part  of  a  superior  denomination  is  in  like  manner 
tenfold  the  same  part  of  the  next  inferior  one. 

17.  It  follows,  from  Art.  12.  that  there  are  many  intermediate 
numbers,  which,  according  to  the  preceding  arrangement,  must 
fidl  under  two  or  more  of  the  foregoing  denominations :  thus, 
twenty-five  consists  of  2  tens  and  5  units ;  six  hundred  and 
seventy-eight  consists  of  6  hundreds,  7  tens,  and  8  units ;  three 
thousand  four  hundred  and  fifty-six  consists  of  3  thousands, 
4  hundreds,  5  tens,  and  6  units,  &c.  &c.  Hence  a  distinct  idea 
of  the  value  of  any  numbers  may  be  formed  firom  this  convenient 
and  beautiful  mode  of  arrangement. 

18.  Having  ^ven  a  sketch  of  the  general  outline,  the  next 
Hung  to  be  explained  is  the  method  of  expressing  all  numbers 
by  the  ten  digits  or  figures  $  in  order  to  which  we  observe,  that 
each  figure,  unconnected  with  any  of  the  other  figures,  stands 
merely  for  its  own  simple  value  ;  but  each  has  besides  a  local  va- 
lue, namely,  a  vsdue  which  depends  on  the  place  it  occupies 
when  connected  with  others :  thus  a  figure  standing  in  the  first 
or  right  hand  place  expresses  only  its  simple  value  3  but  if  an- 
other figure  or  the  cipher  be  placed  to  the  right  of  it,  then  the 
%are  first  mentioned  expresses  ten  times  its  simple  value,  that 
is,  as  many  tens  as  it  contains  units.  If  two  figures  or  ciphers 
be  placed  to  the  right  of  a  figure,  that  figure  expresses  ten  times 
what  it  did  when  it  had  only  one  on  its  right,  or  one  hundred 
tunes  its  simple  value ;  and  so  on  continually. 

19.  Hence  appears  the  use  of  the  cipher,  which  although  it  is 
of  no  value  in  itself,  yet  when  placed  on  the  right  <^  any  num- 

VOL.  I.  c 
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bcr,  it  meremeM  the  laloc  of  tkM  niiiWr  tenfold ;  ih|K  &  standi- 
iog  by  kwlf  exproKs  sinplf  J^  ;  tet  if  a  cipher  be  |daoed  Q« 
its  light,  thoi  50!,  it  then  becomes  J^^  or  ten  times  5 ,  if  two 
cifiheis  be  piaeed,  thus  500^  it  beeomes/te  kMmind,  or  ten  tines 
fifty  its  fcvmer  ndoe;  let  annther  djiher  he  placed  to  the  li^ht 
ci  the  kst.  and  the  number  becomes  5000,  or  jCre  tkoyioHd, 
which  is  ten  times  fire  hundred,  &c.    » 

30.  From  the  two  preceding  articles,  the  method  of  express* 
ing  any  number  by  figures  m^  be  easily  inferred :  thus,  if  it  be 
required  to  express  by  figures  the  number  twenty-five,  or  two 
tens  and  five  units,  it  is  evident  (art.  18.)  that  five  units  nnist  bt 
expressed  by  a  5  in  the  right  hand  place  of  the  number  to  bt 
written,  and  that  the  two  tens  nuist  he  expresaed  by  writing  a  9 
in  the  ascond  pkce,  or  to  the  left  of  the  5  -,  thus  25.  Six  hoi^ 
dred  and  seventy-ei^it  (or  six  huuked^  seven  tens,  and  ei^t 
units)  is  expressed  by  writing  8  in  the  (right  hand  or)  first 
place,  7  in  the  second,  and  6  in  the  third  -,  thus  ^S:  in  lika 
manner  three  thousand  four  hundoed  and  fifty-aix,  expressed  hi 
figures,  is  S45$,  where  the  6  represents  6  units*  the  5  five  teni » 
or  fifty,  the  4  four  hundreds,  and  the  S  three  thousand^'' 

^.  Numeration,  or  the  reading  of  numbers,  is  effBcted  in  the 
following  manner^  point  to  the  fint  (or  right  hand)  figure  of 
any  number,  and  call  it  aaiir  ;  point  to  the  second,  and  caD  il 
tefUi  to  the  third,  and  call  it  hundfeds;  to  the  fourth,  and  caB 
it  thousands;  to  the  fifth,  and  call  it  tau  of  thousaads  ;  to  the 
sixth,  and  call  it  hundreds  of  thoMsandt  -,  to  the  seventh,  ani 
call  it  miiiums ;  to  the  ei^ith,  and  call  it  tens  ofnuUioiu;  to  the 
ninth,  and  call  it  hundmds  of  miliums ;  to  the  tenth,  and  call 
it  thoHsandi  of  mHUons ;  to  thQ  eleventh,  and  call  it  tetn  ^ 
thowanda  of  fniiitoa# ;  to  the  twelfth,  and  call  it  hrndsfidt  ifi 
tkousauds  of  miUUmSt  &c.  &c  Then  (b^inning  at  the  klt> 
read  the  figures  back  again  firom  left  to  light,  adding  to  tha> 
name  of  each,  figure  the.  denomination,  you  gave  it  when  readv 
ingf rom  right  to  left :  in  this  manner  the  numbers  in  the  foU 
lowing  table  are  to  be  read. 
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m 

a 

o 


9 
19a 


8 
8 
7 
4 


9 
9    • 


8 

7 
6 

8 


7 
6 
5 

41 


Ikpi  the  4eB0ifiiiiaf  ions  are  jriaeedi  over  tbe  figiire8>  tihoae  in  the 
int  colunn  being  «n«l^,  those  ia  ths  aeoand  tens^  those  in  the 
thM  ikiifulredff^  &c.  whenfore^  the  fovt  Une  of  the  table  will  be 
iM8  (units)^  the  8eG0Bd  ninety>'eight,  the  third^nine  hundred  and 
^Igk^lf-^eoen,  the  fiNirth  nine  ihousaud  eight  hundred  and  seventy* 
m,  &c»  and  the  k8t  ofte  hundfed  and  tweniy^three  thomandsfour 
himited  mdjlfiy'-sia  mUkonsy  seven  hundred  and  eighty^nine  thoU" 
HUdSt  fiot  kundrBd  and  sixty-seven^  When  a  number  contains 
8Be  or  more  ciphersy  the  denominations  which  the  ciphers  oc- 
osipf  are  to  be  omitted  in  reading),  thus,  iO^l^rewd  four  hunr- 
ired  and  Jive;  here  are  no  iena :  30  is  read  thirty ^  l^efre  are 
no  vnlts :  70003  is  read  seventy  thousands  and  three ;  here  the 
dsBominations  of  tens,  hundreds,  eokd-  thousands  are  wantiipg. 

23.  The  method  of  classing  numbers  as  above  explained  maf 
be  extended*  tb  any  length :  but  the  most  convenient  method  of 
ttiisting  the  mind'  to  form  an  idea  of  lai^e  numbers  is  to  divide 
them  into  periods  of  six  figures  eaehs  beginmng  at  the  right,  call- 
iag  the  fiiBt  period  unitsj  the  second  millions,  the  third  biUions, 
&c.  according  to  the  following  table :  where  it  must  be  remarked, 
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that  each  period  contains  units,  tens,  hundreds,  thoosands,  tens 
of  thousands,  and  handreds  of  tkoasands,  of  the  denomination 
marked  over  that  period. 


QcADBiixioss.    Triixiots. 

r 


BiLLiosa. 


MiLLtOSS. 


UviTf. 


H  5    -    •    • 


II 

"5  2  '  o 


11 


■3  "S 

S    " 

3  rS    ~    3 


i  -3 

2  3 


ui  5    •    •    - 

3^  -  3  : 


J5*    "=3    "    "    JiS^-sJ!    "    •    -2-    "3-2    •    •    JS^^JS    "    •    JE  '    •«  J5    •    • 
s»^sv«M^     s«m30'*«^     9'?Ss*^*a     y^3<**^B      ^^3*'*M^ 

w3«t,o3       Co^t-S'       fc3«t.QW       C39ft.o^       *«3g»,o3 


6  17,8  5  4.  13  0,9  2  7.  «3  1,S2  9.  4  0  3,17  2.  8  9  5,2  6  3. 


The  right  hand  plaJe  of  each  denomination  is  units  of  that  de- 
nomination :  but  we  do  not  pronounce  the  word  vniit  in  read* 
ing,  except  at  the  right  hand  place  of  all ;  instead  of  it  we  say» 
millions,  billians,  &c.  naming  the  right  hand  figure  of  each  pe* 
riod  simply  by  the  denomination  marked  over  that  period. 

23.  When  any  number  expressed  in  words  is  required  to  be 
expressed  in  figures,  if  the  kamer  is  at  a  loss  how  to  do  it,  he 
may  make  as  many  dots  (placing  them  in  a  line  from  right  to 
left)  as  there  are  places  in  the  number  to  be  written,  calliog 
the  right  hand  dot  l^pioce  of  trni^i,  the  second  the  place  of  iemi, 
and  so  on;  then  under  the  said  place  of  units  put  the  unitsfr 
gure  of  the  number  to  be  written  -,  under  the  place  of  tens  pat 
the  tens  figure  of  the  number ;  under  the  place  of  hundreds  pal 
the  hundreds  figure  of  the  number,  &c.  and  if  at  last  there  be 
any  dot  without  a  figure  under  it,  the  place  must  be  supplied  bf 
a  cipher.    Thus  to  ^mte  the  number  four  thousand  three  hun* 
dred  and  fifty-six  in  figures — ^here  are  vnits,  tens,  hundreds,  and 
thotuands ;  four  dots  •  •  -  -  must  therefore  be  made }  the  left 
hand  dot  representing  the  place  of  thousands,  4  must  be  placed 
under  it ',  under  the  next  dot,  or  place  of  himdreds,  3  must  b& 
placed  $  under  the  next,  which  represents  the  place  of  tens,  ^ 
roust  be  placed ;  and  6  under  the  right  hand  dot,  which  repre^ 
sents  the  place  of  units  j  thus  4S56.     To  write  in  figures  on 
million  two  thousand  and  thirty;  here  we  want  the  place  o 
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wnita,  tens,  &c.  up  to  millions;  nine  dots  will  therefore  be  neces* 

sary,  thus, ;  put  1  in  the  millions  place,  2  in  the 

thousands  place,  and  3  in  the  tens  place,  and  you  will  have 
1  2  3;  then,  supplying  the  vacant  places  by  ciphers,  the 
number  will  become  ioooO^OSO,  which  is  what  was  required. 

Examples. 

Write  in  figures  the  following  numbers. 

1.  Twenty* four.  2.  Three  hundred  and  sixty-two.  3.  Seven 
thousand  two  hundred  and  forty.  4.  Ninety  thousand.  5.  Eight 
hundred  and  ten.  6.  One  million  and  nine.  7.  Sixty-seven 
thousand  two  hundred  and  one.  8.  Two  hundred  million  three 
hundred  thousand  four  hundred.  9.  One  million  and  sixty-four. 
10.  Thirty  thousand  three  hundred  and  thirty- three.  11.  Five 
hundred  billions. 

Write  or  express  \h  words  the  fdlowing  numbers. 

14  ...  23  ...  70  ...  123  ...  590  ...  509  ..  .  4321  .  .  . 
504O  .  .  .  1002  .  .  .  23456  .  .  .  30405  .  .  .  987054  . . .  100200 
. . .  234567  .  .  .  9080070  .  .  .  81726354  .  .  .  701820734  .  . . 
10200300040000. 

24.  The  following  characters  are  employed  to  mark  the  con- 
nection of  numbers^  or  to  denote  certain  operations. 

The  mark+  (named  plus,  or  more)  denotes  addition.  The  mark 
-(named  minttSt  or  less)  denotes  subtractk)n.  The  mark  x  (named 
into)  denotes  multiplication.  The  mark  -<-  (named  by)  denotes 
division.  The  mark  V  is  called  a  radical  sign;  and  a  line  drawn 
over  two  or  more  numbers,  (serving  to  connect  them,)  thus 
3x4,  is  called  a  vinculum.  The  mark  =  is  the  sign  of  equality. 
Ttie  further  use  of  theac  characters  will  be  explained  in  the 
proper  pkces. 
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ADDITION. 
3S.  N»ple  Additinn  *  teacbea  to  coDect  two  or  more  wboU 
nunben  into  one,  wUcb  is  called  their  sum. 

Hie  mark  for  Addition  is  +  pliu,  [more,)  and  shnra  that  the 
DimdMr  which  fblknn  the  s^d,  is  to  be  added  to  the  number 
slandiog  before  it. 

36.  T»aM*i»gUjigKra  together, 
kKvLK  I.  Begin  at  the  botton,  and  find  wh^  nnmber  will 

•  TW  tumt  A4titiMi  i*  dnircri  fnm  tk  Lali>  aJJm,  to  pot  to ;  nm  ban 
ntmrnmi  »ai  pnafliaa  frth,  (■  pfvn,  or  make  oal. 

k  Ttiii  mlc  depend*  (n  the  Bcthiiil  of  Dolatiaa  ;  'Art.  IS.)  thai,  in  Um  Gnt 
rumple,  if  I  «ant  to  kmnr  (be  nua  <if  ~  utd  A ,  1  mmt  eridentlf  moire  eieh 
into  the  aaitt  at  wliicb  it  It  egaqwwd,  tad  Am  eiMBt  all  Ibe  milt  ia  llaU^  ODC 
b)  one,  to  iul  the  ampnal ;  ud  thi*  pndiet  I  ma<t  foUov  ^OH  Mj  aind  w- 
qoim  from  babil,  ■  ■■>iiiiil  dcatant;  ia  DOBbiniig  to  ilo  withoot  it-  Tbe 
oalr  raetbod  that  ■  pnun  Ifllallj  ipionnt  of  Addition  eoald  enploy,  suutd  be 
tJuil  ke  maid  mitcdwn  all  the  tma  in  (aehofthe  Dambcn  to  be  added,  aod 
tkea  couu  the  wbole.  Tbus  ci.  i .  wvnld  itaad  aanrdi^  to  nch  a  mctbod, 
3.  3.  3.  4.  7. 

111.  II.  Mill.  till.         Illlin. 

TkM  MO  being  cmntad,  we  fawidtaaaaaiit  to  Ol,  sbich  iithe  toiaof  Um 
fiven  nnmbcrr.  Simple  M  tbii  aiidaiiatian  maj  appfar,  it  it  plain  that  the  rea- 
waodbcinlecaabeibewBoa  DDotbo'principle,    Bjtbii  method  thii  foUow- 

Thitilealled  TV  Aiitti— 


iagS.  Tbiu,laok  for  tb« 
turo  namben,  ni.  one  In 
tbe  left  band  nhnim,  mi 
Uk  other  in  Uh  t^  liaB, 
and  at  the  point  wbere  tbt 
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2    \* 

3Z 

5  le 

7 

6 
9 

9 

3   1    5 

6      T 

S 

» 

10 

"I'"] 

*       « 

T|* 

9 

■"1"      "l"l 

S        7 

e  Is 

1. 
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13 

94 

,5  1  1,;  I 

« 

10 

II   1  IS 

13 

14 

15 
16 

i;  1  u 

» 

11 

,.|,. 

" 

.e(in 

I  tbe  lom  of  the  iBtdtmi 
inmben.  Thoi  to  find  tbe 
am  of  4  and  S,  look  for  4 
D  the  leR  band  culuain, 
and  5  In  the  top  line,  and  at  tht  point  when  the  to-o  ran  of  figuret  (one 
xrtical,  tbe  other  boriioDtal)  meet  itandt  9,  which  ii  the  lum  of  4  and  S. 
To  find  the  >um  oT  7  and  G,  b»k  for  7  on  the  left,  and  6  at  top,  and  at  the  point 
where  the  linti  containing  7  and  6  mart  ttandi  13,  their  tum.  Id  like  manner 
It  aad  >  arc  found  to  be  14^8  and  San  11  i  8  and  »  >m8,&c.&c.  Tho«  who 
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«ride  by  tnkkig  th^  mite  in  the  lower  Bgtire^  dhd  the  units  in 
the  next  figure  above  it>  into  one  sum. 

11.  Do  tk^  same  with  this  turn  and  the  third  figure — ^With 
this  hst  e^^^A  «hd  the  fourth  fi^ote^  aiid  do  oh  until  all  the 
fHf^ftSi  haVe  beeti  taken ;  set  down  the  last  siim  between  two 
lia^  below,  and  it  will  be  the  sum  required. 

Method  of  proof.  ikaW  a  line  under  the  top  figure ;  then  add 
up  all  the  redt  of  the  figures  as  before,  and  place  the  sum  under  the 
former  sum  3  add  this  last  sum  and  the  top  figure  together,  and 
if  the  sum  is  the  same  as  the  sum  first  found,  the  work  is  right. 

Examples. 
1.  Add  the  figures  3,  2,  5,  4,  aud  7  together. 

OplRATION.  B^lofUaion, 

3  I  first  place  tlic  given  figtires  in  a  column  under  one  an- 
"^              other  'y  then,  beginning  at  the  bottom,  I  say,  7  iAA.  4  are  II, 

^  then  1 1  and  5  are  \6,  then  16  and  9  are  18,  th^  1 8  an'd  3 

^  are  21 ,  which  (because  all  ihe  figures  have  been  used)  is 

4  the  sum  ;  I  therefore  place  it  ai  the  bottom.  Next  I  cut  off 
7  the  upper  figure  3,  and,  beginning  at  the  7, 1  add  all  up  as 

S  m  '^  before,  except  the  3  cut  off,  and  place  the  atrm  1 8  below 

^  |.Ijj.  fonner.    ITien  I  add  the  last  sum  18  to  the  3  cut  off, 

18  and  the  sum  is  91,  which  being  the  same  as  the  sum  first 

?rtwf  ^  fomidi  shews  tUat  the  work  to  right. 

S.  Add  up  the  following  columns  of  figures. 

2  4  d  S  12998 
9  7  4  8  24287 
8           3           3           1           35879 

5  89343366 

3  9  7  ^^JLZiLiL 

.Sio»^8l28~  ____ 

55         ^        23         _  .  • 

Vfoof  2^        31         28  ~       ~ 

26  B.  To  add  any  whole  numbers  iogetlver. 

RtJL*  I.  Pfeice  the  numbers  under  one  another,  so  that  units 
lAay  stand  under  units,  tens  under  tensv  hundreds  under  hun- 
dreds, &c. 

II.  Add  up  the  figures  in  the  imitd  (or  tigllt  YisixA)  eolumn  by 
the  former  rule  j  take  out  all  the  tens  from  the  sum,  and  set 

«annot  readily  add  small  numbers,  ought  to  learn  this  Table  by  heart ;  thus  the 
method  of  adding  small  numbers  being  once  familiair,  that  of  adding  larger 
numbers  will  be  gradually  acquired  by  practice. 

c  4 
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down  (below  the  figures  added)  what  is  over^  or,  if  aothiDg  be 
over,  set  down  a  cipher. 

III.  Carry  as  many  units  (or  ones)  to  the  second  column  as 
there  were  tens  in  the  first  >  add  these  up  with  the  second 
column  as  before  3  take  out  the  tens  from  the  sum,  set  down  the 
remainder,  carry  1  for  every  ten  to  the  third  column,  and  pro- 
ceed in  this  manner  till  the  left  hand  column  is  added,  under 
which  its  whole  sum  must  be  put  down ''. 

3.  Add  312,  498,  387,  968,  and  5i7  together. 
Opekation. 

Having  placed  the  numbers,  I  find  that  the  smn  of 
the  units  column  is  32,  or  3  tens  and  3  orer  ;  I  put 
down  2,  and  cairy  3  to  the  second  column,  the  sum  <^ 
which  is  34  ;  I  therefore  put  4  down,  and  carry  3  to  the 
last  column,  the  sum  of  which  is  S7,  which  I  put  doiwn* 
The  second  line  and  proof  are  dooe  as  directed  In  th» 
2433  last  rule. 

Troof  ^742 


«  Having  explained  the  method  of  adding ,  it  remains  to  account  for  ths 
method  of  carrying  prescribed  in  the  rule.  Thus,  in  example  3,  the  sum  of  the 
uxuts  is  33,  or  3  tens  and  2  units;  I  must  evidently  put  down  the  2  units  ;  hut 
it  is  plain  that  the  3  tenr  must  be  added  with  the  tens,  namely,  with  the  seoondl 
column,  which  consists  of  tens  :  again,  the  sum  of  the  second  column  (with  the 
3  oarried)  is  34,  that  is  34  tens,  or  340 ;  the  4  tens  then  must  evidently  be  put 
down  under  this  second  column,  (which  is  tens,)  and  the  3,  which  are  hundreds, 
must  be  collected  with  (or  carried  to)  the  hundreds,  the  sum  of  which  if  S7 
hundreds,  or  (vhich  is  the  same)  2  thousand  7  hundred ;  this  sum,  it  is  plaao, 
must  be  put  down,  as  there  can  be  no  further  carrying.  Thus  the  vule 
teaches  not  only  to  collect  several  numbers  into  one,  but  likewise  to  class  and 
arrange  the  different  denominations  in  the  sum,  by  continually  reducing  lower 
to  higher  denominations,  as  often  as  a  sufficient  number  of  the  former  arises. 

The  method  of  proof  in  this  and  the  foregoing  rule  will  be  easily  under' 
stood;  for  having  cut  off  the  top  line,  and  added  up  all  the  rest  of  the  figures, 
the  result  will  be  the  sum,  exclusive  of  the  top  line ;  wherefore  if  the  said  result 
and  top  line  be  added  together,  the  number  thence  arising  will  evidently  be  the 
sajoe  as  the  sum,  or  upper  line  of  the  work» 
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Add  the  foUowing  sums. 


4. 

5. 

6. 

7. 

8. 

1334 

3367 

3143 

4135 

5341 

4183 

3513 

3314 

5413 

3415 

5413 

5134 

4331 

3541 

4153 

S541 

1343 

1433 

1354 

1536 

1354 

3431 

3143 

4135 

5361 

15664 

14667 

14430 

13310 

15664 

14667 

9.  Add  the  numbers  4331,  8037>  3345,  6738,  and  1091  toge- 
ther.    Sum  33533. 

10.  Add  109>  1237*  34,  987,  and  13  together.    Sum  3379. 

11.  Add  nine  thousand  eight  hundred  and  sixty-seven  to  the 
aom  of  the  following  numbers,  98,  876,  139,  9086,  and  12345. 
iSsm  33401. 

12.  A  has  39  marbles,  B  has  68,  C  34,  D  190,  £  59,  and 
F  95 ;  how  many  have  they  among  them  ?     Ans,  475  marbles. 

13.  Received  of  6  13  shillings,  of  H  45,  of  K  130,  of  L  679, 
of  M  99,  and  of  N  nine  hundred  and  ninety-nine }  how  many 
did  I  receive  in  all  ?     Ans.  1964  shillings, 

14.  A  person  to  maintain  himself  and  fisimily  5  years  spent  as 
follows;  viz.  the  first  year  6871.  the  second, 9891.  the  third,  8361. 
the  fourth,  10941.  and  the  fifth,  13091.  what  did  he  spend  in  all  ? 
Ans.  4815^ 

SUBTRACTION. 

27.  Simple  Subtraction'  teacheth  to  take  a  less  whole  number 
from  a  greater,  whereby  the  remainder  or  difference  is  known. 

The  mark  for  Subtraction  is  —;  it  is  named  minus,  (or  less,) 
and  shews  that  the  number  following  the  sign  is  to  be  taken 
from  the  number  which  stands  before  it. 

Rule  I.  Place  the  less  number  below  the  greater,  and  let 
units  stand  under  units,  tens  under  tens,  &c.  as  in  Addition,  and 
draw  three  lines  at  proper  intervals  below. 

II.  Begin  at  the  right  hand  figure  in  the  less  nimiber,  and  take 

*  The  name  Subtraction  comes  from  the  Latin  tub  under,  and  trako  to  draw. 
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it  out  of  the  figure  above>  and  8^  What  reftnains  under  it :  do 
the  same  with  all  the  figures  in  the  less  nuidber,  setting  each  re- 
mainder under  the  figure  from  whence  it  arises. 

III.  But  if  it  happetiB  that  a  figure  in  the  lower  line  be  greater 
than  that  above  it,  add  ten  to  the  upper  one,  aftei*  Which  take 
the  lowet  dgure  from  the  sum ;  set  down  the  remainder,  and 
cany  one  to  the  next  lower  figure  before  you  subtract. 

IV.  Proceed  in  this  manner  until  all  the  lower  figures  are  sub- 
tracted^ and  the  result  will  be  the  remainder,  or  difference  re- 
quired. 

Method  of  Proof.  Add  the  difiPerence  found  and  the  less  num- 
ber together,  then  if  the  sum  be  equal  to  the  gredter  number, 
the  wcR-k  is  fight '. 


-&.J. 


«  To  sh^  that  this  rale  has  its  fonndation  in  Notation,  let  it  be  required  to 
take  3  from  7 ;  now  if  "we  represent  the  7  by  its  nnits,  agreeable  to  art.  12,  atid 
cmt  off  frote  these  the  number  of  units  in  3^  tlw  rftst  of  Uie  units  being  counted 
will  shew  what  remains,  tfaus^  l^l,l|l,l)ljl,  where  htrr'mg  cut  at  3,  tiie 
rest  of  the  units  being  oounted  I  find  amount  to  4 )  therefore  3  taken  from  7,  4 
remdins ;  and  the  same  may  be  shewn  of  other  numbers. 

When  6ach  figure  id  the  lower  line  is  less  than  its  correspondent  figure  in  the 
upper,  it  is  plain,  that  by  taking  each  IcMel*  figtire  froih  that  abov^  it,  we 
obtain  the  sereral  difbrences  of  all  the  p«rts,  which,  taken  together  in  order, 
will  evidently  constitMe  the  diiierence  of  the  whtile. 

But  when  any  figure  in  the  upper  line  is  less  than  its  coitespondeot  oile  id 
the  lower,  we  borrow  10,  which  is  evidently  1  of  the  next  higher  denomioation, 
after  which  we  carry  1  (to  make  up  for  the  borrowing)  to  the  lower,  figure  of 
the  next  higher  denomination ;  by  thus  increasing  the  number  to  be  subtracted, 
we  eventually  take  the  1  away  from  that  denosrination  from  whence  it  had  be- 
fore  been  ilMAMlly  borrowed. 

For  the  method  of  proof.  If  a  less  number  be  taken  £reni  a  greater,  what  re- 
mains will  be  the  difference ;  and  if  the  difference  of  these  two  numbers  be 
added  to  the  less,  the  sum  wit!  be  the  greater :  this  is  too  plain  to  require  iUits- 
trtKtion ;  t^«  idti  hardly  tfpj^Iy  it  to  the  first  example,  where  the  upper  fine  is 
the  gMflter  nuttber,1^  sec<md  litre  the  lesser,  the  tMrd  line  th'i  difference,  and 
the  fourth  line  (which  is  equal  td  the  greater)  i*  the  sum  of  the  difference  and 
leta  fitanber. 

The  Table  in  the  note  on  art.  96.  may  be  made  a  Subtrttctim  TahU :  thus  to 
find  the  difference  of  two  numbers,  look  for  the  least  at  top,  and  in  the  same 
column  find  the  greatest ;  then  the  number  in  the  left  hand  column,  which 
stands  in  the  <anie  line  wifh  the  greatest,  is  the  difference  required :  thus  to 
take  7  from  13,  look  for  7  at  top^  and  12  in  the  same  column,  then  opp'0iiit6  12 
in  the  left  hand  column  stands  5^  the  difference. 
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examplbi. 

1.  From  4738  take  2123. 

Operation,  Exptanaiion. 

4738  Having  placed  the  leu  nuaber  nndtr  (be  greater,  I 

0103  take  8  from  8,  aftd  g  rnwalti  to  put  down ;  tliai  %  fcam 

....^^  8,  and  1  remaiaa ;  1  from  7»  and  6  remain;  9  fro/ai  A, 

THff,  2615  ud  8  remain ;  the  whole  remainder  then  is  9615.  I  then 

D      f  ytVoQ  add  the  tecond  ttno  tits  and  tMi  rrmaiodM' togetlwry 

2.  From  135167  take  1910S,  and  from  720981  take  10029. 

Operations.  Esplmuai^, 

135167       720981  ^^  ^^  ^^  ^  these  operatioDs  the  work  i» 

loin^l  inrwo     ^**y»  ^^  ^*  **"**^  ***  *^*  ^»  where  we  say  9 

^^*^^  *^^^*^     from  5  I  canaot,  hot  bortmi-ing  10,  and  add- 

D^,  116064  710952  ing  i^  to  the  5,  the  lam  it  15  ;  theivfore  9 
n  /•  to»«.fl^  s^^Jn^^^  fr<>™  16,  and  6  remain;  put  down  6,  and 
Pw/.   185iar       7aOI>8l     cny  ,  totbe  »««  «gm4  l,  whkh  makM  «, 

then  8  frx>m  3,  and  1  remains  to  put  down. 
Iliere  being  no  figure  under  the  left  hand  figiare  1, 1  My  0  frt>m  1,  and  1  re- 
mains to  put  down.  In  the  second  operation,  I  say  9  from  1  I  cannot,  borrow 
lOjtbcA  9  from  11,  and  t  nmain  to  put  dowa;  than  carry  I  to  the  t  anket  3, 
3  frm  s,  and  5  reoiaiB  to  pat  down :  the  rest  as  before. 

3.'  4.  5.  6. 

From  37485         30748  48005         607346 

Take   12301  10091  2301  59840 

Diff. 

Proof 


7.  If  from  one  thousand  two  hundred  and  thirty-four,  teven 
htmdred  and  eighty-nine  be  taken,  what  will  be  left  ?    Ans.  445. 

8.  If  three  hnndred  and  i4xty-fivebe  taken  from  five  hundred 
aad  fiixty-three,  what  is  the  remainder  ?     Ans,  198, 

9.  If  one  thousand  two  hundred  and  thirty-fonf  Hhaat  corns 
be  tricen  out  of  a  bin  containing  one  million,  how  many  will  be 
kft}    AM.99^m. 

10.  A  man  was  bom  in  the  year  1767^  &nd  died  in  4799  j  what 
was  his  age  ?     Am.  32  ye&rs, 

11.  One  was  horn  in  1773,  and  another  in  1801 ;  required 
the  difference  of  their  ages  ?     Ans.  2S  years. 

12.  The  art  of  printing  was  discovered  in  1449,  how  many 
yeai's  ia  it  since,  this  being  1812?     Ans.  363  years. 

IS.  A  courier  travelled  three  thousand  miles  in  one  year,  and 
only  one  thouBand  nine  hundred  and  nine  in  the  next  -,  how  much 
does  the  fbnner  distance  exceed  the  latter  ?     Ans.  1091  mile^. 

14.  Out  of  a  thousand  poinds,  a  person  paid  away  eight  hufr* 
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dred  and  fifty-two  >   how  maoy  poonds  had  he  lemaining  ? 
Ans.  148  pounds. 

15.  Borrowed  one  thousand  two  hundred  and  thirty>four 
guineas^  and  paid  in  part  nine  hundred  and  eighty-seven  -,  what 
sum  is  there  still  renMBning  doe  ?    Ans.  24/  gmneas. 

16.  There  is  a  person,  who  if  he  lives  until  the  year  1820 
will  be  seventy-fire  yean  old;  in  what  year  was  he  born? 
Am.  in  1745. 

17'  King  George  the  Second  came  to  the  throne  in  1727*  and 
died  in  1760 ;  how  long  did  he  reign  ?     Ans.  33  years. 

18.  The  western  empire  was  destroyed  by  Odoaoer,  king  of 
the  Heruli,  in  the  year  476,  and  the  eastern  empire  submitted 
to  Mahomet  the  Second,  emperor  of  the  Turks  in  1453 ;  how 
many  years  did  the  latter  exist  afier  the  fionner  ?  Ans.  977  years. 

MULTIPLICATION. 

28  Multiplication '  is  a  short  method  of  addition ;  it  teaches 
how  to  find  the  sum  that  arises  ^m  repeating  one  number, 
called  the  multiplicand,  as  often  as  there  are  units  in  another 
number,  called  th6  multiplier. 

The  number  sought,  or  that  which  arises  from  the  operation, 
is  called  the  product* 

The  multiplicand  and  mukiplier  are  fi*equently  called  Terms  or 
Factors,  and  the  product  is  sometimes  called  the  Factum. 

The  mark  denoting  Multiplication  is  x  ;  it  is  named  into,  and' 
shews  that  the  number  standing  before  the  sign  is  to  be  multi- 
plied into  (or  by)  the  number  which  follows  it ;  thus  3x4  de«, 
notes  thatJi'is  to  be  multiplied  by  4,  or  taken  4  times  ^. 

To  perform  the  (^rations  in  this  rule  with  ease,  a  table  of 
the  products  of  every  two  numbers,  each  not  exceeding  12,  has 
been  contrived ;  it  is  called  the  Multiplication  Table,  and  must 
be  well  understood,  learned  by  heart,  and  remembered. 


'  The  name  Multiplication  comes  Arom  the  Latin  multus  many,  and  plico  to 
fold ;  product  from  produco  to  produce ;  factor  a  maker  or  doer,  ?ax<^  factum  a 
thing  done  or  made. 

s  When  two  or  more  numbers  are  to  be  multiplied  by  any  number,  the  vin* 
culum  is  placed  over  all  the  former,  and  a  point  is  frequentiy  interposed  be- 
tween the  £&ctors  instead  of  the  sign  x  ;  thus  s  -f-  4 . 5  denotes  that  the  sum  ol 
3  and  4  (or  7)  is  to  be  multiplied  by  5 ;  also  3  +  7  4-2.6—4  shews  that  the 
sum  of  3,  7,  and  2,  (viz.  U,)  is  to  be  multiplied  by  the  differeaceof  6  aiid4v 
(viz.  2 ;)  and  the  like  in  other  cases. 


MULTIPLICATION. 


THE  MULllPLICATION  TABLE  >. 


1 

^ 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

2 

4 

6 

8 

10 

12 

14 

16 

18 

20 

ii 

24 

3 

6 

9 

13 

15 

IS 

21 

24 

27 

30 

33 

36 

4 

8 

12 

16 

20 

24 

28 

33 

36 

40 

44 

48 

6 

lo 

15 

20 

25 

30 

35 

40 

45 

50 

55 

60 

6 

13 

18 

24 

30 

36 

42 

49 

54 

60 

66 

72 

7 

14 

21 

2S 

35 

42 

49 

56 

63 

70 

77 

84 

8 

16 

24 

32 

40 

•18 

56 

64 

72 

80 

88 

9C 

9 

18 

27 

36 

45 

54 

ca 

72 

61 

90 

99 

108 

10 

20 

30 

40 

50 

fio 

70 

SO 

90 

lOO 

110 

120 

11 

22 

33 

44 

55 

GO 

77 

SB 

99 

110 

121 

133 

11 

^4 

36 

48 

60 

"2 

M 

96 

lOS 

120 

132 

144 

htm  in  the  top  lii 


Esplaaalim  aflU  Taile. 

Tv  fiad  the  product  of  two  imrobers,  look  for  one  t 
ttt  Table,  Rnd  for  the  other  in  the  left  hand  colnmn ;  then  the  niimDer  B 
•tandi  diiBctl)'  under  the  first,  and  krel  with  the  secunil,  it  the  prodnc 
fmred  :  Ihns  to  find  3  timn  S,  look  for  3  at  top,  and  5  on  the  M^  Uwn  uni 
ud  lertl  with  S  itands  IS,  which  is  the  pioduct  ofSand-^.  ItaBndlOI 
9,mikrlDBndlevel  with  !>  aUnds  90,  the  product.  To  Gad  Stinwi  II 
der  S  and  level  with  1 1  stands  6ti,  the  prodoct,  &e. 


'  To  ihew  that  MaltiplicBtioa  ■>  derived  immediately  from  Notation,  let  it  be 
n^DiRd  to  find  3  times  4  ;  put  down  the  unit*  ia  4  —three  timet,  and  then 
MM  the  whole,  (Art,  la.)  thus,  i,l,i,l  ■■ ..  1, 1,1, 1 .. ..  I,  l,l,l ; 
<^  csnnted  amount  to  \2,  therefore  3  times  4  ate  IS;  and  the  like  may  b* 
<Wn  in  all  cases. 

But  Ihe  rule  ii  commonly  dirired  from  AdditioD  thus  ;  to  find  the  4 
fmiiicl  of  3  liioei  4,  put  4  down  three  times,  and  find  the  sum.     So  if        4 

InUtofind  a  timei  S,  I  must  pot  nine  eights  under  euh  othPr,add       

■^together,  and  the  sum  will  be  7!,  or  the  product  of  S  times  1;  by  }^ 
Uiu  Dcthud  die  MultiplicMioD  Tabic  ms  firit  formed. 


»  ARTTHMBTIC.  PAirT 

Simple  Multiplication,  or  Multiplication  of  whole  numbers,  is 
performed  by  tbe  following  rules. 

Rule  I.  tJnder  the  right  hand  figure  of  the  muttipliduid 
write  the  nuUtiplier.  .        v 

II.  .Multiply  every  figure  in  the  multiplicand  by  the  maltipliT» 
and  set  the  |irodtict>  if  it  be  kss  than  10,  under  the  figure  mul* 
tiplied. 

III.  Buit  if  the  product  be  10,  or  inore,  set  down  the  units  only^ 
and  cqrry  I  for  e^ery  10  to  the  next;  multii^y  the  nemt  figure^ 
and  afUf  you  have  multiplied  U,  (not  before,)^  carry  the  «fM»  -to 
the  product; 

IV.  Proceed  in  this  manner  till  all  the  figures  are  multiplied  i 
at  the  Ust  (of  left  hand)  figure,  the  whole  product  must  be  set 
down*. 


.  < .' 


'  ThS'SUBi  of  numllers  is  evidenftly  of  tiM  samedenomlnBtiiNi  witik  tbe  itttin* 
bers  added*;  it  cannot  be  of  any  other ;  conseqjoentiy  tfacpiuductof  auj  umubei 
mnlti  plied'  by  anotheiF  nust  be  of  tht  same  denominatfCH  with  the  nHmbei^mol* 
tl  plied.  Hence  if  units  be  mnltiplied  by  any.  whole  number,  the  product  it 
nnits ;  if  tens^  be  multiplied,  tbe  product  will  be  tens ;  if  hundreds  be  nraltir 
plied,  the  product  will  be  hundreds,  &c.  Let  it  be  required  to  multipry  ST-f  By 
4 ;  now  the  4  units.multipliedby  4  produces  \6  units ;  tiie?  tens  nmhipUe^by 
4  produces  28  tens,  or  280  ;  and  the  5  hundreds  multiplied  by  4  produces  $0 
hundreds,  or  3000.  Wherefita  tl»8e  aeveml  products  when  added  together  wiU 
giva  tbe  product  of  the  iwo.given  numbers. 

Thus  674  The  same  ly  AddUwn  B^theRtUe 

^  574\  where  the  574 

.     \4^  4X4  574  f  given  nam-  4 

280^'  70  X  4  574  L  berifrtalun  ^^ 

2000«500X4  574j  4  times.  —^ 

2296=674X4  2296* 

From  this  exai^ple,  the  truth  and  reason  of"  the  Rulfe  will  be  manifest.  With 
respect  to  tbe  method- of  oarryiingf  it  is  plain  from  Notation  that  10  units  are  1 
tea,  SO  units  2  tens,  h^  10  tens  are  1  hnndred,.20  tens  2  hundreds,  &c.  And  in 
^neral,  any  number  of  tens  of  an  inferior  denomination  will  be  so  many  unit* 
of  the  next  superior ;.  and  tbefefiore  I. is. always  carried  for  every  ten^  from  the 
inferior  to  the  next  superior  denomination^  as  directed  in  the  Rule. 


Fait  I. 
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1.  Multiply  ar59M  fagr  2. 


MidUpticamd  375294 
Product  750588 


haji4  figure  of  the  ipultiplicaiidy  namely,  tinder  Utfi 
4, 1  lH>^n  by  nmltiplyin)^  that  ilgare ;  thot  I  say 

twice  4   are   8,  and  put   it  down  ;    nc^it  |  mqT 

twice  9  ar^  \B^  put  dotvq^  a  iup4  oarf|^  1  ^  then 
twice  9  are  4  and  1  I  carried  5»  put  down  5  ;  then  twice  5  are- 10,  put  down  0 
ud  carry  1 ;  th.aa  tyocp  7  are  14  and  1  earned  IS,  put  dawn  6  aa^  carry  1 ; 
iM^y  twi^  3  «p«  ^  9VA  I  c%;rried  Z,  \  p;at  it  down,  and  the  work  i*  finished. 

9.  Mol^i^^  968754  by  9. 


Operation. 

Multiplicand    968754 
Multiplier  S 


Here  I  say  8  times  4  are  19,  put  down  2  and 
carry  1  ;  3  ^qies  5  are  15  and  1  carried  make  16, 
put  down  6  and  carry  1  ;  3  times  7  arc  21  and  1 
carried  2lf ^  p^  ^wn  S  q»d  oafry  9  ;  3  tu»«f  8 
are  94a|id  9  carried  96,^pHt  down  6  and  carry  9  ; 
8tin)|S  Q  ^rc  18  9|id  9.  carried-  90,  put  down.  0  and  carry  2  ;  lastly  a  times  9  are 
XT  vA  ^'^airied  make  99, 1'j^ut  down- the  wbufe  29,  and  the  week  i&  finiihfd 


Produift  290696Ji2 


3. 


4. 


5. 


6. 


Mult.     2793812       7849265       6381497      ^76491 
^4567 


PrM. 

lltl$*149 

39246325 

32288982 

586354(37 

7. 

8. 

9. 

10. 

Mult. 

2738469 

3182735 

4170826 

5742873 

By 

% 

3 

4 

5 

Prod. 

11. 

12. 

13. 

14. 

Mult. 

61^79084 

7410d26 

891S292; 

91d384{; 

By 

6 

7 

8 

9 

Prod. 

15. 

■ 

16. 

17. 

IS. 

Mult. 

1982746 

2936807 

3869071 

4965723 

By 

2' 

3 

4 

5 

Prod. 

1^. 

' 

20. 

21. 

22. 

Mult. 

5343672 

6^7^083 

7123964 

8076945 

% 

6 

7 

8 

9 

Prod. 

23. 

24. 

25. 

26. 

Mult. 

9138765 

1920867 

2374563 

39^45657 

By 

11 

11 

12 

1^ 

Prod.  ' 

32 


ABITHMETIC. 


Past  I. 


30.  ffha,  the  multiplier  has  erne  cr  more  ciphers  suhjained. 

RuxE.  Write  down  the  cipher  or  ciphers  for  the  right  hand 
part  of  the  product,  then  multiply  every  figure  of  the  molti]di- 
cand  bj  the  significant  figure  or  figures  of  the  multiplier,  (art. 
29.)  and  set  theproducts  in  their  order  to  the  kft  of  the  ci- 
phers^. 

37.  Multiply  807^543  by  60. 

Operation.  EspUmmiim, 

8076543  ^  ^^  ^^"^^  ^^^  the  0  for  the  right  hand  fi- 

60 


Product  484592580 


gore ;  then  I  multiplj  all  the  figme*  of  the  BniHi- 
plicand  by  six,  exactly  as  vas  done  in  the  last 
rule. 


28. 

Multiply  142736 
By 


70 


29. 

30. 

31. 

238957 

3689^5 

490192 

800 

9000 

10000 

Product    9991520    191165600  3320235000  49O1920O0C^ 


32. 

Multiply  512873 
By 50 

Product 


33. 

698172 
600 


34. 

71829 

110000 


35. 

80912 
12000 


31.  Tfhen  the  multiplier  consists  of  two  or  more  significant  figures, 

and  is  greater  than  12. 

Rule  I.  Multiply  every  figure  of  the  multiplicand  by  the  right 
hand  figure  of  the  multiplier,  and  set  down  the  product  (as  in 
art.  29). 

11.  In  like  manner  multiply  by  the  next  figure  (or  the  right 
hand  but  one),  set  the  product  in  a  line  below  the  former, 
proceed  thus  with  every  figure,  setting  down  each  succeeding 
product  below  the  preceding,  observing  to  place  the  right  hand 
figure  of  each  under  the  figure  you  multiply  by. 


k  The  truth  of  the  rule  may  be  shewn  from  art.  99 :  thus,  let  479  be  multi- 
plied by  40 ;  now  if  the  multiplier  had  been  only  4,  the  product  (by  art.  29.) 
would  have  been  1916 ;  but  the  multiplier  40  is  ten  times  4,  therefore  the  pro- 
duct must  be  ten  times  1916,  or  I9I6O,  by  art.  19*  In  like  maimer  87  multiplied 
by  500  is  43500 ;  for  87  multiplied  by  5  is  435 ;  but  500  is  100  times  5, 
whence  the  product  by  500  must  be  100  times  the  product  by  5,  or  43500  ; 
aud  the  like  is  true  in  every  case. 


Fu'rt. 


MULtlPUCAtlON. 


ii 


3.  Add  all  the  products  together,  and  their  sum  will  be  the 
1^1  product  requiiM  ^ 

Mnltipljr  850^7 
By  g34 

3401  $68 
9551401 
iy0(»34 


Prodf tie/  199009278 


First,  I  multiply  bf  4,  ahd  place  tbe  product 
(3401868)  to  that  ^  rigM  hand  figurt  8  may 
•tand  under  the  muHiiAler  4.  Ke'xt  1  multiply  by  a, 
and  place  the  product  (^651401)  below  the  last, 
so  that  its  right  hand  figure  1  may  stand  under  tha 
multiplier  S.  I  nett  miiMply  by  S,  atfd  place  the 
product  (1700934)  below  the  lart,  so  that  its  right 
halkd  figure  4  riiay  stiiftd  under  the  iaulii)»lier  t. 
Lastly,  I  add  the  three  products  togettier,  and  their 
sum  is  the  laft  line  or  product  required. 


St 
Multiply      7618^ 

fey  .  .. .   45 

3809115 
a04729g 

Product    3428^35 


38. 

39. 

897135 
67 

312758 
7W- 

5789^45 
49lft^8ip 

554t8045 


28l48<e2 
2502O64 
gl9»306 

24676606? 


40.  Multiply  926342  by  Sl>.     Product  846*^438. 

41.  Multiply  193524  by  456.    Product  88246944. 

42.  Itfultiply  i64^i6  by  678.     Product  138933048. 


1  It  has  been  Ihcwn^  that  muitiplyii^  by  a  sit^le  figure,  or  tmUif  produces  fi- 
of  the  same  denomination  n^nth  those  multiplied ;  whence  it  follows,  that 
[aniti plying  by  tens  will  produce  figures,  the  denominations  of  which  will  be  ten- 
Id  ythaX  they  would  have  been  had  the  multiplier  been  units s  multiplying  by 
[Undi^Bda  will  ptbduce  figrtires  one  hundred-fold  greater  in  deilomitiatroti,  ^. 
VVkm  removing  tb^  s^cohd  line  of  the  product  one  place  to  the  left,  is  equivalent 
I  to  indreasing  its  simple  talbe  ten-fold;  r1eiil6vihg  the  third  lihfe  tub  places  is 
tlhi  feme  as  inci'easlug  it  to  ohe  hundired-fold  its  simple  value,  &c.  {kfr  these  re- 
itorait  an«w^  the  same  purpose  as  subjoiiiing  a  cipher  or  ciphers,  which  would 
actually  increase  the  products  as  above.)     Whence  it  follows,  that  the  first  fi- 
[ffla^  of  every  pibdikt  odght  to  stand  under  the' multiplying  figure  wbkh  prckluces 
lit:  also  it  is  fOidn,  ttiftt  the  sttrii  of  all  the  products  will  be  the  product  of  this 
:irfidli;  ihnllipliaLild  into  the  whole  muHlpHer,  siiifce  it  is  made'  up  df  all  tbe  |m>- 
[dtteis  df  thcf  parts;  TfM^,  in  ex.  36.  the  first  Uiie  or  ptbdbct  is  4  times  th^  mul* 
jti^teibtf ;  the  fteeond  phMtlct  is  30  thdes  tHe  multiplicand;  the  ttrifd  {trodtict 
vUM  tliBiek  tUe  ihuHipUcand ;  and  therefore  the  sum  of  tbe  three  proddds  (or 
file  kfi  line  in  tiie  example)  will  be  234  times  the  ihtiltipllcand :  wlience  th^ 
fnd«  i4  obrioidi. 


VOL.  I. 
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43.  44. 

Multiply  273814  381725 

By   4567  6789 

1916698  3435525 

16428S4  3053800 

1369070  2672075 

1095256  2290350 

Product   1250508538  2591531025 

32.  To  prove  the  truth  of  these  operatioru  by  casting  out  the 

nines. 
Rule  I.  Having  made  a  cross  like  the  sign  for  multiplica'^ 
tion,  add  the  figures  in  the  multiplicand  together,  rejecting^ 
every  nine  as  it  arises,  and  reserving  only  the  remainder  tc^ 
carry :  set  the  last  remainder  on  the  left  of  the  cross. 

II.  Add  the  figures  in  the  multiplier  together,  casting  out  tlk^ 
nines  as  before,  and  set  the  last  remainder  on  the  right  of  tl^c 
cross. 

III.  Multiply  the  two  remainders  together,  and,  having  cast  o^it 
the  nines  from  the  product,  set  the  remainder  at  the  top  of  tlic 
cross  i  if  there  are  no  nines,  the  product  itself  must  be  set. 

IV.  Lastly,  cast  the  nines  out  of  the  product,  and  set  the  re- 
mainder at  the  bottom  of  the  cross  :  if  the  bottom  and  top  fi- 
gures are  alike,  the  operation  is  right,  except  you  have  made  a 
mistake  of  nine  exactly  5  but  if  they  are  not  alike,  the  work  ii 
certainly  wrong. 

Thus  to  prove  Ex.  43. 1  say,  2  and  7  are  9 ;  tbis  I  omit ;  and  \  ^  / 
go  on,  3  and  8  arc  11;  (omitting  the  9)  I  carry  S  to  the  1,  which  ^y\^ 
make  3,  and  4  are  7 ;  this  I  pat  down  on  the  left  of  the  cross.  /  1^ 

Next,  horning  with  the  multiplier,  I  say,  4  and  5  are  9,  which  I  omit ;  toA 
go  on,  6  and  7  are  13,  which  is  4  above  9 ;  omitting  the  9, 1  put  down  4  od  ths 
right  side  of  the  cross. 

Thirdly  I  multiply  7  by  4,  and  the  product  is  28 ;  in  this  number  1  find  thcrt 
are  3  nines  (which  I  omit)  and  1  over ;  therefore  I  put  1  at  the  top. 

Lastly,  I  cast  the  nines  out  of  the  product ;  thus,  1  and  2  are  3  and  5  art  8 
and  5  are  13,  which  is  9  and  4  over ;  (omitting  the  9)  1  carry  4  to  the  8  are  18» 
which  is  9  and  3  over ;  (omitting  the  9)  I  carry  3  to  5  arc  8  and  3  are  1 1 ,  whick 
is  2  above  9  (omitted] ;  carry  2  to  8  are  10,  which  is  1  above  9 ;  this  1  I  set  down 
at  the  bottom  of  the  cross,  and  finding  that  it  agrees  with  the  figure  at  Un 
top,  I  conclude  that  the  operation  is  right,  except  I  have  made  a  mistake  of  9. 

The  proof  of  £x.  44  is  8  ^m^  3  ^iiich  is  done  exactly  in  the  same  maimer. 


Jakt  I. 


MULTIPUCATIGN. 
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33.  JVhen  ciphers  are  intermixed  with  the  other  figures  in  the 
multiplier,  they  need  not  be  regarded^  provided  the  first  figure  of 
each  line  in  the  multiplying,  be  put  under  the  figure  you  mul- 
tiply by". 


45. 

Multiply  830724 
By     ^3021 

830724 
1661448 
2492172 
1661448 

frod.  19124097204 


Proof. 


46. 

312905 
210035 

1 564525 
938715 
312905 
625810 

Prod.  65721001675 


Explanaiion, 

£x.  45.  Although  here  are  5  fignres  in  the  mnltiplier,  yet  one  bein^  a  ei- 
fker,  there  are  only  4  figures  to  multiply  by :  the  diiference  made  by  the  cipher 
ii)  that  it  occasions  the  third  and  fourth  lines  to  stand  one  place  more  to  the  teft^ 
than  they  would  if  the  cipher  was  not  there. 

£x.  46.  Here  are  6  figures  in  the  multiplier,  but  only  4  multiplying  figures ; 
tiKtwo  ciphers  remove  the  third  and  fourth  lines  two  places  to  the  left. 

In  examples  of  this  kind,  when  ciphers  are  subjoined  to  the  right  of  both 
fttton,  they  are  to  be  omitted  in  the  multiplying,  and  all  of  them  are  to  be 
written  to  the  right  hand  of  the  adding. 


47. 
Multiply  1329470 
By  340 

53 1788 
398841 


48.  Proof. 

210300       \0  / 
57000     6  V^3 


14721 
10515 


Prod.  45201 9S00 


Prod,  11987100000 


ICsplanatioh. 

In  Ex.  47, 1  multiply  by  34,  and  take  no  notice  of  the  two  ciphers  in  the  mul- 
tiplying part ;  bat  I  bring  them  both  down  to  the  right  hand  of  the  adding. 

Ex.  48.  Here  are  5  ciphers  subjoined  to  both  factors ;  they  are  omitted  in  the 
work,  and  set  down  at  the  end  of  the  adding,  as  before. 

34.  When  the  figures  11  or  12  stand  together  in  a  multiplier, 
the  multiplication  by  both  figures  may  be  performed  in  one 
^e»  (see  Ex.  24.  25.  Art.  29.)  provided  the  right  hand  figure  of 
^'cry  product  stand  under  the  units  place  of  its  respective  multi- 
flier,  as  before  directed  ■. 


"  ''^^  nile  is  sufficiently  evident  firom  the  note  on  Art.  31. 
*  This  rule  depends  on  the  reasons  given  in  the  note  on  Art.  31* 


p2 


u 
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49. 

Multiply    370954 
By      11412 

4451448 
1483816 
4080494 

Prod.  40957773048 


50. 

128643 
1^1211 

1415073 
1543716 
1543716 

Prod.  15592946673 


JExplantUion. 

£x.  49.  In  this  example  the  multiplier  consists  of  1 1,  4,  and  13.  I  multi- 
ply first  by  12,  puttings  the  right  hand  figure  8  of  the  product  under  the  units  2. 
I  next  multiply  by  4,  putting  the  right  hand  figure  6  of  the  product  under  the 
said  multiplier  4.  Lastly,  1  multiply  by  11,  patting  the  rij^hthand  fijgure  4  of 
the  product  under  the  right  hand  1  of  the  11.  And  note,  that  always  in  malti- 
plying  by  a  double  figure,  the  units  place  of  the  product  must  stand  onder  the 
right  hand  figure  of  such  multiplier. 

£x.  50.  Here  the  multipliers  are  12,  12,  and  1 1.    The  truth  of  these  opera* 
tions  may  be  proved  by  multiplying  by  every  figure  singly  (Art.  3 1 .) ,  or  by  chaog— 
ing  the  places  of  the  ftu:tors,Tiz.  multiplying  the  multiplier  by  the  multiplicands. 

35.  When  the  multiplier  is  a  composite  number  %  thcU  is,  the 
jfro4uct  of  two  or  more  numbers  in  the  talkie. 

Rule.  Multiply  by  one  of  the  component  parts^  and  multiply 
the  product  by  another,  and  this  last  product  by  another^  and  so 
on,  ^hen  there  are  several  component  parts ;  but  this  rule  is  sel- 
dom applied  when  the  multiplier  is  found  to  consist  of  moiie 
than  two  parts,  or  three  at  most  >*. 

The  operations  may  be  proved  by  Art.  31. 


^  A  number  which  i»  the  product  of  two  or  more  numbers  (each  greater 
than  upi^y)  is  called  a  composite  ntfmfter ;  apd  the  numbers  of  which  it  is  t|ie 
product  are  called  its  compotteni  part*.  Thus  45  is  a  compoMte  nnmbcr.  Hie 
component  parts  of  which  are  9  and  5  ;  for  9  X  5  »  45.  The  terms  c€mp«$ite 
and  component  are  derived  from  the  Latin  con,  with,  and  pono,  to  place. 

p  Suppose  it  were  required  to  multiply  334  by  14 :  by  Art.  28,  if  I  add  234 
taken  successively  7  times,  the  sum  will  be  the  same  as  234  multiplied  by  7. 
Now  if  I  double  this  sum,  or  multiply  it  by  2,  the  result  will  be  the  sune  as 
though  1  bad  taken  down  234  14  times,  and  added  the  whole  together;  th«t  is, 
284  multiplied  by  14  is  the  same  as  if  it  were  multiplied  by  7  and  the  prqd^ 
multiplied  by  2.  Again,  if  234  be  multiplied  by  2,  and  the  pfqduct  be  taktn 
7  times,  the  result  will  evidently  be  the  same  as  it  would  had  I  taken  the  given 
number  14  times ;  and  the  same  thing  may  be  shewn  in  every  similar  case. 
The  Uuth  of  the  rule  may  lyMwiie  be  pnMKd  by  Art.  SI. 
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51.  Multiply  63958  by  24. 

Here  we  have  a  multiplier  S4,  wbich  may  be  divided  into  two  oompoDeni 
parts  a  rariety  of  ways;  thus  3  X  8,  or  4  X  6,  or  2  X  12 ;  and  these  may  be 
taken  in  a  different  order,  thus  8  X 3,  6X4,  and  12X2;  whcreforf  the 
operation  may  be  performed,  according  to  this  rule,  six  different  vrays :  thns. 


First,  by  SxS. 

63958 
3 

Secondly 

m 

,  by  4x6. 

63958 
4 

255832 
6 

Thirdly,  by  <Zx\^. 
6395S 
2 

191874 

8 

127916 

r      12 

153499*2 

1534992 

153499*4 

Tourthiy,  by  8x 

63958 
S 

3.        Fifthl 

ly,  by  6x4. 

6395S 
6 

Sixthly,  fey  12x2. 

63958 

12 

511664 
3 

383748 
4 

767496 
2 

1534992 

1534992 

1534992 

By  Art.  3i. 

63958 
24 

Proof. 

V  6  / 
4X^6 

255832 
127916 

/6\ 

1534992 

52.  Multiply  52794  by  21;    viz.  3x7  and  7x3.     Product 
1108674. 

53.  MiUtiply  28537  by  35  ;    viz.  5  x  7  and  7  X  5.     Product 
998795. 

54.  Multiply   81764   by  48;    viz.  6x8  .. .  8x6  . . .  4  x  12, 
and  12  X  4.     Product  3924672. 

55.  Multiply   394G8    by    132;    viz.   11x12    and    12x11. 
Product  5209776. 

56.  Multiply  13696  by  1728  ;  viz.  12  X  12  X  12.     Product 
24012288. 

36.  WIten  the  multiplier  is  a?iy  number  between  12  and  20,  tlie 
operation  may  be  performed  in  one  line. 
Rule.  Multiply  by  tha  right  hand  figure,  and  (besides  what 
you  cany)  to  each  particular  product  add  the  figure  which 
stands  next  on  the  right  (in  the  multiplicand)  of  that  which  you. 
multiplied ;  if  the  last  product  be  a  ftingje  figure,  the  left  hand 
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figure  of  the  multiplicand  must  be  placed  on  its  left }  but  if  it  be 
a  double  figure^  the  left  hand  figure  of  the  multiplicand  must  be 
added  to  its  last,  or  left  hand  figure  •».  The  operations  to  be 
proved  by  Art.  31. 


57. 
Multiply  351482 
By  13 


Prod.  4569266 


Explanation. 

I  say  3  times  2  are  6,  and  put  it  down  ; 
then  3  times  8  are  24  and  2  (the  right 
band  figure)  26,  put  down  6  and  carry  2; 

then  3  times  4  are   12  and  2  carried  14 

and  8  (the  right  hand  figure)  22;  put 
down  2-and  c^rry  2 ;  3  times  1  arc  3  and  2  carried  5  and  4  (the  right  hand 
figure)  9f  put  it  down;  3  times  5  are  15  and  1  (the  right  hand  figure)  16,  put 
down  6  and  carry  1  j  lastly,  3  times  3  are  9  and  1  carried  10  and  5  (the  right 
hand  figure)  15  ;  put  down  5,  and  to  the  1  cgitried  add  the  last  figure  3;  thit 
makes  4,  which  I  put  down  in  the  last  place. 


58. 

Proof. 

59.          Proof. 

Multiply     743896 
Bv             14 

\  5  / 

1  X  ^ 

524183    \3  / 

15   5  V'e 

Prod.   10414544 

j/s\ 

7862745    /^\ 

60. 

61. 

62. 

Multiply  .  647184 
By             16 

813625 
17 

471283 
13 

Prod. 

— 

63. 

64. 

65. 

Multiply    314762 
By           14 

248937 
18 

127968 
19 

Prod. 

• 

Promiscuous  Examples  for  Practice. 

66.  Multiply  371948  by  28  three  ways.  (Art.  35,  31.)     Pr(h 
duct  10414544. 

67.  Multiply  185974  by  14.four  ways.  (Art.  31, 35,  30.)    Pro- 
duct  2603636. 

68.  Multiply  671612  by  114  two  ways.  (Art.  31,  34.)     Pro^ 
duct  76563768. 

69.  Multiply  230605  by  819000.     Product  1S8865495000. 

70.  Multiply  128121  by  72001.     Product  9224840121. 

71.  Multiply  241643  by  1212  two  ways.    Product  292871316. 
f- —  '    '    '  ■  — '  ■   ■'       ■   - 

q  In  this  rule  the  operation  of  adding  continually  the  back  figure  amounts 
exactly  to  the  same  as  though  the  top  line  were  taken  down  one  place  t<> 
the  left  and  added ;  which  is  the  process  directed  in  Art.  33,  by  that  aitidt 
It  is  recommended  that  each  of  these  examples  should  be  proved* 
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73.  Multiply  five  million  forty-six  thousand  and  one,  by  four 
thousand  and  eight.    Product  202524372008. 

73.  Multiply  eight  hundred  and  seventy  thousand  four  hun- 
dred and  ten,  by  two  thousand  and  fifty.     Product  1 784340500. 

74.  Multiply  nine  thousand  eight  hundred  and  seven,  by  nina 
huxulred  and  eight.     Product  8904756. 

75.  Fmd  42378  x  100,  and  4237800  x  30000. 

76.  Find  385746  x  463,  and  178600398  x  1200. 

77.  Find  3526  x  2534,  and  8250704  x  301. 

78.  Find  10802  x  10203,  and  12345x6789. 

79.  A  beggar  collects  478  halfpence  in  a  week ;  how  many 
balance  is  that  a  year  ?    jins.  24856. 

80.  There  are  12  signs  in  the  ecliptic,  and  every  sign  con- 
tains 30  decrees  -,  how  many  degrees  does  the  ecliptic  measure  ? 
An$.  360. 

81.  A  derk  calls  at  14  places,  and  receives  at  each  1201.  j 
how  many  pounds  does  he  carry  home  ?     Jru.  1680. 

82.  The  workmen  on  an  estate  eat  2167  penny  cakes  in  a  day  $ 
how  many  will  be  sufficient  to  serve  them  128  days  ?     Amwer 

mm. 

DIVISION. 

37.  Simple  Division'  teaches  to  find  how  often  one  whole 
number,  called  the  divisor,  is  contained  in  another  whole  number, 
called  the  dividend,  or  to  divide  a  whole  number  into  any  pro- 
posed number  of  equal  parts ;  and  is  a  short  method  of  perform- 
ing continual  subtraction ". 

The  number  arising  from  the  operation  is  called  the  quotient; 
it  shews  how  often  the  divisor  is  contained  in  the  dividend,  that 
i3>  into  how  many  equal  parts  the  dividend  is  divided. 

'  The  term  Division  comes  from  the  Latin  divido  to  divide,  distribute,  or  part ; 
>nd  ^otient  from  quoties,  how  many  times ;  also  remainder  from  remaneo^  to  tarry 
bebiod. 

'  This  rule,  like  all  the  former,  is  derirable  immediately  from  Notation, 
^vs,  to  divide  IS  by  5,  resolve  the  12  into  its  constituent  units  ^  t^en  count 
off  as  many  fives  from  these  as  you  can,  putting  a  stroke  betwee^i  the  divisions ; 
there  will  then  be  as  many  fives  in  12  as  there  are  divisions ;  thus,  1.1.1.1.1.  | 
1*1.1.1.1. 1  1.1.  here  are  two  complete  divisions,  ^nd  2  units  over,  therefore 
ibereare2  fives  in  12  and  2  remainder ;  and  the  like  may  be  shewn  in  every  ia- 
«tancc  under  this  rule. 

P  4 
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If  aoy'thiiig  be  of er  after  U»e  dinskm  k  peitonicd»  U  is  c^Hed 
the  remaiMder. 

The  qinii^  for  divttioD  k  -s- ;  it  k  named  if  ^  and  ab^wa  t)Mt 
the  DUipher  standing  befoie  the  sign  ii  to  be  dirided  by  the  mua^ 
bee  which  follows  it. 

37.  B.  When  the  diriscr  does  not  exceed  1^. 

Rule  I.  Write  down  the  dividend  with  a  small  cupre  line  at 
each  end,  draw  a  line  below^  and  place  the  dirisor  on  the  left 
hand  of  the  dividend. 

II.  Find  how  often  the  divisor  b  contained  in  the  first  or  left 
hand  figure  of  the  dividend,  or  (if  it  be  not  contained  in  that)  u| 
the  two  or  (if  necessary)  three  first  figures. 

I II.  Set  the  quotient,  or  number  denoting  how  many  Hw^fM,  be* 
low  the  number  divided. 

IV.  If  there  be  any  remainder  (it  will  be  less  than  the  divi- 
8or>)  carry  as  mainy  tens  to  the  next  figure  as  there  are  one»  11^ 

the  remaituler. 

V.  Divide  the  sum  as  before,  set  down  the  q[uotient  unjer- 
neath,  carry  tens  for  the  units  in  the  remainder  to  the  neit 
figure,  divide,  and  so  on  until  the  work  is  finished,  and  if  there 
be  a  remainder  at  last  it  may  be  placed  to  the  right  over  the 
divisor,  with  a  small  line  between  them '. 

'  We  here  sappoee  the  diridend  resolved  into  parts  or  denomi nations  ;  thjco, 
beginoiog  at  the  superior  denomiiiatioD,  we  find  by  trials  how  many  times  the 
dimor  is  caotained  in  it;  if  there  be  a  remainder,  we  increase  the  next  inferior 
denomination  by  it,  observing  (according  to  the  established  principles  of  Nota- 
tion) that  every  unit  of  the  soperior  bfowPf^  ten  of  the  next  in|exM>r ;  in,  this 
maoner  we  proceed  through  all  the  parts  or  denominations  in  the  dividffadi 
Til  OS  let  983  be  divided  by  S ;  here  the  dividend  resolved  into  its  constiltOent 
denuminations  is  900 -I*  ^0  4*3 ;  now  there  are  300  threes  in  900,  20  threes  in 
60,  and  1  three  in  3  ;  therefore  the  quotient  will  be  300  +  ^  -H  U  or  SSI.  Let 
573  be  divided  by  4 ;  this  nunber  resplved  intp  parts»  of  which  each  of  the  supe- 
rior denominations  is  a  multiple  of  4,  will  be  4Q04: 160  +  13»  each  of  whifdi. 
divided  by  4y  we  obUun  100,  40,  and  3  for  the  quotients,  with  1  remaining 
from  the  last  division  ;  therefore  100 -I- 40  4-3  or  143  is  the  quo^icnt^  ai^d  1 
the  remainder.  We  can  easily  prove  that  these  are;  respectively  the  true  q^^ 
tients  ;  for  (since  muHipliattion  and  division  are  converse  ru|e^  it  foJlow^  thit) 
the  quotient  multiplied  by  the  divisor,  with  the  renuunder  added.in,  wtf)  gl^e  t^ 
dividend ;  thus,  32 1  X  3 = 963,  and  1 43  X  4  -(-.  1  =  573,  wh»ch  are  .tVl  PIYP9i«i 
dividends ;  and  sinqe  thii^ii^  tl^  unffdp  of  op<;ntian  presqrijbed  in  ti^  r«K  ^  ^ 
shewn  to  be  right. 
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Method  of  Proof. 
Multiply  the  «{uotiftnt  by  the  divisor^  and  to  the  right  hsftid 
figure  of  the  juroduct  add  the  remainder  3  the  result  will  be  like 
the  dividend*  if  the  work  is  right.      •-' 


ExAMrLBS. 


L  IKvicfe  351731  by ^. 


OPB&ATIOIf. 

2)351731( 


Quoii^t     175865-^ 
Proof     351731. 

H  4ffim  7  and  carry  1 


Esplaaatiim. 

Having  placed  the  diviior  2  to  the  left  band  of 
the  dividend,  I  be^n  thus ;  twos  in  3  will  go  once, 
and  1  over ;  I  set  the  1  under,  and  carry  the  1  re- 
mainder, caUing  it  lOy  to  the  &y  which  makes  15  ; 
then  I  say,  twos  in  15  will  go  7  times,  and  1  orer ; 
I. call  this  1 ...  10,  and  carry  it  to  the  1,  which 
Bikes  11,  then  I  say  twos  in  ll  will  go  5  times,  and  1  over ;  put  down  5  and 
(trry },  that  is  10,  to  the  7,  making  17  ;  twos  in  17  will  go  8  times,  and  i  over  ; 
put  down  8  ami  cany  >>  or  ratU«r  10,  to  th«  a,  which  mafct  13  ;  then  twos  in 
13  will  gf>  6.  times,  and  1  over ;  put  down  6  and  carry  J ,  or  10,  to  the  1 ,  which 
mh|.  1 1,  tiMM  in  1 1  will  go  5  tia«es,  and  I  over ;  put  the  5  under,  and  the  1 
mB|iQd«r!aly9V#.thf.  2  diviaa^  n^i^g  -^^ 
To  proTe  the  op^^tipn,  I  mnltiply  tlie  lower  line,  or  quotient,  hy  2  the  di- 
nm,  addfBg  I,  the  remainder,  to  the  right  hand  of  the  product,  and  the  resuU 
asreeii^wltii  |Mif9  dtvide^d^  (or  tfp  Um,)  shews  thai  the  work  ia  jriglil. 


%  Bivide  1984JtS  by  3. 

Operation. 
3)1984l«( 


(iuotient     •  661371 
Proof    198412 

3. 
4)543235( 

QL     .U     IMJL 
^ot.   13580Si 

Pmf  543^5> 

.  7. 
S)4B13«4( 


BMpUnmtiom, 

1 9^  timtm  ia  I  wiU  not  go ;  I  put  a  d«t  under, 
and  carry  the  1  as  10  to  the  9,  which  make  19»  then 
threes  in  19  will  go  6  times,  and  1  over,  and  so  on. 
FVom  th9  latit  figure  but  one,  viz.  the  1,  there  are  2 
over,  which  in  carrying  I  call  20t 


4. 
5)^67130( 

■II  Ji        in     I 

8. 
3)«1935i7( 


5. 
6)&mi5( 
135402^ 
8}  2416 

9. 
4)30123a( 


6. 
7)150195( 
•21446f 
150123 

10. 
5)9^25M( 


1  ■  ■  1  win*. 


11. 


•WHffF^mn^ 


12. 


•^mmmmmmm^^ 


IS. 


14. 


6)131824(        7)817243.(         8)980726(         9)109278( 


!Hi*> 


■^  ■■■ 
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15. 

2)135940( 


16. 
S)321017( 


17. 
4)  900803  ( 


18. 
5)3 18425 ( 


19.  20.  21.  22. 

6)701246(         7)369214(         8)543210(         9)837612( 


23. 


24. 


25. 


26. 


8)764009(         9)300132(       11)231806(       12)493807( 


88.  When  the  divisor  is  a  composite  •  numher. 
Rule.  Divide  by  one  of  the  component  parts^  and  the  quo- 
tient by  another^  and  (if  there  are  more  than  two)  this  last 
quotient  by  a  thirds  and  so  on  till  you  have  divided  successively 
by  all  the  component  parts  3  the  last  quotient  is  the  answer  \ 

To  estimate  the  remainder  when  the  divisor  consists  of  two  com" 
ponent  parts.  Rule.  Multiply  the  first  divisor  by  the  last  re- 
mainder^ and  add  the  first  remainder  to  the  product ;  the  re- 
sult will  be  the  remainder^  which  may  be  placed  over  the  ori- 
ginal divisor,  as  directed  in  the  preceding  rule,  (Art.  37.  B.)' 

«  A  composite  number  is  that  which  is  the  product  of  two  or  more  num* 
bers,  each  greater  than  unity,  which  latter  are  called  its  component  parts. 

>  Division  being  the  converse  of  Multiplication,  the  truth  of  this  rule  wiU 
be  evident  from  Art.  35.  To  make  it  still  plainer,  we  observe,  that  in  ex.  S7. 
the  dividend,  which  is  required  to  be  divided  by  14,  is  divided  by  9,  and  the  quo- 
tient by  7.  Now  dividing  by  3  gives  the  half,  and  dividing  the  half  by  7  g^ves 
the  seventh  part  of  the  half,  which  is  evidently  the  fourteenth  part  of  the 
whole ;  whence  dividing  successively  by  3  and  7  is  equivalent  to  dividing  by  14. 
And  the  same  may  be  shewn  in  all  other  cases. 

y  The  method  of  proof  is  thus  accounted  for  from  ex.  27.  where  every  unit 
in  the  first  quotient  evidently  contains  2  units  of  the  dividend ;  consequently 
each  unit  in  the  remainder  will  likewise  be  equivalent  to  2  ;  and  therefore  the 
second  remainder  must  be  multiplied  by  2,  (to  make  it  units  of  the  divi- 
dend,) making  10,  to  which  adding  1  (unit  of  the  dividend),  the  remainder  is  1 1. 

Likewise  in  ex.  29,  every  unit  in  the  first  quotient  may  be  considered  as  con- 
taining 1 1  units  of  the  dividend  ;  every  unit  in  the  second,  1 1  units  of  the  first ; 
and  every  unit  in  the  third,  1 1  units  of  the  second ;  therefore  by  the  foregoing 
observations  7  X  H  +  7=84  the  remainder,  supposing  the  two  last  operations 
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39.  If  the  divisor  cofuist  of  several  component  parts^  the  re- 
mainder IS  found  as  follows;  Multiply  the  last  remainder  by 
the  preceding  divisor,  add  the  preceding  remainder  to  the  pro- 
duct^ multiply  this  sum  into  the  next  preceding  divisor^  and 
add  the  next  preceding  remainder,  and  so  on;  the  last  sum  is 
the  remainder^  and  may  be  placed  over  the  whole  divisor  as  be* 
fore. 

The  method  of  proof  is  by  changing  the  order  of  the  divisors, 
that  is,  by  performing  the  operation  again^  dividing  by  that 
number  first  which  you  divided  by  last  in  the  preceding  ope- 
ration 5  if  both  quotients  agree^  the  work  is  right. 

27.  Divide  824135  by  14,  viz.  by  2  x  7  and  7  x  2. 

OpBKATIONS.  Explanation. 

First       2)824135(1         ^°  ^^  ^^^  operation,  I  divide  first  hy  2,  and  the 

'      .  ■     ■  quotient  by  7.    1  jdace  each  remainder  to  the  right 

7)412067(5  opposite  its  respective  dividend  ;  and  then  to  find  the 

Quot»       58866! '  *"**  remainder,  I  multiply  the  first  divisor  2  by  the 

1 _L**  last  remainder  5,  (which  make  10,)  and  add  the  first 

2x54*1=11   Rem,  remainder  1,  making  11  for  the  whole  remainder, 

which  is  placed  over  the  divisor  at  the  right  hand  of 

Second,  7)824135(4  *^«  quotient  t^-^««.w.*u     v 

= — ■■ ^^  In  the  second  operation,  I  divide  first  by  7,  then  by 

2)117733(1  2.    To  find  the  remainder,  I  multiply  7  by  l,an4 

Ouot        58866  \  1  ^^    ^  *^^  product,  which  gives  1 1  for  the  remain* 

' '     ! :_-i'  *  der  as  before. 

7x1+4=11   Rem,        Both  quotients  agreeing,  and  likewise  both  re- 

mainders,  the  work  is  right. 

28.  Divide  813713  by  72  four  ways  3  viz.  6  x  12  . . .  12  x  6  . . . 
px9,  and9x8. 


6)313713(5 
12)135618(6 
.  11301 


12)813613(5 
9) .  67809(3 
11301 


6x6+5=41  Rem. 

8)813713(1 

9)101714(5 

.11301 


3x12  +  5=41  Rem. 

.9)813713(5 
8) .  90412(4 
11301 


5x8+1=41  Rem. 


4x9+5=41  Rem. 


only.    Wherefore  also  84  X  11  +  9=933  the  remainder,  supposing  all  three 
operations :  and  the  same  may  be  shewn  for  four,  or  any  number  of  successive 

operatioDs. 

Another  method  of  finding  the  remainder,  is  by  multiplying  the  quotient 

by  the  divisor,  and  subtracting  the  product  from  the  dividend ;  the  result 

will  \)e  the  true  rcBMttodcr,    ' 
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$9.  Divide  904682  by  1331  j  viz.  by  11  x  11  X  11. 
Operation.  Explanation, 

11)  904682 (9  '^^^  divisors  being  all  alike^  the  operat 

not  be  varied.     To  get  the  remainder^ 

1 1 ).  82243(7  tiply  the  lower  7  by  the  middle  1 1,  and  i 

11)     7476  (7  npper  7  to  the  product^  which  gives  84. 

^  ^ ^  multiply  84  by  the  upper  J 1,  and  add  it 

Quotient        ,  679AVt  which  gives  933  for  the  remainder ;  thu! 

-f  7  =  84.    Then  84X11+9=933. 

30.  Divide  3 1671 8  by  1 5,  or  3  x  5  and  5  X  3.  Quotient  2 1 : 

31.  Divide  801234 by 28, or4x 7 and 7x4.  Quotvent9.S{ 

32.  Divide  814776  by  66,  or  6x11  and   11x6.     Q\ 

12345A. 

33.  Divide  979488  by  96,  or  13  X  8  and  8  x  12.  Q\ 
10203. 

40.  When  there  are  ciphers  at  the  right  hand  of  the  dlvi 

RuLfi.  Cut  off  the  ciphers  by  a  thin  straight  stroke  dra^ 
tween  them  and  the  other  figures  5  and  cut  off  as  many  i 
from  the  right  hand  of  the  dividend  as  there  are  ciphers  « 
from  the  divisor  y  then  divide  the  remaining  figures  in  th 
dend  by  the  remaining  figures  in  the  divisor. 

If  nothing  remain  after  the  operation,  the  figures  cut  of 
the  dividend  will  be  the  remainder ;  but  if  any  thing  rt 
the  figures  cut  off  must  be  placed  to  the  right  of  it  for 
mainder  *. 

The  method  of  proof  is  by  multiplying  the  quotient 
divisor,  and  adding  in  the  remainder ;  or  by  dividing  1 
component  parts  of  the  divisor  when  it  can  be  done. 


*  Cutting  off  one  figure  from  both  terms  is  equivalent  to  dividing  botl 
cutting  off  two  figures  from  each  is  equivalent  to  dividing  both  by  100 
is  obvious  from  the  method  of  Notation ;  add  it  is  plain,  that  as  < 
the  whole  divisor  is  contained  in  the  whole  dividend,  so  often  must  an) 
the  divisor  be  contained  in  a  lil^e  part  of  the  dividend.  Now  the  cul 
directed  in  the  rule  is  nothing  more  than  taking  like  parts  of  both,  the 
cut  off  from  the  dividend  being  (from  the  nature  of  Notation)  the  rig 
figures  of  the  remainder ;  wherefore  the  rule^is  evident.  This  useful  ; 
contraction  saves  a  multitude  of  ciphers,  and  shortens  the  work  amazin, 


34.  Divide  1571^4  bj  90. 

Ofesatiov*  S^mMiim, 

9IaM4W1^^U/         ^^^  h&tiog  cutoff  the  cipher  from  tbtdifiaor, 

X|u;ia7_txa|»^     .and  the  last  figure  4  from  tlie  dividend,  I  diride  tba 

QwHenf  *  785^144      ranaiiiiDfc  figrares  in  the  latter  by  9.    Haring  divided 

^f      Iti^iooV*      ♦fe*  3>  I  haire  1  remaining,  which  it  plaeed  before  tha 

•^       ^^^^^^^        4  cut  off,  making  ihe  remainder  14;  this  it  plaooi 

over  SO,  the  diritor^  at  the  eud  of  the  quotii»t,  at  io 
tk  fonner  rolet.  The  proof  arites  by  multiplying  the  quotient  by  the  divitor 
SO,  (Alt.  30.)  and  adding  in  the  remainder  14.  For  other  proofs,  divide  by  4  X  & 
iil5X4.  Art. 39. 

35.                                36.  37. 

8]OQ)1001^|43(  4iOQO)791g36|l31(  5|0000)1234|5678( 

(MieiU  •  3337444^                 197809^^  24^^444 

^/     10012343                   791236131  12345«78 

^.  Divide  1234567 1^  210. 

Operations.  EMpUmtdwn, 

JBS456|7(       7)12345617(4  ^^^^.l^^,  t^ ^,^, 

7)^41152    (6     3)- 17636    (2  and  7X3,  having  fint  cut  off  liia  7 

»fiQ7fli  8  7  ""^"^ftrftTZJ!      ^**™  ****  dividend.    For  the  raaainderi, 

oo/«Vrr  oo/J^^Ttr      5^  ^y^  ^^  operation,  I  lay  6  timet  3 


aw  18,  and  place  it  befon  the  7,  mak* 
H  I87.  In  the  aeicooii  ioperati«i}»  I  tay  twiee  7  are  14  and  4  are  18 ;  thia 
fhced  l^efore  the  7  cut  off  makes  187>  which  in  both  is  placed  over  tht  divitor* 

39.  Divide  2468123  by  60.     Qmtient  41135^^. 

40.  Divide  12345200  by  700.    Qy^tient  17636. 

41.  Divide  98765432  by  11000.     QMotimt  S97^iWo*m 

42.  Divide  852768000  by  120.     Quotient  7106400. 

41.  When  the  divisor  is  any  number  greater  than  12. 

Rule  I.  Having  placed  the  divisor  on  the  left  as  before,  find 
Inm  many  times  it  is  contained  in  the  least  number  of  figures 
possible  of  those  on  the  left  of  the  dividend^  and  set  the  quotient 
figure  to  the  right. 

II.  Multiply  the  divisor  by  the  quotient  figure,  and  set  the 
Fi^act  under  the  forementioned  left  hand  figures  of  the  divi« 
deod. 

II  Subtract  the  said  product  from  the  figures  above  it,  and  to 
the  right  of  the  repaainder  bring  down  the  next  figure  (viz.  the 
next  to  those  already  used)  in  the  dividend,  and  find  how  often 
the  divisor  is  contained  in  this  number. 

IV.  Set  the  quotient  figure  to  the  right  of  the  dividend  as  be* 
^t'j  iQultiply  the  divisor  by  itj  place  the  product  under  the 
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last  found  number  $  subtract^  bring  down>  divide^  &c.  aa  before, 
until  all  the  figures  in  the  dividend  are  brought  down*. 


*  This  rule  differs  from  the  operation  directed  in  Art.  37  B.  only  in  one 
tjcular,  namely,  there  the  work  is  for  the  most  part  performed  mentally,  wfaerett 
here  the  whole  process  is  put  down. 

Learners  usually  experience  some  difficulty  in  finding  how  many  times  tbr 
divisor  wUl  go  in  the  figures  to  be  divided ;  the  rule  is,  wh^n  the  divisor  w 
contained  in  its  own  number  of  figures,  find  how  often  iSait  first  ^nre  of  tibsi 
divisor  is  contained  in  the  firtt  of  those  to  be  divided ;  but  when  the  num- 
ber of  figures  in  the  divisor  is  one  less  than  the  number  of  figures  to  be  divided^ 
find  how  often  the^r^^  figure  of  the  former  will  go  in  the  two  first  of  the  latter. 
This  method,  if  proper  allowances  be  made  for  carrying,  serves  to  determinttit 
quotient  figures  very  readily.   Another  method  is,  to  multiply  the  divisor  (pR- 
vious  to  the  operation)  by  %  3,  4,  &c.  to  9,  and  set  the  products  in  their  order 
in  a  column  under  the  divisor,  and  their  respective  multipliers  opposite ;  then 
at  every  step  of  the  work  you  have  only  to  take  that  product  which  is  nearest 
to,  but  not  greater  than,  the  number  to  be  divided ;  place  it  under  the  said  nnm- 
ber,  and  put  the  opposite  multiplier  in  the  quotient.    For  example,  to  dindft 
42031687  by  23  ;  thus, 
1  •  •  •  •  23  )  42021 687  ( 1 827029     Here  the  left  hand  column  contains  the  mnlti- 

— -  pliers  of  the  divisor :  the  second  column  con- 

ISO 
jg .  tains  the  products,  each  opposite  its  proper 

TT  multiplier ;  to  the  right  of  this  stands  the  ope- 


3. ...  69 
4. ...  92 
5  ..  115 
6..  138 
7..  161 
8..  184 
9..  207 


46  ration.    First  then,  to  find  how  often  23  goes 

"J^  in  42,  I  look  among  the  products,  and  find 

16I  that  23  is  the  only  one  not  greater  than  42 ;  I 

(ia  therefore  put  23  under  the  42,  and  its  opposite 

46  multiplier   1  in  the  quotient.     Having  sub- 

227  tracted,  and  brought  down  the  0,  the  number 

^07  next  to  be  divided  is  190 ;  the  nearest  num- 

^0  ber  not  greater  than  this  among  the  products 

is  184;  this  I  put  below  190,  and  its  multiplier  8  in  the  quotient:  the  next 

number  which  arises  to  be  divided  is  62 ;  the  nearest  product  for  this  is  46y 

which  I  put  below  it,  putting  the  corresponding  multiplier  2  in  the  quotient: 

I  proceed  in  this  manner  until  the  work  is  finished. 

The  first  method  of  proof  is  obvious ;  for  it  is  plain,  that  if  the  dividend  con- 
tain the  divisor  some  number  of  times  exactly y  that  number  will  be  the  quo- 
tient ;  and  (this  rule  being  the  converse  of  Multiplication)  the  divisor  multi-* 
plied  by  the  quotient  will  produce  the  dividend  exactly  when  the  work  is  right 
But  if  there  be  a  remainder,  it  is  plain  that  the  dividend  exceeds  the  aforemen- 
tioned product  by  that  remainder,  which  therefore  must  be  added  to  the  product 
in  order  to  produce  the  dividend. 

The  second  method  by  casting  out  the  nines  will  be  demonstrated  algebra!* 
tally  in  its  proper  place. 
The  third  method  of  proof  by  adding,  depends  on  this  consideration^  that  the 
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Methods  of  proof. 

I.  Multiply  the  quotient  and  divisor  together,  add  in  the  re* 
DQainder>  and  the  result  will  be  like  the  dividend  when  the  work 
'Bright 

II.  Cast  the  nines  out  of  the  divisor  and  quotient^  setting 

the  remainders  on  opposite  sides  of  a  cross^  as  in  Multiplication. 

Multiply  these  together^  and>  having  cast  out  the  nines  irom  the 

product^  set  what  is  over  at  the  top  of  the  cross.  Cast  the  nines 

out  of  the  remainder;  subtract  what  is  over  from  the  dividend, 

and  cast  the  nines  out  of  what  remains ;    put  the  remainder  at 

tbe  bottom  of  the  cross,  and  it  will  be  like  the  top  figure  when 

the  work  is  right. 

ni.  Add  the  remainder,  and  all  the  lower  lines  of  figures  toge- 
ther, and  if  the  work  is  right,  the  sum  will  be  like  the  dividend. 

43«  Divide  550914  by  234. 
Operation. 

Dmnr  DMdend  Quotient 

934 )  550914  (  2354  P^oof  by  Multiplication. 
468  Quotient  2354 

829  Proof.  Divisor     234 

702  V  O  y  9416 


1271  0  X  ^  ^^^ 

1170  yo\  4708 


1014 


Rem.  78 


936  Dividend  550914 


78  Remainder 


550914  Proof  by  Addition. 

JSjcpitmatton, 

Tint,  I  take  as  many  (and  no  more)  of  the  left  hand  figures  of  the  dividend 
(m.  550.)  as  contain  the  divisor  234  j  I  then  try  how  often  S34  will  go  in  550, 

product  of  the  divisor  and  quotient,  with  the  remainder  added,  equals  the  divi* 
<lcDd ;  now  the  numbers  here  actually  added  are  the  remainder,  and  the  pro- 
ducts of  the  divisor  into  the  several  quotient  figures,  placed  in.  order;  and  since 
the  sum  of  the  products  of  the  parts  into  any  number  equals  the  product  of  the 
whole  into  that  number,  it  follows  that  the  sum  of  these  products  and  the  re- 
mainder will  be  equal  to  the  dividend,  if  the  operation  be  correct. 
.  Another  method  of  proof  is,  to  subtract  the  remainder  from  the  dividend,  and 
diride  the  result  by  the  quotient ;  the  resulting  quotient  will  be  like  the  divisor 
^cn  the  work  is  right.  Thus  in  ex.  43.  if  the  remainder  78  be  taken  from 
the  dividend,  and  the  result  550836  be  divided  by  the  quotient  2354,  the  qoo- 
.tot  of  this  division  wiU  be  234>  which  is  equal  to  the  given  divisor. 


1 


4t 

and  find  it  will  go  twtce ;  I  therefinre  -pat  S  in  the  quotienty  (rix.  OB  the 
the  dividend,)  and  multiply  the  diviBor  334  by  it,  the  product  468  I  tiM 
ander  «he  hbO.  Next  I  nibtradt  468  from  550,  alld  ttte  i<alia«iiiiljr>|i 
thi9  I  bring  down  the  9»  making  S99i  I  try  how  oftaft  the  ^Maot  will  go 
and  find  it  will  go  3  times ;  I  put  3  in  the  quotient,  and  multiply  the  di' 
it ;  the  product  702  I  place  under  the  829^  and,  subtracting  thel^wer  fi 
upper,  the  remainder  i»  137  •;  I  bring  dtfwn  1  to  this,  aaA  it  b^eomea  I 
try  how  often  the  ditisor  will  go  in  this,  and  find  it  will  go  5  times ;  I  tt 
pot  5  in  the  quotient,  and  multiplying  the  dirisdr  by  it,  I  ]piittfae  prodtt 
under,  awl  s«btmet  it  from  1371;  to  the  retMunder  fOl  IbHagdowa 
^re  in  the  dividend,  viz.  4,  making  10 14  ^  I  find  that  the  divisor  is  oo 
4  times  in  this  number ;  I  put  the  4  lb  the  qudtiedt,  mdh^ly  the  ^tiso 
plaoe  the  product  under  the  iei4,  and  tnbtntet  as  before ;  tliei^  htitfi  Hi 
figures  in  the  dividend  to  bring  down,  the  78  is  the  remainder. 

In  the  proofby  Multiplication,  the  quotient  2354  is  muUiptied  by  the 
334,  and  the  remannder  78  added  to  the  prodnet,  attd  the  Yeault  being  I 
dividend  shews  that  the  work  is  right. 

In  the  proof  by  Addition,  I  add  the  remainder  and  the  lower  lines  of 
(net  Khe  upper)  together,  as  they  rtaod  vertically,  or  ith4at  each  olJbeir ; 
and  6  are  14;  put  down  4,  and  carry  1  to  7  are  8  and  3  aire  1 1  and  Oafe  1 
down  1,  and  carry  1  to  the  9,  7»and  3,  which  make  19 ;  put  down  9»and « 
to  the  1 ,  0,  and  8,  which  nudLC  10 ;  put  down  0,  and  canry  1  to  tiie  1,  7» 
which  make  15 ;  put  down  5,  and  carry  1  to  the  4  is  5,  which  I  put  dowi 

In  the  proof  by  the  cross,  I  cast  the  nines  out  of  the  divisor  334,  atai 
which  remains  I  place  on  the  left  of  the  cross ;  I  then  east  tile  nnnt  odt 
quotient  2354,  and  plane  the  remahider  5  on  the  right.  I  next  nmkiply  £ 
together,  and  put  the  result  0  at  the  top.  I  then  cast  the  nines  out  of  I 
mainder  78,  and,  subtracting  the  6  that  is  over  from  the  dividend,  I  cf 
nines  out  of  the  remidnder,  and  the  result  b  0  like  the  top ;  whereioit  th* 
is  right. 

44.  Divide  304932  by  13. 

Opbratiov. 
Divisor  Dividend  Quotient 
13  )  304932  (  23456 
26  13 


•   44 

70368 

39 

23456 

59 

4  Rem, 

52 

304932  Proof 

73 

65 

82 

78 

4  Rem, 

304932 

Proof  by  Addition 

Proof 
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45.  Divkfe  17M598  by  S3. 

OpBRATIOIf. 

JDmM9r.    DMdentf,    QtisHeni. 
ffl  )  1700598  (  76647 
161  23 

150         229641 

138  153094 

125  17Uem. 

115  1760598  Proo/. 


109 
92 


Proof. 


178 
161 


17  Rem, 


1760598  Proof  by  Addition. 

tt.  Kvide  123456789  by  9876. 
Opebation. 

8876)123456789(12600  Proofi. 

9876  M/  ^^^ 

24696  S>M5  ^^^ 

19752  y6\  75000 

49447 
49380 


4Q44.T  87500 

*^^^  100000 


112500 


6739  Rem.  ^^Qg  r^^ 


123456789  Proof.  123466789 

47.  Difide  3827101  by  31.     Quot.  12345.  rem.  6. 

48.  Divide  814483  by  23.     Quot  35412.  rem.  7. 

49.  Divide  24753819  by  26.     Quot.  952069.  rem.  25. 

50.  Divide  80132457  by  29.     Quot.  2763188.  rem.  5. 

51.  Divide  15185088  by  123.     Quot.  123456. 

52.  Divide  85691764  by  243.     Quot.  352641.  rem.  1. 

53.  Divide  73671248  by  857.     Quot.  85964.  rem.  100. 

54.  Divide  175729358  by  3542.     Quot.  49613.  rem.  :L12. 
65.  Twelve  men  divide  20736  pouads  equally  among  them- 

"^■es  J  what  is  the  share  of  each  ?     Ans.  1728/. 

56.  A  baker  has  5138  pounds  of  doughy  of  which  he  intends 
to  make  loaves  weighing  14  pounds  each }  how  many  will  he 

?   ^w«.367. 

57.  In  a  cert^ia  frigate  there  are  176  comsaon  juulors^  a&4 


i 
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they  share  308001.  prize-money  equally ;  what  sum  does  each 
receive  ?     Ans.  17 oU 

58.  How  many  times  will  a  watch,  which  goes  31  hours,  re- 
quire winding  up  in  28458  hours  ?     Ans.  918  times. 

59.  The  crop  of  wheat  on  an  estate  is  1164  quarters;  what 
quantity  was  sown,  supposing  eyeiy  corn  to  have  produced  97  oa 
an  average  ?     Ans.  12  quarters, 

GO.  How  many  times  is  the  number  999  contained  in  the  ten 
digits,  arranged  in  their  natural  order  ?  Ans,  1235803  time^  aanA 
693  over, 

REDUCTION. 

42.  Reduction**  teaches  how  to  change  numbers  from  (me 
denomination  to  another,  without  altering  their  value  3  and  il 
performed  by  multiplication  and  division. 

When  numbers  are  brought  from  a  higher  denomination  into 
a  lower,  the  operation  is  called  Reduction  descending,  and  is  per« 
formed  by  multiplication. 

When  numbers  are  brought  from  a  lower  denomination  into 
a  higher,  it  is  ealled  Reduction  ascending,  and  is  performed  bf 
division, 

43.  To  bring  gfeat  names  into  small,  that  is,  to  reduce  nwnbert 
from  a  higher  denomination  to  a  lower. 

Rule.  Multiply  by  the  number  denoting  how  many  of  tht 
lower  denomination  make  one  of  the  higher. 

Thus  to  bring  poands  into  shillings,  I  multiply  the  pounds  by  20,  becaost 
SO  shillings  make  one  pound :  to  bring  shillings  into  pence,  I  multiply  the  slul^ 
lings  by  V2,  because  12  pence  make  one  shilling :  and  to  bring  pence  into  fin- 
things,  I  multiply  the  pence  by  4,  because  4  farthings  make  one  penny  '. 

--^ 1 — — — ■ — • ■ —  -     I  -  -    ■  I  -        11-    I  ■-- ^" 

^  From  the  laXmreduco,  to  restore,  or  bring  back. 

*  The  reason  of  this  rule  mil  be  readily  understood.  Suppose  it  were  reqauneii 
to  reduce  any  number  of  pounds  into  fartliings ;  the  most  convenient  mefbodl 
would  evidently  be,  by  reducing  the  given  number  first  into  shillings,  then  hit9 
pence,  and  next  into  farthings.    Now  I  pound  contains  (once  twenty,  or) 
twenty  times  1  shilling ;  2  pounds  contain  (twice  twenty,  or)  30  times  2  ihil'* 
lings ;  in  like  manner  3  pounds  contain  20  times  3  shillings ;  a;nd  in  general  any 
number  of  pounds  will  contain  20  times  that  number  of  shillings.    By  simils^ 
reasoning  it  appears,  that  any  number  of  shillings  contains  12  times  that  nun** 
ber  of  pence ;  and  any  number  of  pence,  4  times  that  number  of  £aurthii^* 
Wherefore,  since  there  are  20  shillings  in  I  pound,  and  12  pence  in  1  ASHHag's 
it  follows,  that  there  are  20  times  12,  or  240  pence,  in  1  pound ',  and  likewi** 
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44.  fVhen  there  are  intermediate  denominatUms  between  the  given 
denomination,  and  that  to  which  you  would  reduce  it. 

Rule.  Reduce  the  given  number  step  by  step  in  order, 
through  ail  the  intermediate  denominations,  (by  the  foregoing 
nile^}  until  you  have  brought  it  down  to  the  proposed  denomi« 
nation. 

Thus  to  bring  poands  hito  fortbings,  I  first  reduce  ille  pounds  into  shUlings, 
then  the  shillings  into  pence,  and  lastly  the  pence  into  forthings  *, 

45.  When  the  given  number  consists  of  several  denominations. 

Rule.  Begin  at  the  highest  denomination,  reduce  it  to  the 
second,  and  to  the  result  add  the  second  denomination  in  the 
^ven  number ;  reduce  this  sum  to  the  third  denomination,  and 
to  the  result  add  the  third  denomination  in  the  given  num- 
ber j  proceed  until  you  have  arrived  at  the  denomination  re- 
quired. 

Thas  to  bring  pounds,  shillings,  pence,  and  fEurthings,  into  farthings ;  I  be- 
gin with  Uie  pounds,  reduce  them  into  shillings,  and  add  the  given  shillings  to 
the  result.;  I  then  reduce  this  number  into  pence,  and  take  in  the  given  pence; 
and  lastly  I  reduce  this  last  number  into  farthings,  and' take  in  the  given  for- 
tfaings. 

46.  To  bring  small  names  into  great ;  that  is,  to  reduce  numbers 
from  a  lower  denomination  to  a  higher. 

Rule.  Divide  by  the  number  denoting  how  many  of  the  lower 
denomination  make  one  of  the  higher. 

Thn$  to  bring  farthings  into  pence,  I  divide  the  farthings  by  4,  because  4 
&rtlungs  make  one  penny  ;  to  bring  pence  into  shillings,  I  divide  the  pence  by 
12, because  12  pence  make  one  shilling;  and  to  bring  shillings  into  pounds,  1 
£?ide  the  shillings  by  ^0,  because  20  sbiUings  make  one  pound  '. 


(«nce  4  farthings  make  1  penny)  there  will  be  20  times  12  times  4,  or  960 
'vtiiings,  in  1  pound  ;  consequently  any  number  of  pounds  multiplied  by  240 
will  produce  the  number  of  pence,  and  by  960,  the  number  of  farthings,  in 
those  pounds. 

'  When  there  are  shillings,  pence,  or  farthings,  connected  with  the  given 
oomber,  it  is  plain  that  these  must  be  added  in  successively,  each  with  its  like ; 
fiz.  shillings  with  shillings,  pence*  with  pence,  and  farthings  with  farthings. 
This  being  understood,  the  reason  of  the  rule,  as  applied  to  weights  and  mea- 
iiires,  vrill  likewise  be  evident. 

*  Because  there  are  4  farthings  in  1  penny,  8  farthings  in  2  pence,  12  far- 
tl^ings  in  3  pence,  and  in  general  4  times  the  number  of  farthings  in  any  num- 
^  of  pence ;  it  follows  that  there  will  be  in  any  number  of  forthings  one 

E  2 
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47.  IFhen  there  are  intermediate  denonmatum$  between  the  given 
one,  and  that  to  which  it  is  required  to  be  reduced. 

Rule.  Reduce  the  given  number  step  by  step  in  OTder  from 
the  given  denomination  upward,  through  all  the  intermediate 
ones^  until  you  have  brought  it  to  the  propbsed  denomination. 

Thus  to  bring  farthings  into  pounds,  I  first  reduce  them  to  pence,  then  tht 
pence  to  shillings,  and  then  the  shillings  to  pounds. 

When  there  is  a  remainder,  it  is  of  the  same  denomination 
with  the  dividend  from  whence  it  arises  ^ 

MONEY  ^ 

4  £u-things  (9.)  make  1  penny,  d.  4=   1  cf. 

12  pence 1  shilling,  s,         48=  12  =  1 «. 

5  shillings 1  crown,  cr.       240=  60  =  5  =1  cr. 

20  shillings 1  pound,  L.        060=240=20=4=1  L 

21  shillings 1  guinea,  gt/ in. 

27  shillings 1  moidore,  moid, 

•4-  denotes  one  fSaurthing :  4-  two  farthings,  or  one  hsdfpennj  : 
and  ^  three  farthings. 

Examples. 

1.  In  531.  how  many  farthings  ? 
Operation.  Explanation. 

^'  Here  we  have  to  reduce  great  into  small,  consei* 

53  quently  multiplication  must  foe  used.  I  first  nol'     4 

20  tipJy  53  by  20,  which  produces  shillings ;  these  1 

^    j.jj.  multiply  by  1 2,  which  produces  pence ;  and  the»* 

1060  StliUtngS.  I  multiply  by  4,  which  produces  farthings,  or 

12  what  was  required  in  the  question.     This  opera-' 

12720  nfmPA  ^^^^  **  proved  by  that  of  the  following  example  i 

pew     .  ^jj^y  mutually  prove  each  other,  and  may  serve  a» 

a  pattern  to  shew  bow  other  examples  in  this  rxAfi 

Ans.  CiOSSO  farthings,  are  proved. 

fourth  that  number  of  pence  ;  in  like  manner,  in  any  number  of  pence  ther^ 
will  be  one  twelfth  that  number  of  shillings  ;  and  in  any  mimber  of  shillings  oo^ 
twentieth  that  number  of  pounds.    This  rule  is  therefore  evident,  as  being  tb^ 
converse  of  the  former  rule. 

*"  This  will  be  plain,  from  the  consideration  that  every  remainder,  being  ^ 
part  of  the  dividend,  is  evidently  of  the  sam^name  with  it. 

s  Here,  as  well  as  in  each  of  the  weights  and  measures,  there  are  two  table^^* 
the  first  of  which  is  mostly  used  in  reductioU ;  the  second  shews  what  number  ^^* 
every  {inferior  denomination  is  contained  in  each  superior  one. 

Pounds,  shillings,  pence,  and  farthings,  are  usually  denoted  by  the  Latin  ir^  *' 
tials  L,  s.  d.  q.  L  denoting  /t6ra,  a  pound ;  s^  solidus,  a  shilling;  d,  der^^' 
nW,  a  penny  ;  and  q,  quadrant,  a  farthing. 
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9.  In  50880  fhrthiDg8>  bow  many  poondt  ? 

Operation. 

farthing*,  EspUmatw^ 

4)50680(  Htm.  we  bring  small  into  great,  and  therefore 

■      ■  ^  diride.     I  diride  the  £urtbing»  by  4^  which  pro- 

1S)12720(  pence.  duces  pence ;  the  pence  by  12,  which  gives  shil- 

210)  106lO(  shillinss.  ^"*^5  •"*  ***  shillings  by  «0,  which  gitcs  pounds, 

'             I    ^             '  or  the  answer  rMuired. 


Ans.  53  pounds. 


3.  How  many  farthings  are  there  in  2Sl.  \4s.  bd.-^  ? 

QPEKATION. 

J-i'     S'      d.  Explanation. 

23    14    54^  I  multiply  the  pounds,  vix.  23,  by  20,  and  U 

90  the  prodact  I  add  the  14  shUlings,  takii«  in  the 

A.1±  vhillintro  ^  "^  ^^^  place  of  onits,  and  1  in  the  place  of  tens. 

*'  *    '***"'*8*-  Next  I  multiply  474  shillings  by  1 2,  and  take  in 

■'•*  the  5  pence  to  the  product.    1  then  multiply 

6695  pence.  ^^^^  pence  by  4,  and  to  the  product  take  in  the 

^  1   farthing,  and  the  result  is  the  answer  r»- 

■    I  II  II.  quiiied. 

Aju.njJS  farthings. 

4.  Bring  4554^  fiarthings  into  pounds. 

^7«^"^^-  Expianaiion. 

farthmgs.  i  diyidc  by  4,  1 2,  and  20,  as  before,  (Ex.  2.)    Th« 

4)45546(2  2  remainder  after  the  first  division  are  2  farthings,  or 

l9Ul3fifino  ^'  ^^^  ^^  remainder  after  the  second  are  pence,  and 

;     oovyLM  ^^  g  ^^^  ^g,j^  ^jjg  ^jj.^j  division  are  shniings.  ITiesc 

9)0)    94|S  are  collected  with  the  last  quotient,  making  together 

ifcTiTTe*.  10rf,4-    ^^'-  ^  10rf4  the  answer. 

5.  In  123Z.  how  many  pence  ?     Ans.  29520. 

Multiply  by  20  and  by  12. 

6.  In  456Z.  how  many  farthings  ?     Ans.  437760. 

Multiply  by  20,  12,  and  4. 

7.  In  59040  pence,  how  many  pounds  ?     Ans.  246. 

Divide  by  IS  and  20. 

8.  In  266880  farthings,  how  many  pounds  ?    Ans.  278. 

Divide  by  4,  12,  and  20. 

9.  In  345  crowns,  how  mauay  farthings  ?  .  ^fn^.  82800. 

Multiply  by  5,  12,  and  4. 

10.  In  165600  farthings,  how  many  crowns  ?     ^w*.  690, 

Divide  by  4,  12,  crwd  5. 

11.  In  487  halfcrowns,  how  many  halfpence  ?     Ans.  29220. 

Multiply  by  30  and  2. 
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12.  In  97440  balance,  how  many  halfcrowns  ?  Jm.  1624. 

Divide  by  9  and  30. 

13.  In  243  guineas,  how  many  farthings  ?  Ans.  244944. 

Mtdtiply  by  21,  12,  and  4. 

14.  Jn  734832  farthings,  how  many  guineas  ?  Am,  729. 

Divide  by  4,  12,  and  21. 

15.  In  157  moidores,  how  many  halfpence  ?  Ans.  101736. 

Multiply  by  27>  12,  and  2. 

16.  In  610416  farthings,  how  many  moidores  ?  Ansl  471. 

Divide  by  4,  12,  and  27. 
17*  In  41,  3s.  2d,-^,  how  many  faurthings?  Ans.  39$)3. 
See  Example  3. 

18.  In  11979  farthings,  how  many  pounds  ?  Ans,  12Z.  98, 6d. 

See  Example  4. 

19.  In  61,  I2s,  3(2.4-,  how  many  farthings  ?  Ans,  5390. 

!20.  In  16170  farthings,  how  many  pounds?  Ans,  161.  ISs,  lOd 

21.  In  81.  lbs.  4(2.4-,  how  many  halfpence  ?  Ans,  4209. 

22.  In  12627  halfpence,  how  many  pounds  ?  Ans.  261. 6s,  Id, 

23.  In  one  thousand  gidneas,  how  many  fsurthings?  Ati 
1008000. 

24.  In  ten  thousand  farthings,  how  many  crowns  ?  Ans,  4 
crowns,  and  3s.  4d.  over. 

48.  Sometimes  it  is  necessary  to  reduce  numbers  from  on 
denomination  to  another,  such,  that  there  is  no  number  of  tli 
one  contained  exactly  in  one  of  the  other :  operations  of  th 
kind  require  both  multiplication  and  division,  and  are  therefbi 
called  Reduction  ascending  and  descending. 

Rule.  Having  considered  what  denomination  is  given,  an 
what  is  required,  reduce  the  given  one  to  some  inferior  denom 
nation  common  to  them  both,  that  is,  to  one  which  is  containc 
some  number  of  times  exactly  in  each  of  them,  by  Art.  43.  the 
reduce  it  from  this  into  the  denomination  required  \  by  Art.  4( 


^  The  truth  of  this  method  will  be  plain  from  the  preceding  notes. 


^AiT  L  REDUCTION.                                5S 

85.  Reduce  54120  guineas  into  pounds. 
Operation. 

54120  EspUmaium, 

2x  1  fi°<l  that  a  shilUog  is  the  greatest  denomiiiatioii 

contuned  some  ntunber  of  times  without  remainder 

54120  in  both  a  goinea  and  a  pound ;  I  therefore  bring  54120 

10824O  guineas  into  shillings  by  multiplying  by  21 ;  (Art.  43.) 

fllnMiQ^Kolrk  ^^^  lastly,  I  bring  the  shillings  into  pounds  by  diTid- 

i|U)113()5a[0  ing  y^  20,  (A rt.  46.) 

AmM^Q  pounds. 

26.  How  many  half  guineas  are  there  in  1234  crowns  ? 

Operation. 


1334 


Explanation, 


^^  Here  the  greatest  denomination 

common  to  half  a  guinea  and  a 


V)m^{pS7  half  guin,  Ans,  «rown  is  6d.;   there  are    10  six 

I        iQg  pences  in  a  crown,  and  2 1  in  half  a 

'       —  guinea;    1    therefore    reduce    the 

184  crowns  into  sixpences  by  mnlti- 

168  plying  by   10,  (Art.  43.)  and  the 

~7XC  sixpences  into  half  guineas  by  divid* 

**^  ing  by  21  (Art.  46.) ;  the  answer  is 

^^7  587  half  guineas,  and  13  sixpences, 

13  sixpences,  or  6s.  6d.  over.  ^"^  ^«-  ^^  <»^*=''- 

97.  In  2142  pounds,  how  many  guineas  ?  Ans.  2040. 

Multiply  by  20,  and  divide  by  21. 
38.  In  3420  guineas,  how  many  half  crowns  ?  Arts.  28728. 

Multiply  by  42,  and  divide  by  5. 

29.  In  840  moidores,  how  many  guineas  ?  Ans.  1080. 

Multiply  by  9,7,  and  divide  by  9,1. 

30.  In  307^.  16s.  how  many  moidores  ?  Ans.  228. 

31.  In  57015  crowns,  how  many  guineas  ?  Ans.  13575. 

32.  In  10500  moidores,  how  many  pounds  ?  Ans.  14175. 

TROY  WEIGHT  N 

49.  Troy  weight  is  used  for  weighing  such  commodities  as 
We  of  a  pure  nature,  and  very  little  subject  to  waste,  as  gold, 

^  Troy  weight  (called  in  the  old  books  Tnme  weight)  is  supposed  to  have 
^''^SiBated  in  France,  and  to  hare  taken  its  name  from  Troyes,  a  considerable 
^  in  the  department  of  Aube. 

I^e  origin  of  all  Englisli  weights  was  a  corn  of  sound  ripe  wheat  taken 
«Qtof  the  middle  of  the  ear;  32  of  these  well  dried  were  to  make  1  penny- 
^^  30  pennyweights  an  eunee,  and  12  ounces  a  pound,  according  to 
^i  Henry  m.  31  Edward  I.  and  12  Henry  VII.;  but  afterwards  the  peony 
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silver,  and  jewels  ^  it  b  likewise^  emplojed  to  determine  the 

comparative  strength  of  liquors. 

«^» 
24  grains^  (gr.)  make  1  pennyweight  (dwt)  24  =  Idwt 

«0  pennyweights  .  .  1  ounce,  (oz,)  480=  20  ==  loz. 

12  ounces 1  pound,  (lb,)  5760=240=312=  116. 

33.  In  123i6.  4oz.  bdwt,  6gr.  how  many  grains  ? 
Operation. 

lb,       oz,  dwt,  gr, 
123     4     5     6 
12  Explanation, 

1480  ounces,  ^  begin  at  the  highest  denomination  (A.),  and 

QQ  '  multiply  by  12,  taking  in  the  4;  this  givea 

ounces.    The  ounces  I  multiply  by  20,  and  take 

29605  pennyicts,     ia  the  S  for  pennyweights.    The  pennpreights  I 
94  multiply  by  24,  and  take  in  the  6  for  gaaa»^^ 

which  gives  the  answer. 


118426 
592)0 


Ans,  71(>526  grains. 

34.  In  39483  grains,  how  many  pounds  ? 
Operation. 

gr.        2|0)  Explanation. 


24  )  39483  (  I64[5  I  ^^^e  grains  by  24,  and  the 

24     12)  82  ^  quotient  1645  is  dwts.  these  I  di- 

TkI       a — 7^  ,r*       e-j    *  o       ^^^^  ^y  20,  and  the  quotient  is 
^5>*     Ans.  6lb,  lOoz.  bawt.  :5gr.  ounces;  these  I  divide  by  12,  and 

144^  the  quotient  is  pounds.    The  3  re- 

203  maining  after  the  first  division  are 

Qg  grains,  the  5  cut  ofF  in  the  second 

are  dwts.  the  10  over  in  the  third 

123  are  ounces  ;  these  placed  in  order 

\2Q  E^^^  ^**  ^Ooz,  Bdwt,  Zgr. 

3  grains, 

35.  In  6lb.  1002.  Sdwt,  Sgr,  how  many  grains  ?  Ans,  39483. 

36.  In  710526  grains,  how  many  pounds  ?  Ans,  I23lb,  4oz. 
bdtct.  6gr, 


weight  was  divided  into  S4  parts,  called  grairts,  as  at  present.     This  seems  to 
have  been  the  only  legal  weight  used  in  England  from  the  Norman  conquest 
to  the  year  1 533,  when  an  act  was  passed,  authorixing  the  usfe  of  avoirdupiMS  . 
weight,  by  which  meat  was  to  be  bought  and  sold.     lUqtin**  Hitt.  tfEiigt 
vol.  vi. 

*  The  grain  troy  is  thus  divided  and  subdivided  by  the  moneyers  ;  vix.  a 
grain  into  20  mites,  a  mite  into  24  droits,  a  droit  into  20  periois,  and  a  periot 
Into  34  blanks. 
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37.  Reduce  1752^.  ioto  graiuB.  Jm.  1008000. 

38.  How  many  pounds  are  there  in  201600  grains  ?  Jm,  35. 

APOTHECARIES*  WEIGHT. 

50.  The  Apothecaries  compound  their  medicines  by  this 
wnght^  bat  never  use  it  for  baying  or  selling :  the  pound  and 
ounce  are  exactly  the  same  as  the  pound  and  ounce  troy  -,  but 
the  smaller  divisions  in  this  weight  have  the  adrantage  in  point 
of  coiiTenience,  where  great  acciuracy  is  required  ^. 

SO  grains  (gr.)  make  I  scruple.  9,      !^  =5     1      3 

3  scruples 1  dram.  3*  60=     3=:   1       ; 

8  drains 1  ounce.  S.       460st  24=  8=   1     !b 

I     12 ounces l  pound,  ft.  5760=288=96=12=1 

39.  In  10ft  lis  73  29  lOgr.  how  many  grains  ? 

Operation. 

ft  ?  5  9  /rr. 
10  11  7  2  19 
12  Explanation, 

\^ ounces.  Befinning  at  tbe  pounds,  I  multiply  by  12, 

Q              '  and  take  in  the  1 1  for  ounces  ;  these  1  multiply 

by  8,  and  take  in  the  7  for  drams  ;  tbe  drams  I 

1055  drams.  mul^ply  by  3,  and  take  in  the  %  for  scruples ; 

3  which  latter  I  multiply  by  90,  aud  take  in  the  19 

_  for  grains. 

3167  scruples, 

20 

iw.  63359  graww- 


^  Drugs  of  eTe.ry  description  are  bonght  and  sold  by  Avoirdupois  weight. 

l^Tsicians,  as  well  as  their  learned  brethren  the  lawyers,  conceal  their  secret 
^the  Tulgar  under  the  disguise  of  abbreviated  Latin ;  a  practice  derived  fnim 
the  ScbooUnen :  thus,  in  their  prescriptions, 

Bf  denotes     recipe,  or  take. 

a,  ii,  or  anay of  each  the  same  quantity. 

It semiSf  half  of  any  thing. 

coch cochleare,  a  spoonful. 

Cong congiuf,  a  gallon. 

P. pugU,  as  much  as  can  be  held  between  the  thumb 

and  two  fingers. 

M mtnripulus,  a  handful. 

q.  s quanhcm  su^cif,  a  sufficient  quantity. 

93 a  scruple. 

5j  or  Hjiij a  dram. 

I]  or  Jviij an  ounce.  « 

^}  or  |xij a  pound. 
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40.  In  159024  grains,  how  many  pounds  ? 
Operation. 

gr.  Explanation, 

2|0(15902|4(  I  divide  grains  by  20  for  scniples,  scruples  by 

3^7951(1  ^  ^^^  drams,  drams  by  8  for  ounces,  and  ooncei 

li ^  by  12  for  poands.    There  are  4  over  in  grainy 

8)2650(2  1  in  scmples,  2  in  drams,  and  7  in  ounces;  tlMit 

jQ\»3i/  placed  in  order  after  the  pounds  give  the  aniwfr. 

Ans,    27fe  75  25  1 3  4gr. 

41.  In  63359  grains,  how  many  pounds  ?  An$.  10*  1X5  75 
29  19gr. 

42.  In  27ft  7l  23  l9  4gr.  how  many  grains  ?  Ans,  159024. 

AVOIRDUPOIS  WEIGHT. 

51.  Avoirdupois  weight  is  used  for  almost  all  kinds  of  mop- 
chandise ;  it  seems  to  have  been  adopted  for  the  purpose  of 
giving  sufficient  weight  in  selling  commodities  of  a  coarse  and 
drossy  nature,  a  pound  in  this  weight  being  equal  to  14o2.  lldic*. 
I6gr.  troy  nearly*. 

16  drams  (dr.)      make  1  ounce.  oz» 

16  ounces 1  pound,  lb. 

28  pounds »    1  quarter,  qr. 

4  quarters 1  hundred  weight,  cuct, 

20  hundred  weight  .  .    1  ton.  t, 

dr. 

16=       loz. 

256=     16  =    lib. 

7168=  448  =  28  =  l^r. 

28672=  1792  =  112  =  4  =  Icwt, 

573440=35840=2240=80=20=1^0/1. 


I  Avoirdupois  weight  began  to  be  used  for  butchers'  meat  only  about  the 
of  the  1 5th  century,  and  became  a  legal  weight  for  that  purpose  by  the  ^ 
Henry  VIII.  by  degrees  its  use  was  extended  to  all  kinds  of  coarse  and  hea^ 
merchandise,  so  that  now  all  kinds  of  grocery  and  chandlery  wares,  mea.'t 
bread,  com,  tallow,  pitch,  tar,  turpentine,  ^ron,  brass,  copper,  lead,  tin,  jpc 
&c.  are  weighed  by  Avoirdupois  weight. 

A  pound  Troy  equals  13os;.  2^dr,  nearly  Avoirdupois,  and  an  ounce  Troy  i 
about  1 02.  \^dr.  Avoirdupois:  also,  an  ounce  Avoirdupois  equals  X^dwS'^ 
5-7^.  Troy  ;  175  pounds  Troy  =: 1 44  pounds  Avoirdupois;  175  ounces  Tro 
*=192  ounces  Avoirdupois;  consequently  the  Troy  pound  is  less,  and  tJ> 
ounce  greater,  than  the  pound  and  ounce  Avoirdupois. 

Tlkt  name  Avcirdupoit  is  derived  from  the  French  avoir,  to  have,  and  ^ 
gnndsy  weight. 
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Some  commodities  for  which  this  weight  is  used  have  denor 
minatioDs  peculiar  to  themselves  -,  as  the  following. 


Bread  and  Flour.  »     ^, 

So*      ojr. 

A  peck  loaf    weighs    17    6 
Half  peck 8  11 


Qnartern 4 

Half  quartern 2 

A  peck  of  flour  ....   14 

A  bushel 56 

Asack>  or  5  bushels^  280 

Wool. 
14  pounds  are  a  stone. 

2  stone a  tod. 

fitted a  wey. 

2  weys a  sack. 

12  sacks a  last. 


0 
0 
0 


Butter,  Cheese,  and  Meat. 
8  pounds    are   a  clove. 

2  cloves a  stone. 

56  pounds  ....  a  firkin  of  butter. 
224  pounds  ...  a  barrel. 

32  cloves a  wey  in  Suffolk. 

42  cloves  ....  a  wey  in  Essex. 
8  pounds  ....  a  stone  of  but- 
cher's meat. 

Hay  and  Straw. 
36  pounds  are   a  truss  of  straw. 
56  pounds  ....  a  truss  of  old  hay. 
60  pounds  ....  a  truss  of  new  hay. 
36  trusses  ....  a  load. 


IroUy  Steely  and  head. 
14  pounds  are  a  stone. 
120  pounds  ...  a  &ggot. 
19-J-  cwt a  fother. 

43.  In  \t,  ^cwt,  3qr.  426.  how  many  pounds  ? 
Operation. 


/.  cwt,   qr, 

12    3 
20 

22  cwt. 
4 

91  qr. 

28 

732 
182 

^W.  2552  Ih. 


lb. 
4 


Esplanation, 

I  multiply  the  ton  by  20,  and  take  in  the  2,  which 
gives  cwta.  these  I  multiply  by  4,  and  take  in  the  3, 
which  gives  quarters;  these  I  multiply  by  28>  and 
take  in  the  4  for  pounds. 


m 


AttTtttMSTiC. 


44.  In  9^3575  drami,  how  many  cwt.  ? 
Operation. 
dr.        16)        28)       4) 
16)395575(18348(1146  (  40 

^^  ^^        l}^    Wftfit  Oqr.  26tt.  l^tt:.  7dr.  Am. 

133  «3  26  ;r 


128 


16 


65 

48 

77 
64 


135 

128 


74 
64 

108 
96 

12  ounce*. 


7  drcmis. 


Or  thus. 
Or. 


^^r  41293575131^^^ 
1 4    73393  l-> 


73393 
jgr4lT83ii 


^41  4587 


28(^ 
t4 


11465 


16313  J 


^  1 12  oz. 
3^ 


1-26  Z6s. 


EAylaneUion, 

la  the  first  operation,  I  divide  drami 
and  the  quotient  is  18:^48  ounces;  thci 
vide  by  16,  and  the  quotient  is  1 146  lbs. 
I  divide  by  28,  and  the  quotient  is  40  qn 
these  I  divide  by  4,  and  the  quotient  is  I 
this,  with  0  over  in  quarters,  26  in  poiu 
in  ounces,  and  7  in  dnuBs,  conatituteft  t 
swer. 

In  the  second  operation,  instead  of  t! 
sixteens,  I  divide  twice,  by  4  X  4,  and  i 
of  28,  by  7  X  4,  which  makes  short  divi 
it :  the  remainders  are  calculated  by  h 
in  Division. 


4    40 


Ans,  \Ocwt,  Oqr.  ^6lbs.  12o2.  7dr. 


45.  In  32cu;^.  how  many  pounds  ?     Aris.  3584. 

See  Example  43. 

46.  In  10752  pounds,  how  many  cwt.  ?     Ans.  OS, 

Divide  by  28  and  4. 

47.  In  14ao^.  how  many  drams  ?     Ans.  401408. 

Multiply  by  4,  28,  16,  and  16. 

48.  In  200704  drams,  how  many  cwt.    Ans,  J, 

Divide  by  16,  16,  28,  and  4. 

49.  In  2cm;  *.  S^r.  4/6.  5oz.  6dfr.  how  many  drams?  Aiu,7i 

50.  In  11^.  12cM?*.  Sqr.  I4lb,  how  many  ounces?  Ans,  41' 
61.  In  12760/6.  how  many  tons?   Ans,  6t.  IScwt.  Sqr, 
52.  In  4t,  Scwt,  2qr,  lib.  how  many  drams  ?   Ans.  23943( 
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52.  LONG  MEASURE. 

In  estimating  the  contents  of  magnitudes,  dHTerent  measures 
•re  employed ,  some  are  measured  hj  their  length  only,  some  by 
their  length  and  breadth  cmijointly^  and  some  by  their  length, 
breadth^  and  thickness  conjointly. 

Long  Measure*  b  that  which  measures  any  one  of  these  di- 
mensions^  being  api^ied  to  distance  only. 

4  lines  (/.)  make  1  barley-corn.  be. 

3  barley-corns,  or  12  lines   .  1  inch.  iti. 

4  inches ^ 1  hand ".  h. 

9  inches 1  span,  sp, 

12 inches    l  foot'./. 

18  inches 1  cubit  ^.  cub, 

8  feet 1  yard',  yd. 

6  feet 1  fethom  \fath. 

6|.  yards 1  rod,  pole,  or  perch  •.  r  or  p. 

40  poles  ....  * 1  furlong. /wr. 

8  furloogs  .  , I  mile.  m. 

3  miles 1  league. 

"  Long  Measure,  w^ich  is  that  from  whence  all  the  other  measures  are  de- 
lired,  owes  its  origin  to  the  length  of  a  grain  of  barley :  three  grains  of  sound 
npe  barley  being  taken  oat  of  the  middle  of  the  ear,  well  dried,  and  Isud  end  to 
cod  in  a  row,  were  considered  as  an  inch,  which  in  this  measure  is  called  the 
measuring  unit.  As  the  length  of  the  barley-corn  cannot  be  fixed,  so  the  inch 
according  to  this  loe^bod  will  be  unceitain ;  but  to  remedy  this  inconvenience, 

ftkere  are  $timdard  mcasiires  as  well  as  weights  kept  in  the  Exchequer  cham- 
ber, Guildhall,  for  the  purpose  of  comparing  the  weights  and  measures  used  by 
dealers ;  this  helps  to  secure  the  public  from  imposition  and  fraud,  as  the  use 
•f  measures  or  weights  less  than  the  standmrd  is  prohibited  by  law. 

*  The  hand  is  used  in  measurng  the  height  of  horses. 

*  The  foot  is  supposed  to  be  taken  from  the  length  of  the  human  foot. 
f  The  cubit  is  a  measure  used  by  the  ancients,  and  often  mentioned  in  their 

Stings ;  it  is  supposed  to  have  been  originally  taken  from  the  length  of  that 
part  (tf  a  man's  arm  between  the  point  of  the  elbow  and  the  extremity  of  the 


^  The  yard  is  said  to  haye  been  taken  from  the  arm  of  King  Henry  I.  in 

1101. 

*  The  fathom  is  taken  from  the  utmost  extent  of  both  arms,  when  stretched 
into  a  right  line ;  it  is  applied  to  measuring  mines,  wells,  pits,  and  depths,  in 
general ;  also  the  length  of  ropes,  &c. 

'  The  length  of  the  pole  differs  in  different  parts  of  England  ;  in  the  neigh- 
"onrhood  of  London  it  is  5t  yards ;  in  some  counties  it  is  6,  in  Lancashire  7, 
*^  in  Cheshire  8  yards. 


I 


e% 


ARITHMETIC. 


lines. 
12=      1  inch. 

144=     12     =     1  foot. 

432=     36     =     3    =    lyard. 

2376=    198    =   164-  =  54^  =   1  pole. 

95040=  7920  =  660  =  220  =  40  =  1  furlong. 

760320=  63360  =  5280  =  1760=320=  8=1  mile. 

2280960=190080=15840=5280=960=24=3=1  leagi 


53.  In  12m.  3/wr.  4p.  Jyd.  how  many  yards? 
Operation. 

JExplanaitBik. 

The  miles  are  here  maltiplied  bj  8,  (b< 
furlongs  make  a  mile,)  and  the  3  furloi 
added  to  the  product,  this  gives  furlongs 
are  multiplied  by  40,  (because  40  poles  mal 
long,)  and  the  4  taken  in,  this  gives  poles 
are  multiplied  by  5^^  (because  S^-  7^^ 
pole,)  and  the  I  is  taken  in  to  the  prodi 
gives  yards. 

To  multiply  3964  by  54-,)  first  multiply 
then  divide  it  by  2,  a^d  lastly  I  adfl  the 
and  quotient  together. 


tn,  fur:  p,    yd. 
12     3     4     1 
_8 

99   furlongs. 
40 

3964  poles. 

19821 
1982 


Jns,  21803  yards. 
54.  In  96800  yards^  how  many  miles  ? 


Operation. 

yards.      8) 
22|0)9680lO(440 

^Q     Jns,  55  miles, 

88         

88 


O 


EsplajuUion. 

The  division  by  54-  cannot  be  pe; 
conveniently  without  fractions;  I  t1 
divide  by  220,  (because  220  yards  mal 
long,)  this  gives  furlongs ;  these  I  divi( 
(because  8  furlongs  make  a  mile,)  and 
suit  is  miles. 

If  you  wish  to  bring  the  yards  int 
multiply  by  2,  and  divide  the  product 
then  dividing  successively  by  40  and  b] 
produce  the  very  same  answer. 

55.  In  50  leagues,  how  many  yards  ?     Ans.  264000. 

Multiply  by  3,  8,  40,  and  54-. 

56.  In  2661120  barley-corns,  how  many  miles?     Ans.  I 

Divide  by  3,  12,  3,  220,  and  8. 
57'  In  Iw.  2/wr.  3p.  how  many  yards  ?     Ans.  221 64-. 

58.  In  4755801600  barley-corns,  how  many  leagues  ?  Ans, 

59.  In  7  miles^  how  many  lines  ?     Ans.  5322240. 


FabtI.  reduction.  C3 

53.  CLOTH  MEASURE. 


2^  inches  make  1  nail.  n. 
4  nails  ...•«..  1  quarter,  qr. 

1  Flemish  ell.  F.  E. 

1  yard  *.  yd, 
.  1  English  ell.  E.  £. 

1  French  ell.  Fr.  E. 


3  quarters  .  . 

4  quarters  .  . 

5  quarters  . 

6  quartet's  . , 

&).  In  25yd«.  Sgr.  2n.  how  many  nails  ?     Ans,  414. 

Multiply  the  ^5  by  4,  and  take  in  3  3  multiply  the  rault 
by  4,  an/2  toAre  in  2. 
61.  In  1720  nails,  how  many  English  ells  ?     Ans,  86. 

Divide  by  4  and  5. 
(>3.  In  137  Flemish  ells,  how  many  nails  ?     Ans.  1644. 
Multiply  by  3  and  4. 

63.  In  3456  nails,  how  many  French  ells  ?     Ans.  144. 

Divide  by  4  and  6. 

64.  In  1264  yards,  how  many  Flemish  ells?  Ans,  1685  F.E.  1  qr. 

Multiply  by  4,  and  divide  by  3. 

65.  In  1792  Flemish  ells,  how  many  yards  ?     Ans,  1344. 

Multiply  by  3,  and  divide  by  4. 
^.  In  480  English  ells,  how  many  Flemish  ells  ?     Ans.  800. 

67.  In  12300  yards,  how  many  English  ells  ?     Ans.  9840. 

68.  52£.£.  2qr,  3n,  how  many  nails  ?     Ans,  1051. 

SQUARE  OR  SUPERFICIAL  MEASURE. 

54.  Square  Measure  is  used  to  measure  surfaces  in  which  both 
kagth  and  breadth  are  estimated,  as  land,  flooring,  roofing. 
Walling,  wainscotting,  plastering,  painting,  &c. 

The  smallest  measure  (called  the  measuring  unit)  here  used  is 
a  square  inch,  or  a  little  square,  every  side  of  which  is  an  inch 
in  length*. 

'  As  in  Loc^  Measare  a  line  of  an  inch  in  length  was  taken  for  the  tneasur* 

^  unitf  so  here  a  square  sarfiEuie  of  an  inch  in  length,  and  consequently  the 

.ttae  in  breadth,  is  assumed  as  the  measuring  unit :  and  as  many  times  as  this 

litQe  square  is  contained  in  any  superficial  space,  so  many  square  inches  is  that 

•ptce  said  to  consist  of:  thus  a  square  foot  contains  144  square  inches ;  for  if 

^e  sides  of  a  square  of  afoot  each  way  be  divided  each  into  12  equal  parts,  each 

P^will  be  an  inch ;  and  if  the  opposite  divisions  be  joined,  the  square  foot  will 

M  divided  into  144  equal  squares,  each  a  square  inch.     Hence  a  square  foot 
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75.  In  2799360  cubic  inches,  how  many  cubic  yards  ?  Ans,  i 

Divide  by  1728,  and  27. 

76.  How  many  cubic  inches  are  there  io  a  load  of  rough  ti 
bar  ?     Ans,  69120. 

If.  How  many  bales  of  cotton  of  a  ctd^  yard  each  can 
stowed  in  a  ship  of  lOO  tons  burth^  ?     Ans^  16B,  and  15  ooei 

WINE  MEASURE. 

56.  Wines,  spirits^  cidef,  perry,  mead,  vinegar,  OiU  and  mi 
are  sold  by  this  measure  *• 

4  gills  make  1  pint,  pt, 

2  pints 1  quart,  qt 

4  quarts  . 1  gallon,  gal, 

lO  gallons 1  ianker.  a. 

18  g^lons 1  fundlet.  nm. 

42  gallons 1  tierce,  tier. 

63  gallons 1  hogshead,  hhd. 

2  tierces ;  1  puncheon,  puft^. 

2  hogsheads  ....   1  pipe.  p. 

i  pipes 1  tun.  t. 


^mm^m 


*  The  measure  for  different  kinds  of  wine  differs  considerably,  the  pipe  < 
taining  from  1 10  to  140  gallons :  hence  it  is  usual  for  dealers  to  cfaatge  for  v 
the  pipe  contains,  which  is  found  by  actual  guaging. 

A  statute  made  in  the  reign  of  Henry  III.  ordained,  that  the  wine  ga 
should  contain  eight  pounds  troy  of  wheat  taken  from  the  middle  of  the 
and  well  dried.     During  many  ages  T^Hne  Measure  was  the  only  measure  si 
tioned  by  )aW  for  toeasuring  any  commodity  whatever ;  At  length  other  b 
sures  were  fntrodticed  for  less  pure  fiqnors,  and  for  dry  goods* 

A  lafw  "v^fls  Wkkde  in  the  reign  of  Queen  Anne,  whereby  the  wine  galloa  is 
quired  to  measure  S31  cubic  inobet ;  consequently  a  pint  measures  38  {-ci 
inches. 

A  tun  bf  diitilled  water  weighs  18cwt.  aroirdupois,  and  a  tun  of  wine  ab 
leewt.  3^*.;  ooilsM|uently  a  pint  of  Wioe  will  weigh  abKWt  ICoir.  94-  dfflitt 
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pints. 
2=     1  quart. 

8=     4  =  1  gallon. 

336=  168=  4^=1  tierce. 

504=  252=  63= U=l  hogshead. 

672=  336=  84=2  =1^=1  poncheoiu 
1008=  504=126=3  =2  =U=1  pipe. 
2016=1008=252=6  =4  =3  =2=1  tun. 

78  In  13^.  Ip.  Ihhd.  l^gail.  of  wine,  bow  many  pints  ? 
Opekation. 

/.       p.  hhd.  gaiL 


GJ 


13 

2 


1     1     12 


27  pvp^ 

55  hogsheads. 
63 

167 
331 

3477  gaUoTU* 
4 


In  moltiplyin^  by  63  to  reduce  bogaheadt 
into  gaUons,  I  have  12  galloni  to  take  in  ; 
the  ^  is  taken  in  in  the  first  place  of  the 
mnmfy^cfLtion  by  di  and  the  1  in  the  first 
place  of  the  multipUcation  by  6.  The  rest 
is  obvious. 


13908  quartt. 
2 


M  27^16  pints. 


79.  In  126f20  giUs,  liow  many  ankers  ? 

4)126720 

2)31680  pints. 

4)15^840  quarts. 

10)3960  gallons. 
Ans.  396  ankers. 

BO.  In  bhkds,  ^gall.  *iqt  \pt.  how  many  pints  ?      Ans.  3869. 
81.  In  5738  quarts,  how  many  tuns  ?  Ans,  bt.  Ip.  ^Sgall.  Zqt. 


F  t 


r  ■ 


«9 
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BEER  MEA50LE. 
57-  This  measDze  is  used.  Sac  aie,  socaaQ^boTj  and  anadl^ 
^  niiilH     MaitB 

9gaJiDDS 

Sfiiiias 

akiJdprfcnw  .. 
14-  benei  .... 
gTingtfwfldg  . .  I  butt. 


kfUodmLiL 
buxcL  bar. 


pints. 
2=  1  qaart. 

8=  4  =  1 

72=  36  =  9 

144=  7^  =  IS 

288=144=36 

43!2=2I6=  54 

864=4^2=108 


1 1  firkxn. 

:2=1 

:  4=^=1 

:  6  =3=l^' 

:12=:6=:3   =2=1  bott. 


=  1 


62.  la  14  hogsheads  of  beer,  ham  many 

JItUtiply  fnf  l^%%9.  Old 4. 
-    83.  In  12345  pints  of  ale,  ham  manj 
Ifir,  4gaL  Ipi.       Dtnde  by  2, 4, 9,  amd  2. 

84.  In  216  barrels  of  ale,  how  manv 

Multiply  by  2,  and  dieide  by  3. 

85.  In  216  hogsheads  of  beers  hom  nmnj 


?    ufiu.3024 
IK?     .<|ju.85k^ 


*  Fonnerlf  the  ale  fiikia  consisted  of  9j-ga0oas,aBd  the  beer  firkin  of  9.  A 
iate  writer  has  slicwn,  that  this  distinctiao  is  not  at  present  attemWd  tOybat 
that  the  firfcin,  whether  of  ak  or  beer,  cootains  9  gaDoos.  A  saDon  beer  ■»• 
anre  contains  %2  cubic  inchts;  cofeyegtly  a  pint  cootains  3^  cnbic  incki. 
The  wine  gallon  bean  nearty  the  same  piopowtioo  to  the  beer  gallon,  tbtt  a 
ponnd  troy  does  toapoondaroirdnpois;  Ibc  the  troj  poond  is  to  the  aToinhipn> 
pound  as  141  to  175;  and  the  wine  gallon  is  to  the  beer  gallon  as  231  to 3B2; 
whicb  is  neariy  the  same. 

A  cnbic  foot  of  water  weighs  1000  ounces  aroirdnpois,  and  a  cubic  km  «f 
beer  1 02g  ounces ;  consequently  a  butt  of  beer  will  weigh  about  1 7880^^  ouoces 
€fr  Octet.  3fr.  2hib,  S-^oz.  avoirdupois :  hence  2  butts,  wcighiiy  19car/.  ^' 
23/b,  \oz.  (or  nearly  20cic/.)  are  called  a  tun,  or  ton. 


IT  L  REDUCTION.  » 


DRY  MEASURE. 
58  Dry  Measure   is  used  for  all  measurable  commodities^ 

sept  liquors'. 

2  pints       make  1  quart. 

2  quarts 1  pottle,  pot. 

2  pottles 1  gallon. 

2  gallons 1  peck.  pk. 

4  pecks 1  bushel,  bu, 

2  bushels 1  strike.  »tr. 

4  bushels 1  coom>  or  sack  of  corn.  $. 

2  cooms 1  quarter,  qr. 

5  quarters 1  wey  or  load. 

2  weys 1  last. 

pints. 
8=     1  gallon. 

16=     2=     1  peck. 

64=     8=     4=  1  bushel 

256=  32=  16=  4=   1  coom. 

512=  64=  32=  8=  2=  1  quarter. 

2560=320=160=40=10=  5=1  wey. 

6120=640=320=80=20=10=2=1  last. 


• 


Tbe  standard  weights  and  measures  were  formerly  kept  at  Winchester,  as 
are  now  at  the  Exchequer.  By  a  law  of  king  Edgar,  made  nearly  a  century 
« the  Conquest,  it  was  enacted,  that  aU  measures  of  capacity  should  agree 
the  measures  kept  at  Winchester.  Hence  the  measure  for  dry  goods  it  called 
eketter  measure.  The  gallon  contains  268-r  cubic  inches,  and  conse> 
dy  the  pint  will  be  33^-  cubic  inches  nearly. 

e  dry  gallon  is  somewhat  greater  than  a  mean  between  the  wine  and  beer 
M. 

•n  act  of  Parliament,  made  in  1697>  it  was  ordered,  that  the  standard 

i  should  be  a  cylinder  of  ]  87  inches  diameter,  and  8  inches  deep,  which 

n  legal  dimensions  of  the  com  bushel  at  present  in  use. 

htthel  of  wheat  weighs  1000  ounces,  or  624-  pounds ;  a  bushel  of  barley,  bO 

dt;  a  bushel  of  oats,  38  pounds ;  a  bushel  of  flour  or  salt^  56  pounds.     A 

of  flour  is  5  bushels,  and  weighs  280  pounds. 

A  5  bushels,  and  40  bushels,  of  corn  are  reckoned  a  load ;  the  former  for 

Uf  the  latter  for  a  cart. 

My  be  remarked,  that  any  measure  heaped  up  is  allowed  to  contain  one 

t  more  than  when  it  is  struck  off. 


f3 


b 
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coaLs*. 

4  pecks  make  1  bushel. 

3  bushels 1  sack,  sa, 

12  sacks 1  chaldron,  ch 

21  chaldrons ...,«.  1  score,  sc. 

pecks.  ' 

4=  1  bushel. 

12=  3=1  sack. 

144=  36  =  12  =  1  chaldron. 

3024=756=252=21  =  1  score. 

86.  In  5  quarters  4  bushels  3  pecks  of  wheat,  how  mac 
gallons  ? 

Operation. 

qr,  bu,  pk. 

5     4     3 

g  Explanaiioh. 

71  hfLnhi^h  ^  multiply  first  by  8,  because  p  cooms  «)  8  bud* 

**  t^w/iCMF.  ^yg  j^  quarter,  and  take  in  the  4 ;  next  by  4,  and  take 

^  3 ;  and  lasiily  by  9,  where  there  is  tidtliiiig  to  take  ia 

179  pecks. 
2 

Ans.  358  galUmi, 

^7.  In  4321  pecks  of  coals,  how  many  chaldrons  ? 
Operation. 

pecks.  JExpUauUion, 

4)4321(1  I  first  divide  by  4  for  buslid^ttl 


36)lW(XS0cft.  (Om.  ipk.  Ans.        ^^%^J^ Zl^Jll 

*£^__  thing  over. 


0 


88.  In  15  quarters  of  wheat,  how  many  quarts  ?    Ans,  SM^ 
"89.  'in  91  lasts  of  corn,  how  many  pecks  ?    Ans,  29120. 

90.  In  12ch,  Sbu.  Ipk,  of  coals,  how  many  pecks  ?   Ans.  iJiL 

91.  In  537  pecks  of  wheat,  how  many  quarters  ?    Am,  lfi|r* 
6bu,  Ipk. 

92.  How  many  pecks  are  there  in  20  score  of  c6a3s  ?  Ans.  MflL 


*  The  standard  coal  bushel  is  8  indies  deep,  and  194-  wide :  the 
ways  heaped  up ;  and  for  every  5  chaldrons  bought  at  one  tine  tl 
give  63  sacks. 
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59.  Goods  bol^  bi^  tal^. 

2  things are      a  pair,  couple,  or  brace. 

IQ  things a  dozen. 

13  things a  long  dozen. 

SO  things a  score. 

12  dozen a  grooe. 

13  groce a  great  grooe. 

5  score a  hundpe4- 

6  score a  great  hundred. 

12  hundred  of  some  things  .  .  a  thousand. 

60.  Paper,  Parchment,  awd  Books: 

24  sheets  of  paper      make      a  quire. 

20  quires a  ream. 

214.  quires  . : a  printer^s  ream. 

2  reams a  bundle. 

5  dozen  skins  of  parchment  a  roll. 
72  words  in  ccnomon  law    n 

80 in  the  £schequer   >  a  sheet. 

90  — r-  in  Chancery  J 

Of  the  dififer^at  sizes  of  books,  folio  «  the  ki^gest. 

jii  sheet  of  paper  makes  in 

folio  (fol.)    2  leaves,  chp  4  pages.. 

quarto  (4 to.) 4  leaves^  or  8  |)ages. 

octavo  {8vo.) 8  leaves,  Qr  16  pages. 

dttodeoimo  (12ino.)  .  22  leaves,  or  24  pages, 

octodecimo  (Idmo.)  18  leaves,  or  -36  pages, 

twenty-fours  (24to.)  24  leaves,  or  48  pages. 

93.  Jn  50  dozen  of  eggs,  how  many  score  ?     Jns.  90. 
1>4.  Jn  720  score  of  wrks,  how  many  groce  ?    Jns,  100. 

95.  How  many  great  groce  are  there  in  one  hundred  thou* 
^Had  ?     Ans.  57  g.  groce,  1504  over. 

96.  In  forty  great  hundred  of  tallies,  how  many  dozen  ?    Ans. 

97.  How  m^ny  score  in  one  hundred  long  dozens  ?   Ans.  ^. 
,98.  In  twenty  thousaiOd  leniojos,  how  nnmy  long  dozens  ? 

Su.  1538  I.  doz.  S  over. 

:  ^^        

*  Oranges,  lemons,  lead-pencils,  to^acco-p^pes,  corks,  ^c.  are  usually  8ol4 
'  Ae  groce ;  eggs,  tallies,  nails,  ^d  many  ptber^maU|irticles,  axe  ^Id  by  thjc 
peat  hundred. 

P4 
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99.  How  many  sheets  of  paper  are  there  in  a  folio  volume  c 
360  pages  ?     Aru,  90. 

100.  How  many  sheets  of  paper  are  there  in  one  thousan 
reams  ?     Ans.  480000. 

101.  A  quarto  work ccmtains  12600  pages;  how  many  sheet 
of  paper  are  there  in  it  ?     Ans,  1575. 

10^.  Thirty-five  sheets  are  employed  in  an  octavo  book  -,  hoi 
many  pages  does  it  contain  ?     Ans,  560. 

103.  How  many  common  reams  are  there  in  fifty  printer^; 
reams  of  paper  ?     Ans.  53  reams,  15  quires. 

104.  An  octavo  work  of  20  sheets  contains  eight  hundrei 
thousand  letters  -,  how  many  are  there  in  a  page  ?     Ans.  2500. 

61. TIME''. 

60  seconds  (")    make  1  minute,  m. 

60  minutes 1  hour.  h. 

24  hours 1  day.  d, 

7  days 1  week.  w. 

4  weeks 1  month,  mo. 

365  days  6  hours  ....  1  Julian  year. 
13mo.  Id.  6h. 


I.    J 


or  ^1  Julian  year. 

52to.  Id.  6h. 


^  A  day  is  the  length  of  time  which  elapses  while  the  earth  revolves  once 
about  its  axis,  which  is  about  2Sh.  56m.  4".  although  commonly  reckoned  34 
hours.  Hours^  minutes,  and  seconds,  are  divisions  and  subdivisions  of  a  ^, 
an  hour  being  one  twenty-fourth  part  of  a  day ;  a  minute,  one  sixtieth  put 
of  an  hour ;  and  a  second,  one  sixtieth  part  of  a  minute.  The  week  is  a  rdi* 
gious  institution,  appointed  by  the  Almiohtt  immediately  after  the  creatioo; 
and  the  observance  of  every  seventh  day  as  a  day  of  holy  rest  is  repeatedly 
enjoined  in  the  Scriptures. 

A  month  is  properly  a  portion  of  time  regulated  by  the  moon :  thus  a  lonv 
periodical  month  is  27 d.  7  A.  43m.  8'".  being  the  time  the  moon  takes  in  goio( 
from  any  point  in  the  ecliptic  to  the  same  point  again. 

A  lunar  si/nodical  month  or  lunation  consists  of  99d,  \2h.  44m,  3".  U"* 
being  the  space  of  time  which  passes  from  one  new  moon  to  the  next ;  to  thets 
may  be  added  the  solar  month,  of  30d.  lOh.  99m,  b".  which  is  the  time  tbetoim 
takes  to  pass  through  one  sign,  or  one  twelfth  part  oi  the  ecliptic ;  and  likewiic 
the  civil  month  of  28  days,  as  in  the  Table.  A  year  is  the  space  of  tiaeiia 
which  the  earth  makes  one  complete  revolution  round  the  sun,  and  in  which  aU 
the  seasons  return :  this  is  called  the  solar  year,  and  consists  of  36bd.  5A.  48i** 
48".  The  Julian  year  of  S65d,  6h.  is  commonly  reckoned  365  days  only;  tod  for 
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aeooDds 

60=     1  minute. 
3600=    60    =  I  hour. 
86400=  1440  =  24  =  1  day. 
604800=10060=168=  7  =1  week. 
2419200=40390=672=28=4=1  month. 

105.  In  12  weeks,  how  many  seconds  ?    Jns.  7257600. 

Multiply  hy  7,  24,  60,  and  60. 

106.  In  1234567  seconds,  how  many  weeks  ?  Jnt.  2w.  6h, 
56m.  f.  Dwide  by  60,  60,  24,  and  7. 

107.  In  Imo.  2v.  3d.  4^.  5m.  how  many  minutes  ?  Jns.  65045. 

108.  How  m^ny  seconds  are  there  in  a  Julian  year  ?  An$, 
31557600. 

109.  October  the  25th,  1809,  the  King  completed  the  49th 
year  of  hb  reign;  how  many  minutes  are  there  in  that  since  of 
time,  reckoning  Julian  years  ?     Ans,  25772040. 

110.  How  many  hours  have  elapsed  since  the  birth  of  Christ 
to  Christmas  ISIO,  allowing  the  years  to  be  of  the  Julian  kind  ? 

COMPOUND  ADDITION. 

62.  A  compound  number  is  that  which  consists  of  different 
deoominations  in  money,  weights,  measures,  &c. 


the  odd  6  hoars,  a  day  is  added  to  February  every  fourth  year,  which  year  is 
cslled  Bissextile,  or  Leapyeior.  Thus  February,  in  the  Leap  year,  has  29  day« ; 
and  GODsequently  the  Leap  year  consists  of  366. 

Tojind  LuBp  yeoTy  this  is  the  rul€. 

Divide  the  date  hj/our,  and  you'll  discover 
•    That  *tis  Leap  year,  if  nought  remains  at  last ; 
But  one,  or  two,  or  three,  remaining  over 
Denote  thaXjust  so  many  years  *tispast. 

To  find  the  number  of  days  in  each  month. 

Thirty  days  hath  September, 
April,  June,  and  November ; 
February  has  twenty-eight  alone. 
The  other  months  have  thirty-one : 
But  Leap  year  comes  one  year  in  four. 
And  Febr'ary  then  has  one  day  more. 
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Compound  Addition  teaches  to  find  the  sums  of  such  com- 
pound  numbers  as  are  of  the  same  kind. 

KuLE  I.  Place  the  numbers  to  be  added  so  that  all  those  oi 
the  same  denomination  may  stand  under  one  another  in  a  co- 
lumn)  and  let  two  dots  (thus  . .)  be  put  between  each  twc 
numbers  of  difierent  denominaltons. 

II.  Add  all  the  numbers  in  the  least  denomination  togethefj 
and  reduce  the  sum  to  the  next  higher  denomination,  and  set 
down  the  remainder,  if  any. 

Ilf .  Carry  the  number  arising  from  this  reduction  to  the  next 
superior  denomination }  add  it  irp,  reduce  the  sum  to  the  next 
superior  denomination,  set  down  the  remainder,  cany,  &c.  «• 
before. 

IV.  Proceed  in  this  manner  with  all  the  denominations  to  ttus 
lughest,  which  must  be  added  and  put  down  like  simple  Ad- 
dition. 

Method  of  Proof.  Cut  o£F  the  top  line,  and  proceed  as  in 
simple  Addition '. 

I  I  III.  I  I  ■  ■  I  ■  I  .     I  I  !■« 

^  Here  we  add  up  each  separate  denomination  by  simple  AdditioB,  and  the 
tmth  of  the  rule  may  ^e  tfaeim  fr«m  any  of  tiie  exasuples  included  under  it. 
We  will  take  the  first  example  in  Money,  in  which  the  sum  of  the  farthings  il 
1 1 ;  the  sum  of  the  peace  2^' ;  the  turn  of  the  sbillivgs  71;  and  the  turn  itf  the 
poi^nds  224.  Now  as  we  always  estimate  any  sum,  namely,  pcmxids,  abillinm 
pence,  or  farthings,  in  the  highest  of  these  denominations  it  is  reducible  tOy 
these  farthings,  pence,  and  shillings,  mu«t  if  possible  be  reduced  iiigber.  Let 
us  try. 

Thus,   1 1  farthings  «     0    «    84"^ 

TlshiUings    =     3  11     0    >^  Alt,  46. 
224  pounds      =22400  J 
These  added  give  S27  13    44  ^  ^  the  example. 

Here  note,  that  the  2  pence  ut  the  >first  Kne  above  is  the  S  carried  from  hr- 
things  to  pence,  (in  Elx.  i.)  'the  9  <flbilUags  «n  the  second 4ine  is  the  2  carrie<i 
from  pence  to  shillings ;  and  the  8  pomds  ia  the  third  tine  is  the  d  carri<^ 
ftt)m  shillings  to  pounds  :  if  this  illustfraition  -foe  well  under stood^  the  reason  o 
th«.  following  modes  of  operation  will  be  extremely  plain. 


thrt  t. 
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63.  MONEY ^ 
Farthings^  Pence,  and  Shillings,  Tables. 


PABTHINOS.1 

q,        d, 
4  are  I 

6        U 


10 

12 
14 
16 
18 
20 
22 


3 

Si 

4 

5 

5^ 
6 


12  ore  I 


20 
S4 
30 
36 
40 
48 
50 
60 
70 
72 


1 

3 
3 
4 
4 
5 
5 
6 


ttENCE, 


d. 
O 
8 
O 
6 
0 
4 
O 
2 
0 
10 
O 


64 

90 
96 
100 
108 
110 
120 
130 
132 
144 


#. 

d. 

f6 

8 

7 

0 

7 

6 

8 

0 

8 

4 

9 

0 

9 

2 

10 

0 

10 

10 

11 

0 

12 

0 

SHILLINGS. 
20  «r«  1  0  0 


10 

40 

50 

60 

70 

80 

90 

100 

110 

120 


1  10  0 

2  0  0 

2  10  O 

3  0  0 
10  O 

O  0 

10  O 

O  p 

10  b 
o  o 


3 
4 
4 
5 
5 
6 


'  The  coins  used  in  England  are  gold,  silver,  and  copper ;  the  gold  coins  are^ 
a  guinea,  hafl%uinea,  and  seven  shilling  piece.  The  silver  coins  are,  a  crown, 
ludfcrown,  shilling,  and  sixpence.  The  Topper  coins  are,  a  twopenny  piece, 
peon^,  hal^nny,  and  farthing.  These  are  called  reef  coins ;  bnt  atiy  denomi- 
nattoQ  of  money,  which  is  not  reptesenled  by  a  siqgle  coin,  is  called  imagi' 
nanf:  thus  a  guinea,  a  crown,  &c.  are  real  coins ;  bbt  a  pound,  a  groat,  &c. 
(harini  no  single  piece  that  will  represent  them)  are  imaginitiy, 

Tht  momlyers  iMippose  ao(y  quantity  of  gold  divisible  itito  24  equal  parts, 
trtuch  they  call  ettrats,  and  each  carat  tl^y  ^divide  itito  34  parts,  oaBing  these 
gr^  of  a  carta  ;  by  this  they  denominate  the  fineness  of  their  gold.  If  the 
V^i  be  fre«  from  any  mixture  (called  alloy),  it  is  said  to  be  24  carats  "fine ;  but 
if  there  be  2  carats  (out  of  the  24)  of  alloy  in  it,  the  gold  is  said  to  be  22  carats 
fine,  &c. 

The  standard  tot  British  gold  coin  is  22  dctfats,  namely,  22  of  pure  gold,  and 
2  of  alloy,  composed  of  silver  and  copper. 

the  standard  for  silver  coin  is  lloz.  2dwts.  of  pure  silver,  mixed  with 
IBdvts.  of  copper  alloy. 

The  value  and  weight  qf  Coin, 
/  L,      s,    d,  dwt. 


s, 

1 

10 


0 
6. 


weighs 


gr. 


Gold.— -A  Guinea value     1 

Halfguinea. 0 

Seven  Shilling  I^ece 

Silver. — A  Crown 0       5    0. 

Halfcrown 0      2     6. 

Shilling 3 

Sixpence 

A  pound  of  standard  gold  makes  4*^  guineas,  and  a  pound  of  standard  silver 
62  shillings. 


5 

Bi 

2 

IH 

1 

19 

19 

H 

9 

16i 

3 

21 

1 

22-J- 
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Examples. 

X.  Esplanation. 

l^^       g^       ^^  I  begin  at  the  bottom  of  the  forthings,  and  « 

91  IT  ^  11;  11  farthings  reduced  to  pence  are  2  pen* 
sSi  17  Or  three  farthings  j  I  put  down  4  and  carry  2  to  tl 
52  14  07  pence,  which  added  up  amount  to  28;  this  r 
47  13  54-  dnced  to  shillings  is  2s,  4d.  I  pot  down  4,  u 
69      15     44-     carry  2  to  the  units  line  of  shillings ;  the  shilUoj 

being  added  (the  units  first,  and  then  the  tea 
give  73  shillings;  these  reduced  to  pounds  a 
3/.  VSs.  put  down  13  and  carry  3  to  the  poaul 
which  are  added  up  exactly  like  an  example 
simple  Addition.  The  first  line  of  the  work  bcii 
finished,  I  cut  off  the  top  line  (namely,  35/.  IS 
SiLi)  by  drawing  a  light  stroke  under  it.  I  then  add  up  the  same  nmnbc 
again  which  I  added  before,  all  except  the  top  line  cut  off,  in  the  same  numo 
as  before,  and  the  result  is  the  second  line  of  the  work ;  I  lastly  add  the  M 
second  line  and  the  top  line  cut  off  together,  and  the  sum  will  be  the  thi 
Hue  of  the  work ;  this  third  line  agreeing  in  every  particular  with  the  fii 
line,  shews  that  the  operation  is  right. 

2.  3.  4. 

//.       #.  d,  £f»         #.        d,  Lf,       s,        o. 


Sum     227 

13 

H 

192 

0 

8 

Proof   227 

13 

H 

27 

14 

H 

35 

2 

3^ 

24 

11 

24 

38 

15 

9^ 

51 

4 

64^ 

41 

11 

114 

41 

17 

74- 

13 

1 

H 

27 

17 

104 

52 

18 

2^ 

27 

2 

2^ 

71 

19 

114 

9.7 

10 

H 

32 

1 

H 

98 

18 

lOJ 

Sum    188 

16 

7\ 

158 

11 

24- 

264 

19 

11 

161 

1 

1(4 

123 

8 

IH 

240 

8 

84 

Proof  188 

16 

1\ 

158 

11 

24- 

264 

19 

11 

A  pennypiece,  2  new  halfpence,  or  3  old  ones,  should  weigh  an  ounce  Ave 
dupois. 

When  the  Saxons  first  settled  in  Britain,  they  were  called  JEasterlingSf  (£p 
the  circumstance  of  their  coming  from  the  east,)  and  their  money,  easterU 
money :  hence  by  a  corruption  frequent  in  language  the  word  sterling  is  1 
rived.  But  it  is  remarkable,  that  a  term,  which  at  that  time  w^as  applied  1 
clasively  to  express  something/ore^^,  should  by  the  lapse  of  time  complet 
change  its  signifieation,  so  as  to  denote  exclusively  that  which  is  Brituh, 
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5. 

6, 

I 

7. 

Z.  #.  iL 

Z. 

*. 

d. 

z,. 

#. 

i/. 

39  1  2i 

48 

10 

74 

56 

7 

8 

«4  2  7i 

21 

11 

34 

64 

2 

64 

41  9  3i^ 

12 

12 

^ 

41 

3 

14 

12  8  41 

21 

13 

24 

92 

2 

4 

21  4  1^ 

21 

15 

^4 

31 

9 

74 

8. 

9. 

10. 

Z.  s,      d. 

Z. 

#. 

d. 

L. 

*. 

if. 

91  8  1(H 

73 

12 

^ 

14 

10 

Of 

14  9   6 

10 

10 

44 

23 

11 

94 

72  8   94 

68 

16 

94 

39 

12 

H 

21  9   8 

84 

11 

^ 

17 

4 

Of 

86  9   74 

47 

10 

34 

42 

0 

34 

11.  12.  13. 


L,            M, 

d. 

L,      #. 

d. 

L. 

#. 

d. 

83  13 

114 

72  0 

Of 

14 

5 

6i^ 

37  16 

lOf 

49  6 

7 

76 

12 

1(H 

47  10 

104 

98  9 

0^ 

64 

1 

114 

74  11 

114 

87  9 

04 

47 

16 

84 

12  lO 

104 

74  8 

14 

58 

18 

14 

14. 

15. 

16. 

L.  a. 

rf. 

L.       s. 

d. 

L, 

s. 

rf. 

20  19 

114 

123  18 

io> 

374 

17 

94 

47   0 

Of 

49   1 

114 

9 

9 

94 

4  14 

84 

713  14 

104 

10 

10 

104 

0  19 

04 

427  12 

114  * 

28 

19 

114 

0   0 

114 

9  19 

14 

475 

12 

84 

i.i 
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64.  TROY  WEIGHT. 

oz.  dwt.  gr.        I  first  add  ap  thtt  gr^mi,  and  find 

g    tbey  amoant  t«  63 ;  this  I  divide  by 

^e     24,whicb  goe$  twice  in  ity^nd  I  Sorer; 

;  put  down  15»  vid  caury  2  to  the 

"     dwts. ;  these  adkled  up  amount  to  64 ; 

7    this!  divide  by  90,  exactly  as  was  done* 

11     in  shillings,  and  &id  it  goes  3  timei, 

with  4  over ;  put  down  4,  and  carry  3 


17. 

18. 

lb. 

oz.  dwt. 

gr. 

lb. 

oz.  dwt 

^1 

11  12 

14 

4 

3  8 

32 

10  11 

12 

2 

4  9 

51 

11  13 

15 

3 

9  7 

64 

10  15 

12 

5 

8  9 

13 

11  11 

10 

8 

9  IS 

185  8 

4  15 

163  8 

12  1 

185  8 

4  15 

24   11   13     2    ^Q  ^1,^  ounces,  which  fdded  up  amomit 
20     8     4   17     to  d6;  this  is  divided  by  12,  as  wu 

dime  in  pence^  and  the  quotient  is  4} 


^^11    I^     ^     with  8  over ;  put  down  8,  aad  ctny4 

to  the  pounds,  whick  are  added  nd 
put  down  like  simple  addition.  Thus  the  §ir$t  line  is  fpund.  Iq  fiie  seeoai 
line,  the  grains  amount  to  49,  which  is  twice  34,  and  1  over ;  put  ^ewn  1,aBd 
carry  2.  The  dwts.  amount  to  52,  which  is  twice  30,  and  12  over  ;  put  dofVfa 
1 2,  and  carry  ^.  The  oonces  amount  to  44,  which  is  3  time*  12»  944  8  over; 
put  down  8,  and  carry  3  to  the  pounds,  which  are  added  by  simple  addition. 
The  proof  is  done  exactly  as  in  Money,  except  that  the  numbers  fur  which  yoi 
carry  differ. 

19.  20.  21. 


lb. 

oz. 

dwt.  gr. 

lb. 

oz. 

dwt. 

gr* 

a. 

oz. 

dwt. 

gr- 

73 

1 

2  3 

4 

9 

8 

7 

12 

4 

17 

23 

49 

7 

4  8 

1 

8 

7 

9 

16 

11 

10 

1^ 

12 

9 

8  7 

3 

4 

17 

8 

78 

10 

11 

13 

53 

8 

9  4 

9 

11 

8 

10 

23 

9 

8 

r 

67 

2 

3  9 

7 

10 

12 

20 

45 

8 

3 

4 

65.  APOTHECARIES*  WEIGHT. 

Explanation  of  Ex,  22. 

22.                                 23.  jj,g  grains  amount  to  57,  or  2 

lb.      ^      ^     d    gr.  ^-559  scruples   17  grains.     I  put  down 

1      2     1     2      10  4     2     3      1  17,  and  carry  2  to  the  scruples; 

3721      15  7662  ^^^^  amount  to  9,  that  is,  to  3 

^Q^oio  Q     a     t      t  drams ;  I  put  down  0,  and  cany 

O     V     r,     Z      iZ  2^iJi  3  to  the  drams ;  these  amount  to 

9     7     4      1      10  6      4     3     2     52,  or  2  ounces,  and  6  dram* 

2461      10  9   11      00    over;  put   down  6,  and  carry  ^ 

to  the  ounces ;  the  ounces  addc<l 

amount  to  3 1 ,  or  2  pounds,  and  7 

2    ounces  over ;  put  down  7,  aod  car' 

QQ     T     fi     o — T¥       <^fi     q      ^     o    »7  2  to  the  pounds,  which  are 
^J70O17        JOy^U    added  as  before.  The  second  Uii€» 

and   proof,  from  what  has  beeO 
said,  will  be  easily  understood. 


23  7  6  0 

17 

22  5  4  1 

7 

36 

9 

5  0 

32 

7 

1  2 

36 

9 

5  0 
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54.  25.  26. 


i 

s 

a 

5^. 

ft 

5 

5 

D 

ft 

S 

5 

€ 

/?»•. 

71 

1 

1 

3 

14 

10 

7 

2, 

8 

9 

5 

2 

13 

S5 

3 

0 

4 

25 

9 

6 

1 

7 

8 

1 

2 

10 

r« 

6 

5 

6 

79 

11 

4 

0 

9 

11 

7 

1 

2 

41 

4 

1 

9 

4 

3 

2 

1 

4 

0 

7 

2 

9 

93 

r 

3 

8 

30 

1 

0 

0 

6 

7 

4 

0 

12 

66,  AVOIRDUPOIS  WEIGHT. 


27 

■ 

28. 

f.  €Wt, 

fr. 

/ft. 

oz. 

dr. 

cwt. 

9r.     a. 

7    6 

3 

4 

5 

6 

4 

1     13 

4    9 

2 

8 

9 

9 

6 

0     27 

5    9 

1 

9 

8 

7 

8 

1     26 

8   4 

2 

9 

8 

9 

7 

2     24 

9    5 

1 

I 

2 

3 

3 

3     21 

oz. 


Vlh 

2     5 

2     2 

20    8 

3    O 

12  12 

2715 

2    5 

2     2 

EspUmation  of  Ex,  37* 

The  drams  added  amount 
|o     to  34,  or  2  ounces,  and  2 
drams  ever;    put  down  ^y 
9     and  carry  3.    The  ounces 

8  likewise  amount  to  34,  or 

9  21b.  3ox. ;  put  down  2,  and 
9     carry  2.  The  pounds  amount 

to  33,  or   Iqr.  31b.;    put 


30  3  1  15  down  5,  and  carry  1.  The 
c>g      1       ?g        3     quarters  amount  to  10,  or 

^ 2c¥rt.  2qr. ;  put  down  2,  and 

30     3         115     carry  2.   The  cwts.  amount 

to  35,  or   It.  IScwt. ;  put 

^own  15, and  carry  1  to  the  tons,  which  amount  to  27.     There  will  be  no  diffi- 

<^Ity  in  the  second  line  and  proof. 

29.  30.  31. 


t. 

cwt. 

qr. 

lb. 

cwt. 

qr. 

lb. 

oz. 

/». 

oz. 

dr. 

1 

2 

3 

4 

11 

1 

12 

lO 

21 

15 

12 

4 

3 

2 

1 

10 

2 

10 

10 

17 

14 

13 

8 

12 

1 

20 

21 

3 

U 

12 

40 

10 

15 

4 

10 

2 

20 

10 

1 

2 

1 

32 

11 

14 

2 

11 

1 

2 

8 

0 

0 

4 

28 

10 

10 

67.  LONG  MEASURE. 
32. 

••     m.  /ur.  p.    yd.  fi    in.  be. 

^^1232171  Explanation. 

•^'2     3      9      1      2     3     2  The  yards  in  the  first  line  amount  to 

•115  30     124      1  12,  which  contains  5^  twice,  and  1  over; 

t^^     2     3     4     2      13      1  1  put  down  1 ,  and  carry  2.  In  the  second 

^7     fi     4     O     4     1      2     3  '^'^^  ^^^  yards  amount  to   10,  that  is, 

^^  once  5^,  and  4^,  over ;  put  down  4f,  and 

^12   17      1292  carry  1 :  the  rest  is  obvious. 

g|e    O    O  13    4i  1     2     1 

^7     1     2  17     1     2     9     2 
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33.  34.  35. 


Ua, 

m,fur. 

;>• 

yd. 

/. 

tM. 

5c. 

yrf. 

/. 

tit. 

L 

10 

1  2 

34 

28 

1 

2 

1 

60 

1 

2 

11 

12 

1  2 

12 

17 

1 

3 

2 

71 

1 

1 

10 

41 

2  1 

10 

31 

2 

3 

2 

17 

1 

6 

10 

27 

1  2 

11 

76 

2 

4 

1 

14 

2 

9 

11 

14 

2  5 

9 

20 

2 

7 

1 

27 

1 

8 

10 

68.  CLOTH  MEASURE. 


36. 

37. 

38. 

39. 

40. 

yd,  gr,  n. 

yd,  qr,  n. 

FE,qr,n, 

EE,qr,n, 

Fr,E,qr.n, 

28  3  3 

42  1  2 

83  2  0 

39  4  3 

98  5  3 

71  2  1 

28  0  0 

12  1  2 

13  4  2 

16  4  3 

16  3  3 

35  3  3 

24  2  3 

48  3  3 

79  3  3 

42  1  2 

60  2  3 

53  2  3 

92  1  0 

90  4  2 

23  2  3 

78  3  3 

37  2  2 

50  2  1 

25  3  3 

183  2  0 

69.  SQUARE  MEASURE. 

41.  42.        43.  44. 

a,  r.  p,    yd,  f,  in,  a.   r,  p.  a,    r.    p,  .  yd,  f,    tw. 

4  3  12  20  1  40  12  1  10  ]3l  1  14  710  8  ICK 

7  3  20  5  8  16  76  2  15  127  2  17  100  2  lO^ 

8  1  10  6  4  80  14  1  28  300  O  0  276  7  4: 

9  2  12  20  2  60  16  3  4  123  1  16  701  8  ^' 

5  1  10  16  4  10  20  0  19  208  3  39  101  8  12^ 


35  3  "26  84-  2  62 


In£x.  41.  the  yards  amount  to  69 ;  there  are  twice  30^  in  this  numbc: 
and  8-J-  over ;  put  down  8^,  and  carry  2 :  all  the  rest  is  obvious. 

70.  CUBIC  MEASURE. 

ROUGH  TIMBER, 

45.                               46.  Explanation  of  Ex,  4j. 

Id,       f,       in.            Id.      f.  in.  The    inches    amount   to  3529i 

123  26  727  27  10  100  ^^"<^^  divided  by  1728,  the  (jao- 
QIQ  IT  4.Qr  14  19  Q14  ti"»t  »s2,and  73over;  putdo^ 
ZIZ      17     4^7           14      VA  \fl^  73,  and  carry  2  to  the  yards ;  the«« 

376     12     741  76     16     416  being  added,  the  sum  is  91>i^ 

471      14     800  64     17     804  divided  by  27,  the  quotient  U  3, 

124  20     764  12     12      123  and  10  overj  put  down  10,  »«*" 

carry  3. 


1309     10       73 
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01 


HEIVN  TIMBER. 


47, 

> 

48. 

Id. 

/. 

in. 

U. 

f.       in. 

48 

12 

1000 

32 

20     1600 

10 

10 

1000 

13 

13     1300 

14 

15 

1600 

30 

21     1000 

15 

20 

1200 

22 

10       400 

31 

13 

1000 

78 

10       100 

49.' 

2  8  12  3 

1  1  21  1 

7  2  10  2 

9  1  10  2 

j  3  20  2 

25  3  12  2 


71.  WINE  MEASURE. 


50. 

51. 

52. 

53. 

gdl.  qt,  pi. 

tier,  gal,  Qt, 

qi.pi.gillt 

a.  gal,  qt. 

13    2    1 

42    10    1 

14    1    2 

61     1     1 

16    1     1 

10   20   2 

12    0    1 

17    9    2 

47    2    1 

13    10   3 

70    1    1 

23    1    1 

10    1    1 

11    11    1 

14    1    3 

15    2    2 

71    2    1 

14   %0    1 

10    1    1 

60    1    1 

72.  BEER  MEASURE. 


54. 

55. 

56. 

butts  hhd.  bar.  laid. 

A. 

gal. 

qt. 

gal. 

qt. 

Pf' 

8      111 

17 

1 

2 

48 

1 

1 

9      111 

60 

4 

3 

18 

3 

0 

4      10      1 

45 

3 

1 

40 

2 

0 

r     0     0     1 

11 

1 

2 

76 

3 

1 

6      110 

76 

8 

3 

16 

1 

1 

37     0      2      0 

67. 

58. 

hhd.   gal. 

qt. 

bar. 

gal,  qt. 

53      14 

1 

ST 

1       1 

12      12 

3 

76 

5      2 

76      10 

1 

47 

28      2 

31      11 

2 

12 

12      1 

24      18 

2 

27 

16      1 
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73. 

DRY  MEASURE. 

CORN. 

59. 

60. 

p'.    h$,  fit,  goL 

lasU 

wejf  qr,  m.  p. 

33     7     3 

1 

25 

1     4 

4    3 

17     4     3 

1 

18 

1     1 

1     1 

74    2    S 

!     1 

24 

1     3 

7     1 

41     5     1 

1 

56 

1     4 

3     1 

"^6     6    ^ 

1 

14 

1     3 

2     1 

193     3     1 

1 
COAIm 

S, 

61. 

62. 

€h,     hu. 

ph. 

9e, 

eh,     sa. 

hu. 

S9    20 

3 

4 

12       3 

2 

12     12 

2 

7 

10       1 

2 

31     K) 

3 

8 

10       9 

1 

48    20 

2 

m 

9 

20     11 

2 

13     16 

1 

5 

20     11 

1 

74.  TIMR 

• 

63. 

64. 

W.    a.       h. 

m. 

» 

muf,  w. 

d,     h. 

3     I     12 

18 

20 

8     1 

1     11 

1     4     20 

20 

10 

9    3 

6     19^ 

2     5     10 

10 

20 

1     3 

4    27 

4     6     20 

lO 

20 

2     1 

2     12 

7     4     12 

40 

50 

3     3 

1     20 

20    2       3 

40 

0 

65. 

66. 

fflO.     w.    tt. 

h. 

d. 

h,      m. 

n 

11     1     3 

20 

27 

10     12 

18 

14    3    6 

21 

31 

12     20 

30 

16     1     4 

22 

47 

20    30 

40 

84    2    6 

20 

71 

10    41 

52 

73    3     6 

20 

14 

15     16 

17 

Part  t  COMPOUND  ADDITION.  83 

Pbomiscuous  £xamplb8  fob  pbacticb. 


67. 

68. 

J 

L. 

#• 

d. 

L. 

#.   d. 

12S 

12 

lOi 

748 

18  IH 

217 

13 

lU 

479 

19  ^IH 

718 

10 

1C4 

90 

19  104 

124 

11 

IH 

417 

18  114 

273 

16 

s^ 

9 

17  H 

731 

17 

94 

704 

18   9^ 

• 

314 

19 

8* 

27 

16  104 

471 

16 

94- 

8 

19   8| 

■ 

784 

12 

74 

39 

18  114 

» 

149 

16 

74- 

495 

14  114 

• 
• 

( 

S9. 

70. 

a. 

0Z. 

dwi. 

gr. 

L 

ewt. 

p-.    ik. 

«r. 

dr. 

27 

11 

19 

23 

47 

19 

3  27 

15 

14 

4 

10 

19 

22 

4 

13 

3  26 

14 

lO 

17 

11 

14 

23 

9 

16 

2  20 

15 

15 

44 

11 

18 

21 

87 

12 

3  27 

10 

15 

9 

10 

11 

12 

76 

10 

1  21 

12 

14 

33 

11 

12 

13 

7 

11 

1  24 

14 

15 

9 

10 

11 

12 

64 

10 

3  20 

12 

13 

47 

11 

18 

20 

9 

19 

2  10 

11 

15 

13 

10 

17 

21 

7 

18 

2  11 

13 

15 

37 

11 

12 

15 

24 

18 

3  10 

10 

14 

71. 

a 

72. 

• 

ft 

s 

5 

B    i 

?r. 

££• '  ^r. 

II. 

17 

11 

7 

2 

3 

102  4 

3 

41 

10 

7 

2 

2 

97  4 

3 

12 

11 

6 

2 

14 

2  3 

3 

37 

10 

6 

2 

17 

8  4 

3 

12 

11 

7 

2 

16 

12  1 

2 

84 

10 

5 

1 

19 

39  4 

3 

14 

10 

4 

2 

18 

176  3 

2 

24 

11 

7 

2 

17 

475  3 

3 

56 

10 

6 

1 

15 

88  4 

3 

19 

11 

7 

2 

19 

• 

m 

7  2 

2 

o  2 
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ARrrH3IETlC. 

73. 

7 

4. 

lea. 

m.  fur. 

;>• 

yd. 

/. 

in. 

h. 

47 

2 

7 

37 

374 

2 

11 

11 

12 

1 

6 

20 

746 

2 

10 

11 

76 

2 

7 

31 

90 

1 

^ 

lO 

0 

2 

6 

27 

474 

2 

ID 

11 

8 

2 

f 
t 

39 

8 

1 

9 

lO 

7C4 

2 

7 

38 

908 

2 

10 

IL 

28 

2 

6 

32 

39 

!^ 

11 

11 

497 

2 

7 

28 

484 

2r 

lO 

11 

9 

1 

5 

30 

98 

2f 

10 

11 

46 

2 

7 

35 

9 

2 

8 

10 

75. 1  am  indebted  to  A,  lOZ.  Il5.  ed.;  to  B,29^  19».Od.5  to  a 
129/.  Os.  \\d.\'y  to  D,  3795/.  18«.  lOd.4 ;  to  E,  789/.  19*.  9d.|> 
and  to  F,  239/.  19^.  Sd.^j  what  sum  do  I  owe  in  all.  Ant, 
4995/.  95.  lOJ.-i-. 

76.  A  poor  widow  received  In  charitable  donations  as- follows; 
viz.  from  F,  ten  guineas  j  from  G,  three  moidores:  firom  H, 
one  hundred  pounds ;  from  I^,  fifty  shillings ;  from  T,  eleven 
crown  pieces ;  from  X,  seventeen  guinea  notes  5  and  from  Z,  a 
check  on  his  banker  for  threescore  and  ten  pounds;  what  did 
she  receive  in  all.     Am,  207/.  13*. 

77.  What  does  my  house  stand  me  in  per  year,  supposing  the 
rent  is  forty  pmmds  ten  shillings ;  the  assessed  taxes,  fifteen  gui- 
neas and  sixpence  \  land  tax,  three  pounds  five  shillings ;  poor*9 
rate,  six  pounds  seven  and  fourpence  \  and  church  rate,  high- 
way rate,  &c.  two  guineas  and  a  half?     Am,  68/.  lOs.  4d. 

78  A  silversmith  sold  plate  as  follows  5  on  Monday  he  sold 
7\h.  11 02.  19dM?/«.  \7et.\  on  Tuesday,  12/6.  lOoz.  I7dwte.23gr.; 
on  Wednesday,  9/6.  Woz,  \9»dwis  20gr.  5  on  Thursday,  15/6.  llox. 
14(/uj<i\  2lirr.  5  on  Friday,  23/6.  9oz.  VJdwU.  15^.  j  and  on 
Saturday,  11/6.  lOoz.  XZdvoU.  \  what  quantity  did  he  sell  during 
the  whole  week  ?     Am.  82/6.  Qoz.  IGdwis. 

79.  A  wholesale  grocer  sent  the  following  quantities  (^  sugar 
to  five  customers  ;  viz.  to  A,  Scv?t.  Sqr.  ?7/6*  3  to  B,  Scwt  2^. 
26/6.  ',  to  C,  lew/.  *iqr.  2/6.  j  to  D,  4act.  Sqr.  25/6. ;  and  to  E, 
39r.  26/6.  -,  what  quantity  did  he  send  in  all  ?     Am.  I7cwt.  9Alh. 

80.  A  })erson  bought  six  pieces  of  Irish  linen  j  the  first 
containing  7lfds,  Sqr.  -,  the  second,   19yds.  Sqr.  3m  -,  the  third* 
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^Byds,Sqr.2n.',  the  fourth,  SSydff.^^r.  5  the  fifth,  6yds,  ^qr.  Sn.-, 
afid  the  sixth,  lOyds.  3qr.  3n.;  what  was  the  whole  quantity 
bought  ?     Ans.  IQftyds.  ^qr.  3n. 

81.  A  common  was  ordered  to  be  inclosed,  and  it  was  accord- 
ingly divided  into  6  meadows  3  the  first  containing  27a.  3r.  3Ip.  j 
the  second,  14a.  3r. ;  the  third,  32a.  2r.  25p. ;  the  fourth,  15a. 
3r.  18/).  5  the  fifth,  32a.  Ir.  IQp.j  and  the  sixth,  3r.  39p.  5  there 
were  ako  1 2a.  2r.  lip.  allotted  for  a  road  through  the  ground ; 
what  quantity  of  land  did  the  common  contain  ?  Ans,  137a.  23p. 

82.  A  farmer  bought  several  quantities  of  wheat  as  follows ; 
of  A  he  hought  3ld,  ^qr,  bbu,  5  of  B,  Sqr,  7bu,  3pk,  -,  of  C, 
Uld.  Iqr^',  of  D,  7hu,  Spk. ;  of  E,  4qr,  6bu.  3pk, -,  and  of 
f,  Hid,  4qr,  3pk, 'j  how  much  did  he  buy  in  all?  Ans,3lld. 
Sjr.  4hu, 

S3.  A  coal-merchant  received  five  lighters  loaded  with  coals 
from  the  pool  5  the  first  contained  12c^.  36m.  3pk.  3  the  se- 
cond, I9ch,  27 bu.  3pk.',  the  third,  I7ch.  356m.  2pA. ;  the  fourth 
llch.  296m.  3pk,  -,  and  the  fifth,  23c/i.  326m.  3pA:. ;  how  many 
chaldrons  did  he  receive  ?    4fts.  8bch.  216m.  2pk, 

COMPOUND  SUBTRACTION, 

76.  Compound  Subtraction  teaches  to  find  the  diflFerence  of  two 
§:iveQ  compound  numbers  of  the  same  kind,  by  taking  the  less 
ft'om  the  greater. 

Rule.  Place  the  less  compound  number  below  the  greater, 
^o  that  like  denominations  may  stand  under  each  other  as  in 
Compound  Addition. 

Beginning  at  the  least  denomination,  subtract  the  lower  num- 
V>€rs  from  those  above,  putting  each  remainder  under  its  re- 
spective denomination. 

When  the  lower  number  of  any  denomination  is  greater  than 
the  upper,  increase  the  upper  by  as  many  as  make  one  of  the 
^ext  superior  denomination,  subtract  the  lower  number  from 
this  sura,  set  down  the  remainder,  and  carry  1  to  the  next  lower 
number ;  subtract,  and  proceed  in  this  manner  until  the  work 
w  finished  *. 

*When  the  inferior  denominations  in  the  upper  line  are  respectively  greater 
than  those  in  the  lower,  the  reason  of  the  rule  is  plain  ;  when  they  are  lesgj 
the  borrowing  and  carrying  depend  on  the  same  principles  as  common  subtrac* 

G  3 


Pait  L 

MkHmdofFnof. 
Add  the  raaudiider  (or  nndber  aramg  tarn  tlie  qpentioD) 
and  tbe  lesser  number  tcgether«  and  if  the  fluni  be  like  the 
greater,  the  work  is  rig^ 

Examples. 
1.  Fran  123/.  4s.  5di  take  1022. 19f.  Sd^. 


Opbkatiov. 

123       4       5^ 
102     19       S\ 

Rem* 

20       4     lO^ 

Proof 

123       4       5^ 

Here  1  bc^  at  tlw  fritU^gty  and  ny»  S  fiPOB 
1  I  cannot,  1  tfaocibve  boffmr  4  fiutbings, 
whidi  added  to  tlw  1  make  5,  tiien  3  firomS, 
and  S  TCBain;  put  down  -J-,  and  carry  I  to  tbe 
6  onket  7  ;  then  I  m,  7  horn  5  I  caonot,  bor- 
row 12  to  tbe  5  wbidi  make  I7»  tbcB  7  from 
17,  and  10  icaaui ;  pat  down  10,  and  cany  1 
to  19make9D;tben20£roaK4Icannot,tbere- 
fore  I  borrow  90  to  the  4,  aakmi;  34,  then  20 
from  24,  and  4  ranain ;  pnft  down  4,  and  carry  1  to  tbe  3 :  tbe  rest  it  merelf 
timple  subtraction.  Tbe  proof  arises  firoB  addio^  tbe  reaiaiiider  and  tbe  line 
next  abore  it  togetber  by  Compoond  Addition. 

2.  3.  4. 

L,      s,  if. 

From    471     7  8^ 

Take    101     1  24- 

Rem.    370    6     6^ 
Proof  471     7     84^ 


5. 

Z,.      s.  d. 

12     11  6i 

10       1  2^ 


3. 

X. 

#• 

d. 

76 

1 

lU 

14 

9 

u 

61 

12 

104^ 

76 

1 

114 

6. 

L, 

«. 

<f. 

78 

9 

44 

16 

1 

24- 

L. 

«. 

d. 

47 

18 

U 

10 

19 

9\ 

36 

18 

34- 

47 

18 

14- 

mf 

4» 

L. 

8. 

tf. 

40 

19 

34^ 

18 

3 

7^ 

tion  does  ;  so  in  Ex.  1.  we  borrow  4  (or  1  penny)  in  fiuthings,  to  compensate 
wbicb  we  carry  1  (penny)  to  tbe  pence ;  we  borrow  12  (or  1  shilling)  in  penoe^ 
to  compensate  which  we  carry  1  (shilling)  to  the  shillings ;  and  in  shillings  W0 
borrow  20,  (or  1  pound,)  carrying  1  afterwards  to  the  poands.  That  thcac 
carryings  always  exactly  compensate  for  the  number  bmrowed  i^pears  plain^ 
for  carrying  1  to  the  lower  number  is  in  effect  the  same  as  taking  from  th^ 
upper  the  1  borrowed.  The  same  reasoning  may  be  applied  to  every  kind  ^ 
examples  that  can  be  proposed  under  this  rule. 
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8.  9.  10. 

7^      6  8i  62     15     5^  8432^ 

45     11  ^4^  12     10    9^  76    8    7i^ 


11.  12.  13. 

L»           Sm  «•  Zj%  S,        0.  Zj,      9,  «• 

59       6  1(H  39  17     4i  24     O  11 

8     18       24:  10  O     6  15     3  3 


« 


14.  15.  .  16. 

JL     #.  d.  L.  #.  d»  h,  #.     ^. 

43     14  1  48  O  Oi^  67  1     24 

?2     11  lOJ  47  19  114^  1  2    34. 


77^  TROY  WEIGHT. 

« 

2^,  JExpUaiaiioM. 

lb.     OS.    dwt,  gr.  ^  borrow  24  in  grains,  which  added  to  3  make 

I      -From    97     1'      2       3  ^9  ^^^^^  from  27,  aadS/emain  to  be  put 

'       Tahfi     19     fi     1^     01  ***^5  carry  1  to  17  are  18,  then  18  from  8  I 

'"*^     ^^     g      17     ^i  cannot;  borrow  20  to  the  2  make  22,  then  18 

^m.     84     4       4       6  ^^^n^  ^>  and  4  remain  to  put  down ;  carry  1  to 

P..    /•"If^IS? — \ 7^ o  ®  **■*  ^»  ****"  ^  fr™"  *  ^  cannot ;  borrow  12  to 

'^^^J    97     I       ^       3  the  1  make  13,  then  9  from  13,  and4remain  to 

-  put  down ;  carry  1,  and  proceed  at  in  simple 
subtraction* 

18.  19.                             20. 


lb. 

oz. 

dwt. 

gr. 

26. 

oz» 

«/w<.  ^r.    lb,. 

oz. 

dwUgr 

71 

8 

16 

7 

41 

7 

12  11    9 

1 

3  6 

14 

11 

10 

9 

IS 

11 

2   5    1 

2 

0  8 

56 

9 

5 

20 

. 

21. 

lb. 

02. 

dwU 

•«^. 

lb,  oz,  dwts.gr. 

8 

11 

9 

8 

6  0  2  10 

8 

4 

10 

2 

4  1  0  20 

64 
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78.  AFaiU£CARi£S'  WEIGHT. 

23. 

Tfriv^       ti\      1      o  Q     ^\  Il»^«to^wnmiiieTCTyfUeetlirwigfc- 

rrtm       f>l      1      a  a        *      oat  this  exaspk  except  in  the  pounds.   I 

^     ^     7  ^      ^Q     boCTow  20  in  gnins,  3  ib  ■craplcs,  8  in 

Hem,        40     8     2  2      11      *»«».  «>d  12  inottii»;  obsenriiijalway. 

to  cany  1,  after  I  hare  bonowcd,  to  the 

Troof     61      1     2  2        1     next  lower  fisuc 

24.  25.  36. 

ft.   5    5    9    ^.  ft.    5    3    9   ^.         ft.     S    5   9 

9070     12  8     11     02     17  6       470 

4     3     12       0  12     3     14  5      10    0    2 

4     9     5     1     12 


57.  58. 

159^.  ftu559jT. 

lO    O     1     11  23     1     O     O     11 

611       8  10    001     17 


79.  AVOIRDUPOIS  WEIGHT. 

'*^*  EjfpUnatum, 

^om     90        1      «        tJ        4        &     except  the  last ;  Tix.  I  borrow  16  in 
Talre     12        4     3        5        6       7     drams,  16  in  ounces,  28  in  pounds, 

Rem.    77      16     2     25      13      14     4  in  qnarters,  and  20  in  a^.  o^ 

-L! semns  always  to  carry  1  after  bor» 

Proof  90        12       3       4       5     rowing^. 

30.  31.  32. 

t.    ewt,  qr.  lb.  cwt.  gr,    ft.  oz.  fr.  lb,      oz,  dr. 

7     18    2  20  9    3     12  1  3  13     14  2 

1       3     3  11  4     18  4  1  2     13  7 

6     14     3       9  ^^ 


33.  34, 

cwt,  gr.  lb.  t.  cwtf  gr.    lb.  op.  dr. 

18     1  2  8     0     L    0  12  4 

13     3  27  O     1      1     O  11  12 


ulti.         compound  subtraction.  bo 

so.  LONG  MEASURE. 

35.                              36.  37. 

tea.    m.fur.  p.  yd,  f,     in.  he,  fath,  f,    in,  he. 

27    21       8  01     11  2  12  120 

20    2    5     23  12       3  1  3  0    7    2 

6    2     3     25 


In  Ex.  35. 1  borrow  40  in  polesj  8  in  farlonp,  and  3  in  miles. 

38.  39. 

euh,     in.     I,  lea,  m,fur,    p. 

471       12  45  1     2     30 

36     16     8  17  2     1     31 


81.  CLOTH  MEASURE. 


40. 

41. 

42. 

yd. 
337 

qr, 

1 

2 

EE, 

746 

qr,    n, 
3  2 

FE,    qr,     n. 
900   1   0 

140 

2 

3 

740 

1  3 

800   1   1 

196 

2 

3 

■- 

44 

43. 

• 

• 

! 

yd, 
674 

qr.    n, 
3  0 

F^,E, 
.504 

qr, 

1 

9 

176 

2  2 

246 

5 

a 

82.  SQUARE  MEASURE. 

45.  46.  47. 

yd.     f,      in,  a,       r,  p,  yd,    f,     in, 

378    4     100  176     1  12  100     8       1 

192     6     120  20     2  3  100     1     20 


185     6     124 


48.  49. 

a,       r,       p,  Sq.  m,      a,  r,  p, 

814  12  607  500  2  20 

701   O  20  112  600  1  30 


do  ABITHMETia  Past  ] 

83.  CUBIC  MEASURE. 

ROUGH  TIMBER. 


60. 

51 

> . 

237 

1           0 

Id.      f. 
SOI       2 

in. 
1726 

108 

26     1720 

200    20 

231 

128     14           8 
HEWN  TIMBER. 

52 

• 

53. 

54. 

Id, 
210 

f.        in. 
47     100 

Id,      f. 
471     12 

in. 
200 

yd,     f.       in. 
716     0           0 

101 

20       10 

199     49 

700 

715    O    1727 

• 

84.  WINE  MEASURE. 

55. 

56. 

57. 

7 

\hd. 

1 

gal,  gt, 
10     1 

pt,  gills. 
1     2 

gal,  gt,   pt. 
37     1      1 

iMT.  gal.   gt. 
91      10     3 

1 

2 

60     3 

0    3 

31     2     0 

'16     40     1 

5 

2 

12     2 

0     3 

58. 

59. 

\ 

a, 
40 

gal,  gi,             i 
1     0 

gt,     pt,  gills, 
79     1     1 

18 

1     2 

112 

85.  BEER  MEASURE. 

60^ 

61. 

62. 

biUts  hhd,gal. 

gt,           md. 

.fir. gal,  gt. 

fir,    gml,ft. 

102 

1        1 

0              11 

12     1 

37    2     2 

1 

1     50 

1              10 

13     0 

30     1     3 

K 

00 

1       4 

3 

63. 

64. 

78     0     0 

bar,  gal, 
54       2 

gt, 
3 

a 

77    0    1 

23     10 

0 
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86.  DRY  MEASURE. 

CORN, 

65.  66. 

lasts  weys  qr,  bu,  ph  gaU  fr.    bu,  pk. 

2412101  276     31 

12     1     4     7     1     O  170    7    3 

11     1     2     1     3     1 


COJLS. 

67.  68. 

eh.     hu.    pit.  sc.   ch.    sa,    bu.pk, 

123     10     1  9     11     2     1     3 

100    20     3  4     20     8     2     1 


87.  TIME. 

69. 

70. 

mo,     w,    d.    h» 

f»,     " 

mo.    w.    d.      h. 

101     1     2     3 

4     5 

123     3     5     11 

100     1     3     5 

7    9 

123     1     6     13 

0     3     5  21 

56  56 

71. 

72. 

tr.      d.      h. 

«i. 

d.       h.     m. 

101      1      14 

12 

307     1     2        3 

73     3        1 

50 

0     2     4     IG 

83.  Promiscuous  Examples  for  practice. 

73.  Lent  a  tradesman  150^  105.  and  received  of  him  in  part 
74/.  195.  8rf.4^5  what  sum  remains  due  to  me  ?  Am,  751.  I0s,3d.^. 

74.  Borrowed  of  a  friend  lOOOZ.  and  have  since  returned  in 
Part234Z.  5*.  6d.  5  what  sum  do  I  still  owe  him  ?  Ans.  7651. 14s.  6d. 

75.  llie  amount  of  a  person's  property  is  405?.  Is.  2d.^,  out 
^'f  which  he  owes  178/.  11*.  9d.^',  what  will  he  be  worth  when 
h  debts  a|^  paid  ?    Ans.  9,^61.  9s.  Ad.^. 

76.  My  yearly  income  is  667/.  12^.  8d.  out  of  which  I  spend 
■  390!.  185.  ld.4-  5  how  much  do  1  lay  up  ?    Ans.  176/.  14*.  6d.\. 

77.  An  adventurer  purchased  a  lottery  ticket  for  27/.  16*.  lOd. 
te  ticket  came  up  a  prize  of  500/. }  what  sum  did  he  gain  ? 

^^^  mi  3*.  2rf. 


D2  ARITHMETIC.  Fait  it 

78.  A  fanner  carried  seventy  guineas  to  market,  and  broogbt 
20l.  lOs.  6d.^  home ;  what  sum  did  he  spend  ?  Ans,  52/.  19«.  5d4. 

79.  From  a  bar  of  silver,  weighing  5lb.,  an  artist  contrivel 
to  file  off  unperceived  a  piece  weighing  4oz.  Sdwt.  2gr.  -,  wliit 
was  the  weight  of  the  bar  after  this  operation  ?  Ans.  4/6. 7<«. 
I6dwt.  ^2gr. 

80^  A  blacksmith  bought  7  tons  of  iron^  out  of  which  lie 
worked  up    during  the  first  week  17cic/.  2qr,   II4-/6. ;  wkt  ] 
quantity  had  he  remaining  ?     Ans.  St.  2cwt.  Iqr.  16^,  ; 

81.  An  apothecary  mixed   several  drugs  into  a  compoiui  ' 
weighing  3  tb  2^  15  23  iOgr,  and  after  supplying  his 'patleiil% 
he  had  1  ft  5§  25  29  i2gr,  of  the  compound  left ;  what  quD* 
tity  did  he  send  out  ?     Aris.  1ft  8?  65  29  ISgr. 

82.  A  pedestrian  engaged  to  travel  1 7  miles  in  3  hours,  on  foot, 
but  was  obliged  to  give  up  at  the  distance  of  4m.  5fur,  16p. 
short  of  his  joumey*s  end  -,  what  distance  did  he  travel? 
Ans.  12m.  9fur.  24p. 

83.  Through  the  middle  of  a  park,  containing  127  acres,  1 
canal  was  cut,  which  occupied  19a.  3r.  37 p.  >  what  quantity  of 
land  did  the  park  contain  after  this  was  accomplished? 
Ans.  107a.  3p. 

84.  A  shop-lifter  purloined  I4yds.  3qr.  In.  of  ribband  froni' 
off  a  roll  of  37  yards ;  what  quantity  did  he  leave  ?  Ans.  22y(/.3». 

85.  A  ship  of  200  tons  burthen  has  already  taken  on  board 
goods  which  occupy  38  cubic  feet  more  than  158  tons  j  how 
much  more  is  wanting  to  complete  her  lading  ?    Ans.  41 1.  4/ 

86.  A  countryman  had  a  rundlet  of  elder  wine,  and  after  treat- 
ing his  friends  and  neighbours,  he  bottled  off  the  remainder, 
which  was  only  Sgal.  2qt,  Ipt.  Sgills  -,  what  quantity  did  the 
good  folks  drink  ?    Ans,  9gaL  Iqt.  IgilL 

87  By  the  leaking  of  a  beer- butt,  which  was  full  at  the  first. 
12gaZ.  39^  l-rpt*  was  lost ;  what  quantity  remained  in  the  butt 
after  this  accident  ?    Ans.  95gaL  ^pt. 

88  Two  cart-horses  thrust  their  heads  into  a  bin,  contaioiog 
3  quarters  of  oats,  and  had  eaten,  before  they  were  detected, 
Spk.  Igal.  2qt.  Ipt.  j  how  much  did  they  leave  in  the  bin? 
Atis.  2qr,   7bu.  Iqt.  ]pt. 

89.  A  watch,  which  usually  goes  27  hours  after  winding  up» 
stopped  8/t.  13m.  43"  short  of  the  time;  how  long  did  the 
ivatch  keep  going  ?     Ans.  ISh,  46m.  17". 
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COMPOUND  MULTIPLICATION. 

Compound  Multiplication  teaches  how  to  multiply  conv' 
1  numbers  by  simple  ones. 

90.  When  the  muliiplier  does  not  exceed  12. 

rLE.  Having  written  the  multiplier  under  the  lowest  deno- 
tion  of  the  multiplicand,  multiply  each  denomination  by  it^ 
ining  at  the  lowest,  and  reduce  the  several  products  as  they 
to  the  next  higher  denomination;  set  down  each  re- 
der  under  its  proper  denomination,  and  carry  the  integers 
e  next  succeeding  product. 

EXAM1>LE6. 

91.  MONEYS 
Multiply  437^  12*.  Sd.^  by  5. 

OpBRATION.  Explanation. 

L*        s,       d,  I  fi"t  multiply  4  by  5  ;  I  say  5  times  3  arc 

437      1^      8'       15;    15  forthings  are  3^.4 ;   put  down  4^  and 
^     carry  3.    Next  I  say,  5  times  8  are  40  and  3 

(carried)  43;  43  pence  are  3#.  Id,  put  down  7, 

L    2188        3      74     and  carry  3.     Next  I  say,  5  times  VZ  are  60  and 

3  carried  63 ;  63  shillings  aie  3/.  3*.  put  down  3, 

ury  3.  Lastly,  5  times  7  are  35  and  3  carried  38  ;  put  down  8,  and  carry 
•  exactly  as  in  simple  Multiplication. 


2. 

3. 

4. 

tiply  38 

*.     d. 
10    94 

4 

Ij.      s,      d. 
27     8     34 
6 

Z/.        s,       d. 

43     11     7i 
7 

d.     154 

3     1 

164     9     9 

305        1     24 

rhe  reason  of  this  rule  is  plain  from  the  first  example^  as  may  be  seen  by 
flying  each  denomination  separately,  reducing  the  several  products  to 
i|^est  denomination  possible,  and  adding  all  the  results  together. 

Lt,    s,    d% 
Thus,  4     X  5= 15  farthings=»        0 

8rf.    X  5=40  pence       =        0 
12».    x5=60shiUings  =        3 

437/.  X  5  =  =  2185 

These  sums  added  gire  2188     3    74  as  in  the  example ;  an4 
Bke  may  be  shewn  in  every  case. 


0 

34 

3 

4 

0 

0 

0 

0 
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5. 

6. 

• 

7. 

Z.   s,         d, 

78  16   24 
8 

L.      9. 

91  13 

d. 

u 

9 

L*       9,     d. 
123  4  5^ 
2 

530   9  10 

824  17 
9. 

IH 

S. 

la 

L.      9.     d, 

371  7  6^ 
3 

L.       9. 

276  8 

d. 

4 

L. 

369 

8  94 
5 

11. 

12. 

13. 

Lit         s,         dm 

807  9  3^ 
6 

120  10 

34 

7 

701 

#.  d, 

11  1^ 
8 

14. 

15. 

16. 

Zr.     9,                d, 

613  12  105- 
9 

L.      9, 
800  9 

if. 
10 

843 

10  2^ 
11 

17. 

18. 

» 

19. 

Li,         s.       d, 
139  11   84. 
4 

296  10 

rf. 

10^ 
5 

367  1«  H 

6 

20. 

21. 

22. 

L,       s,     d, 
419  8  11 

7. 

L,       9, 
536  9  : 

10^ 

8 

674 

10  11 
9 

23. 

24. 

25. 

L.       s,    d, 
760     0    24^ 
10 

817  12 

d. 

11 

901 

«.  if. 
12 
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W.  TROY  WEIGHT. 

«6.  Multiply  4lb.  5o«.  6dwt.  7gr.  by  7. 

^  EsplatuUion. 

Here  I  say,  7  timet  7  ate  49  gnuns,  which  make  2  dwts. 

0.  o«.  flwr.  ^.    imd  1  gnun  oyer ;  put  down  1,  and  carry  2 ;  then  7  times  G 

4    5     6     7    are  43  and  2  carried  44  dwti.  which  make  2os.  and  4  dwts. 

7     over;  put  down  4>  and  carry  2 ;  next  7  times  5  are  35  and  2 

«,    ,       - — r     carried  37  ounces,  which  make  3  lb.  and  1  oz,  over ;  pnt 

^     ^      •*•     down  1  and  carry  3 ;  lastly,  7  times  4  are  28  and  3  carried 

31 ;  put  it  down. 

27.  28.  29. 

lb,    OS,    dwt,   gr,  ib,  HZ,  dwe,gr,  ib,  ox.  dwt,gr. 

7    11     18     10  1234  2345 

2  3  4 

15    11     16     20 


30.  31. 

lb,    09,  dwt,  gr,  lb»     OS.     dwt,  gr, 

3     4     5     6  4     10     12  11 

5  6 


93.  APOTHECARIES'  WEIGHT. 

32.  Multiply  blh.  lOS  75  29  Sgr,  by  8. 

rv  Explanation, 

V/PERATIOIT 

First,  8  times  8  are  64,  or  3  scruples  and  4  over  to 

^'553  8^*    put  down ;  then  8  times  2  are  16  and  3  are  19  scruples, 

Mo    7     2     8    or  6  drams  and  1   scruple  over  to  put  down ;  then  8 

8    times  7  are  56  and  6  are  62  drams,  or  7  ounces  and  6 

47    ^     fi  .     drams  over  to  put  down  ;  next  8  times  10  are  80  and  7 

Job     1      4    ^j^  gy  ounces,  or  7  pounds,  and  3  ounces  over  to  put 

down  ;  lastly,  8  times  5  are  40  and  7  are  47  to  put  down. 

33.  34.  35. 

'i-  ^    5    9    ^-  ih.  I    ^    B  5    3    9  *r. 

8761     18  9121  1325 

4  5         6 

34   7    2     1     12 


36.  37. 

lb,    %      ^     3  lb.    I      'S      ^  gr. 

4861  7240  10 

7  8 
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94.  AVOIRDUPOIS  WEIGHT. 

38.  39. 

t,   cwt.  qr,  lb,    oz.  dr,  t,     cwt.  qr.  lb. 

67389  10  29     829 

5  2 


31   19 

0  15 
). 

0     2 

4( 

41. 

cwt,  qr. 

ib.    09. 

cwt.    qr,    lb.      os.      dr. 

14     1 

2     3 

9     3     20     11     12 

3 

4 

• 

95.  IX)NG  MEASURE. 

42. 

43.                                  44. 

ha.   m.  fur.    p. 

yd.  f,    in,    be,                  ct(5.     m.      /. 

2     2     4     10 

4     13     2                 27     13     1»^ 

6 

». 

3                                   ^^ 

17     0     1     20 

45 

46. 

/.     in.     I. 
10     11     3 

yd,     f,     in,     be, 
17     2     10     1 

5 

6 

96.  CLOTH  MEASURR 

47.                   48. 

49.                  50.                  51. 

yd.  qr.  n.           yds. 
28  3  2         241 

qr.  n. 
1  3 

EE.  qr,  n,          FE,  qr.  n,         Fr.E.  qr.  n. 
139  4  0         163  2   1         273  5  3 

8 

4 

5                     6                   7 

231  0  0 

( 

97.  SQUARE  MEASURE. 

52. 

53.            .             54. 

sq.  HI,     o.      T, 

23     30     1 

20 

a.       T,      p.             yd.      f.       in, 
137     2     10         375     8     100 

9 

5                              6 

207  273     1 

20 

AT  L         COMPOUND  MULTIPLICATION.  »7 

55.  56. 


c 

r. 

P- 

«f.M« 

c. 

r. 

r- 

741 

3 

16 

7 

47 

400 

1 

IS 
8 

98.  CUBIC  MEASURE. 

ROUGH  TIMBER. 
57.  68. 

U.       /.        in.  /tf.     /.    in. 

84    80     1000  38     1     a5 

10  6 


845       5     1360 


iXSATAT  TIMBER, 

59. 

60. 

61. 

H    /. 

im. 

A^.   /.    61. 

yd.     /. 

in. 

S9  40 

144 

71  48  1834 

38  80 

1600 

7 

8 

9 

99.  WINE  MEASURE. 

68.                            63.  64. 

^   khd.  gal.    qt.pt.giUi         kkd.  gai.  ff.  t.    khd.gaL 

SI    3     60    3     1     a           18     5     8  10     1     12 

n          7  8 

^41    ;(     40    8     1     1 


65.  66. 

a.    gat,  ft.  tierm  gmi.  ft. 

87     4     3  57     30     I 

9  10 


100.  BEER  MEASURE. 


67. 

68. 

69. 

^i  kkd.  gai.   ft.  ft. 

/if.    gal.  ft. 

gal.    ft.  pt. 

78  1  10  8  1 

13  4   1 

38  1  1 

18 

8 

9 

gn  0   19  8  o 
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70.  71.  - 

har,  ,^ai,  qt.  .'^     7.         Hid,.  Jir,  .-^gal,  qt, 

75      12      3  w  21  ;  1   :,0  .». 

10  11 


101.  DRY  MEASURE- 


iastsu 
10 

76 

72. 

feys  qr.  bu. 
13     5 

0    0    7 
371 

2 

1 

75. 
3 

73. 

• 

gai.          qr,    lu,  pk,          lastt 
1          231      1      2           102 

7                        3              ' 
1 

74. 

twy*  jr. 
1      4 

4 

• 
t 

• 

76. 

gat,                    ek,      lu,   pk, 

\          wr  12  3 

5                         6 

-     -    -     r    , 

.  A 

t 

1 
• 

mo,      w, 

7     s 

77. 

d.      A. 
4       8 

m 
9 

102.  TTMK. 

78. 

12           71     12     3 
8                           9 

79. 

mo,    w,  ^. 

36     2      1 

10 

63       0 

6     17 

13 

36 

■ 

80. 

w.      d. 
10     6 

A. 

12 

11 

81. 

d,      A.      «•.      '' 
37     14     60     13 

12 

- 

103.  ^FTi^Ti  ^/te  multiplier  is  a  composite  number. 

RuL£.  Multiply  the  given  compound  number  by  one  of  tb< 
component  parts>  and  that  product  by  the  other. 

To  prove  the  operation,  change  the  order  of  the  multipliers 
that  is,  multiply  by  that  part  ^^r^f  which  you  multiplied  byfof 
in  the  preceding  work>  and  by  that  last  which  you  multiplied  b 
first «. 

f  This  rule  is  evident  from  what  has  been  said  in  the  note  on  the  ooncspooiC 
ing  nUe  in  simple  Maltiplication,  Art.  35. 
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COMPOUND  MULTIPLICATION. 


82.  Multiply  22. 3s.  4d.i  by  2Qi  ^veral  ways. 


1st  method 
by4xB. 

L,    s.    d. 

2     3     4^ 
4 

Zd  method 
by  5x4. 

L.     9,    d. 
2     3     44 
5 

3d  method        4th  method 
%2xlO.           bylOx%. 

L*     s.    d.              Lt.    9.      d. 
2    3     44^          2     3     44 
2                        10 

8  13     5 
5 

10  16 

43    r 

9^ 
4 

1 

4     6     84.         21   13     64^ 
10                          2 

Prod.  43    r     1 

43     7     1            43     7     1 

83.  Multiply  St.  4cwt.  3qr. 

226. 

> 

\oz.  6dr.  by  24^  six  ways. 

1st  method 
by4x6. 
t,  cwt,  ft.  lb. 
5    4     3     2 

oz,   dr. 
1     6 
4 

2d  method 
by  6x4. 

t.  ewt.    fr.  lb.    OB.  dr. 
5     4     3     2      16 

6 

20  19     0     8 

5     8 
-6 

• 

31     8     2  12     8     4 

4 

^ro(f.l25  14     1  22 

1     0 

125  14     1  22     1     0   • 

3d  method 
by3xS. 
t.  ewt.  99*.  lb. 
5     4     3     2 

1     6 
3 

■ 

4th  method 
by  Sx3. 
t.  ewt.  fr.    lb.    OM.  dr. 
5     4     3     2     16 

8 

15  14     1     6 

4    2 
8 

41   18     0  16  11     0 

3 

Pfoinh  14     1  22 

1     0 

125  14     1  22     1     0 

fith  method 
6y2xl2. 

f.  cwt.  yr.    lb, 
5     4     3     2 

o«.  dr. 
1     6 
2 

- 

eth  method 
:    Ay  12x2. 

t,    cwt.  qr.    lb.   oz.  dr. 
5     4     3     2     16 

12 

10     9     2     4 

2  12 
12 

I     0 

62  17     0  25     0     8 

2 

i'rod.  125  14     1  22 

125  14     1  22     1     0 

fi4.  Multiply  122.  \s.  2d4  by  14.     Prod,  1682.  16*.  7d.4- 

85.  Multiply  212.  2*.  3d.4.  by  32.     Prod.  6752.  13*.  4d. 

86.  Multiply  12.  16*.  9d.\  by  42.     Prod.  771  Ss.  ld.4.. 

87.  Multiply  7s.  9d.^  by  108.     Prod.  422.  Is.  &d. 

88.  Multiply  22.  I6s.  lOd.^  by  144.     Prod.  4092.  13«. 

H  2 
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89.  Multiply  1 W. 3oz.  5dwt. 7gr.  by  1 5.    Prod.  I9tb'.  I9dmt 

90.  Multiply  Ska,  2i».  Ifur.  iOp.  by  28.     Prod.  I04lea.  3 

91.  Multiply  7yds.  Sqr.  ^.  by  36.     Prod.  ^SSydt.  ^qr. 

92.  Multiply  4tuns,  Shlid.  2g(U.  iqt.  by  54.  Prod.  ^56tuns,  t 
b8gal.  2qt 

104.  When  the  mult^jflier  is  not  a  composite  number. 

.  Rule.  Find  the  greatest  composite  number  contained  u 

Itiplier ;  multiply  by  its  component  parts  as  in  the  last  i 

o  multiply  the  top  line  by  as  many  as  the  composite  nui 

ound,  wants  of  the  given  multiplier ;  set  this  product  unde 

former,  and  add  them  both  together  ^ 

93.  Multiply  4/.  Ss.  2d.^hy  39. 

Opbratiok. 

4       3     24r  X  3         Tbe  greataik  composite  number  coot 
6  in  39  is  36,  or  6  X  6,  and  this  waaU  3  • 

I  tberefbre  multiply  by  6  and  6,  tb 
suit  is  the  product  of  the  t<^  line  mult 
by  36.  Next  I  multiply  the  top  line  i 
and  place  the  product  IS/.  9*.  6^4-  und< 
iDrmer  produot.    Lastty,  ladd  bo^  pro 

together  for  the  answer. 

Prod.       " 

94.  Multiply  \l.  Is.  2d4  by  76. 

L*      $.       d. 
1       1       2iX4 
9 


.■.« 


24 

19 

6 

149 
12 

14 
9 

9 

162 

4 

34 

9 

10 

lOf 
8 

76 
4 

7 

4 

0 
10 

Product   80 

11 

10 

Here  8x9+ 4=76. 


^  Thus  in  Ex.  93,  149/.  14/.  9d.  u  the  product  by  36,  (Art.  103.)i 
12/.  9*.  61/4  is  the  product  by  3  ;  wherefore  both  sums  added  together  wi! 
the  product  by  36 -f-  3,  or  39 ;  whence  the  rule  is  manifest. 


Pa&t  I.         COMPOUND  BfULTIPLICATION.  101 


95.  Multiply  2a.  3r.  20p.  by  154. 

a,    r,      p. 
2     3     20x10 
12 


34 

2 

0 

12 

414 
28 

0 
3 

0 
0 

Product  442 

3 

0 

Here  12x12+10=164, 

96.  Multiply  l£.  2s,  3d.4  by  17.     Prod.  18/.  19f.  3^.^. 

97.  Multiply  11.  Os.  ld.4.  by  58.     Prod.  58£.  7*.  Sd. 

98.  Multiply  2*.  Sd.^  by  1 12.     Prod.  121.  19*. 

99.  Multiply  2kUd.  Ifir.  4gal.  \qt.  by  65.  Prod,  \77kild.  \Jir. 
Hal.  Iqt. 

!|      100.  Multiply  Syd9.  2/  3i».  4/.  by  96.    Prod.  SS7yds.  4in.  SI, 
101.  Multiply  \mo.  2w.-3d.  4h.  Bm.  6"  by  129.  Prod.  208mo. 
2d.22A.67t».  54". 

105.  IVhen  the  multiplier  is  any  high  number. 

Rule  I.  Multiply  successively  by  as  many  tens  as  (when  mul-^ 
tiplied  together)  make  1  of  the  highest  place  in  the  multiplier, 
and  you  will  have  the  several  products  of  10>  100>  1000,  &c.  up 
to  the  said  highest  place. 

11.  Multiply  each  of  these  products  severally  by  the  figure 
vrhich  is  of  the  same  name  with  the  product  to  be  multiplied, 
(proceeding  from  the  highest  to  the  lowest  in  order,)  ^place  t^e 
products  under  one  another,  and  add  them  aU  together ;  the 
result  will  be  the  answer  required. 
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PiUITl. 


102.  Multiply  4L  3s.  2d.i  by  2345. 
Operation. 


X. 

4 

8. 

3 

• 

10 

41 

11 

101 X 
10 

415 

IS 

9  X 
10 

4159 

7 

6 

2 

8318 

1247 

166 

20 

15 
16 

7 
15 

0  = 

3  = 

6  = 

1U= 

9753 

14 

8^=. 

£splanaiion. 

Here  the  highest  place  of  the 
multiplier  is  thousands ;  1  therefore 

4  multiply  by  10  X  10  X  10  for  1000: 

I  next  multiply  this  product  by  2  for 
SOOO:  I  next  multiply  the  prodact 

3  of  100   (or   10X10}    by  3  for  the 

product  of  300 ;  this  I  place  under 
the  former :  then  1  multiply  the  pro- 
duct of  10  by  4,  which  gives  the  pro- 
duct of  40 ;  this  I  place  under  the 

mod.  by  2000  Z^^T ''  K""^  ««ltip»y  ^^e  top  Una 
«:inn      y     *  *"*     place  the  product  under 
^^^    the  former  ones.     Lastly,  I  add  the 
40    four  products  together  ioir  the  an- 
swer. 


5 


103.  Multiply  Is,  3d.^  by  432. 


O      1       34^x2 
10 


0 

12 

11 
10 

6 

9 

■! 

25 

16 

8 

1 

18 

9 

0 

2 

7 

Product  27 

18 

0 

104.  Multiply  lyd.  9,qr,  3n.  by  1068. 

yd,  gr,      n, 
I     2       3x8 
10 


16 

3 

2 
10 

168 

3 

O 

10 

1687 

101 

13 

2 
1 
2 

o 

0 

0 

Product  1802 

1 

0 

i 
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105.  Molliiply  4^  9t.  $d,  by  15^.     Prod.  69BI.  ^. 
1196.  Multiply  178,  5^4  by  394.     Prod.  3432.  ISs.  7d. 

107.  Multiply  1*.  8d.i  by  3016.     Prod.  267^  12*.  4d. 

108.  Multiply  Icwt.  2gr.  3/6.  by  4321.     Prod.  6597cwt.  0^. 
«7it. 

109.  Multiply  Itun,  Shhd.  ^gtd.  Iqt.  by  980.   Prod.  1723  turn, 
Zkhd. 

106.  Promiscuous  Exabct^es  for  practice. 

110.  Seven  tailors  received  each  1^  4^.  9^  for  a  week's 
wages  i  what  sum  was  sufficient  to  pay  them  ?  •  Ans,  SI.  13«.  3d, 

111.  What  is  the  value  of  16  cwt.  of  sugar,  at  3/.  17*.  4d.  per 
cwt.  ?     Ans.  611.  17*.  4d, 

112.  Bought  120.  dozen  o£  candles^  at  11«.  6d.  per  dozen; 
what  sum  do  Uiey  amount  to  ?     Ans.  691. 

113.  Sold  96. .gallons  of  rum»  at  XL  Ss.  6d.  per  gallon ;  what 
sum  will  pay  for  the  whole  ?     Ans.  1361.  I6s. 

114.  What  is  the  worth  dT  17  yards  of  velvety  at  12.  3s,  Id.i^ 
per  yard  ?     Ans.  191,  13*.  Id.f 

115.  Required  the  weight  of  1000  pieces  of  gold  coin,  each 
weighing  Sdwts,  7^.     Ans.  26/6.  2oz.  lld«7f.  16gr. 

116.  What  is  the  weight  of  19  chests  of  tea,  each  Icto^.  Oqr. 
UU).  ?     Ans.  ^Icwt.  Iqr.  14/6. 

117.  To  fill  a  cooler,  there  were  put  in  105  pails  of  liquor, 
each  SgHl.  Iqt  Ipt.  -,  what  quantity  did  the  cooler'  hold  ? 
Ans.  6hhd.  30gal.  Iqt,  Ipt. 

118.  A  bankrupt  owes  in  all  24682.  and  can  pay  Ihs.  6d.^ 
in  the  pound  5  what  are  hb  effects  worth  ?    Ans^  1917^'  16*.  10. 

119.  A  detachment,  consisting  of  3258  cavalry,  being  sent  on 
apai'ticular  service^  during  which  each  horse  ate  3bu.  3pk.  Igal. 
of  oats ;  how  many  quarters  did  the  whole  detachment  con- 
sume?    Ans.  l57Bqr.  3pk,  .        . 

COMPOUND  DIVISION. 

107.  Compound  Division  teaches  how  to  divide  compound 
numbers  by  simple  ones,  that  is,  to  divide  a  compound  number 
ii^o  any  assigned  iiumber  of  equal  parts. 

108.  When  the  divisor  does  not  exceed  12. 

Bajle.  Place  the  divisor  to  the  left  hand  of  the  dividend. 
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Divide  the  highest  denomioatkm  of  the  dividend,  and  set  the 
quotient  under,  as  in  umple  Division.  Rechioe  the  remainder 
(if  there  is  any)  to  the  next  inferior  name,  and  add  to  it  the 
number  which  is  of  the  same  name  in  the  dividend.  Divide,  set 
down  the  quotient,  and  reduce  the  remainder  to  the  next  infe- 
rior name  -,  proceed  in  this  manner  until  you  have  divided  aU 
the  denominations  in  the  given  dividend '. 

The  method  of  proof.  Multiply  the  quotient  by  the  divisor, 
and  add  in  the  remainder;  the  residt  will  be  like  the  dividend, 
if  the  work  is  right. 

109.  Examples  in  Mokxt. 

1.  Divide  13570/.  Is.  Sd.^  by  6. 

Operation.  Espianatiom. 

/,.  ^.      J,  Tbe  poondt  are  difkied  at  in  timjk 

6)13570       1     34(3     !>»"««>.  (Art.  37.  B.)  aiUr  which  then 

are  4  remaiauig  ;  tberefiMre  I  say,  4  pmudi 

QuoL       2^61      13     64-         are  80  thmingt  and  I  are  81  ;  MMtindl 

Proof      13570        1      34         yjU  go  13  timei|^  and  3  «r«r  j  ppt  down 

'^   ! Z  13,  and  reduce  the  3  orer  into  pean; 

that,  3  thillingt  are  36  pence  and  3  (in 
the  diridend  to  add  in)  are  39 ;  nxes  in  39  will  go  6  ttmct,  (to  pot  down,] 
and  :i  orer :  3  pence  are  12  fiuthingt  and  3  (in  the  diTidcnd)  an  15  ;  tiin  it 
1 5  will  go  twice,  (pot  down  2  or  -J-,)  and  3  over.  I  moltiplj  tbe  qootient  bj  $, 
(ArL  91.)  and  tbe  remit  it  the  proof. 


2. 

3. 

4. 

L.       «.  d. 

L.      *. 

d. 

L.       s. 

d. 

4)381  3  54(1 

5)739*   2 

S4( 

7)133  14 

»*( 

95  5  104 

147  16 
739   « 

54 
34 

19   2 
133  14 

u 

381  3  54 

84 

5. 

6. 

7. 

Ij,         s.      d. 

/v.    s. 

d. 

^       L,        s. 

If. 

8)100   1  ^(1 

2)357  1 

34( 

3)417  10 

74( 

12   10  14 

• 

HX)   1   24 

*  To  divide  a  number  consiiting  of  se^-eral  denominations  bj  anj.tinpk 
number,  it  evidently  no  more  than  to  diride  the  teveral  parts  of  the  former  by 
the  latter :  if  any  denomination  be  not  exactly  divitible,  it  it  plain  we  moit 
divide  at  much  of  it  as  will  exactly  divide,  reduce  tbe  rett  to  the  next  kmcr 
denomination,  and  proceed  at  directed  in  tbe  rule  ;  whence,  since  every  psrt 
•f  the  dividend  it  divided,  tbe  teveral  retuitt  collected  will  form  tbe  (|pmtieot. 
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8.  9.  10. 

L,      9.  d,  JL.       i*       d*  Im  ».       d, 

4)987    6  H(         5)702     12     1H(         6)213  10     lOi( 


11.  12.  13. 

L,       9,     d,  h,        s.    d.  JL,       #.      d. 

7)121     9     2i(  8)S7«13^(  9)210     12     4i( 


14.  15«  16. 

L,       #.     d,  Li.       s.      d,  Li,       s,       d, 

«)10S     O     5i(  3)140     10     0^(  4)237     1      lli( 


17.  18.  W. 

JL  S,         d,  Li,         S,        d,  Li*  1.  d, 

.    5)302     12     6(  6)700964(  7)301     18     10( 


20.  21.  22. 

L,       9»      d,  Lh        »,      d,  Ij.         9.      d, 

8)517     13     H{        9)739     17     H(         9)102     10     10i( 


23.  24.  26. 

Ih      '  Sm      d»  Lj.       t,    dm  It,         9%     d, 

10)654     11     8(         11)376     1    •24(         12)781     10    3-^ 


L 
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110.  TROT  WEIGHT. 

26.  Divide  235Z6.  3oz.  ^dwt,  I2gr,  by  7« 

Operation,  Explanaiion. 

lb       oz  dwt     irr  Harti^  diTided  the  fomids,  tiwre  are  4 

7>235     3     2*    \i(^    -*»^«n  1  therefore  say,  4  P<miid« .«re  48 

^  ^        ouQces  and  3  are  5i ;  sevens  in  51  wiUgo 

Quot,       33     7     6        1  7  times,  and  3  over;  pat  down?;  then  2 

T>  rx  ^     o^c;     ^      Q      IQ  ounces  are  40  dwts.  and  5t  are  42 ;  ktch 

''^^^^/      ^*30     o      ^      A>6  jjj  42  will  go  6  times,  .and  nothing  werj* 

put  down  6y  and  there  is  nothing  to  cany; 
lastly,  sevens  in  12  will  go  once,  and  5  over;  put  down  1,  and  5  to  the  rigkt 
band  for  a  remainder.  In  the  proof  the  5  is  taken  in  with  the  grains  j  the  nit 
is  obvious. 

27. 

lb.     oz.  dwt.    gr. 
5)37     1     3       5(2 
:  7     5     0     15 


37     1     3 


29. 
lb.    oz.  dwt.  gr, 
3)71     1     9     2( 


lb. 

2)10 

28. 
oz,    dwt, 
11      13 

,    . 

■    ' 

lb. 
4)81 

30. 
oz.    dwt, 

10    17 

21( 

■  1          '     . 

■ 

1 

111.  APOTHECARIES*  WEIGHT. 

31  Divide  137ft  15  25  19  lOgr.  by  8. 

Operation.  .    Esplanation. 

^   ^'      i      3     9     ^«  After  dividing  the  lbs.,  1  rcibams^lpwuii 

8)137      12      1      10(6     ^*  ^2  ounces  and  1  are  13;  eights  in  13  will 

■  ■'■    ■ ■        go  oncej  and  5  over;*T>nt"downr  1 ;  then  5 

17      1      5     0      18  ounces  are  40  drams  and  2  are  42 ;  eightt  ia 

137      1      2      1      10  42  will  go  5  times»  and  2  over;  put  down 5; 

then  2  drams  are  6  scruples  and  1  are  7  i 

eights  in  7  will  not  go ;  therefore  ptit  down  0;  7  scruples  are  140  graia*  9bA 
10  are  1 50 ;  eights  in  150  will  go  1 8  times,  and  6  over. 


32. 

33. 

^.    5    3    9   «^. 

6)25     2     3     1     2(^ 

lb.      5      3     B    gr- 
3)17     V     11     4( 

4     2     3     0  13 
25     2     3     i     2 


tat  I. 
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W 


34. 


^.    I 


:     35. 


4)71     2     8     0    8( 

5)47 

S      3      9    «r- 
10     1     2     1«( 

»                          « 

f 

■0 

112.  AVOIRDUPOIS  WEIGHT. 
36.  87. 

/.      ewt.  qr,    lb.   ox,   dr,  i,    cwi,  qr,    lb, 

2)H     3     8     7( 


m 

1     2     3     4     5< 

6. 

16     1     6     4     I 

34 

4     2     3     4     5 

-"^ 


38. 

39. 

cwt.    qr,     lb, 
3)17     3      10 

ox. 
11( 

"               qr. 
4)59 

lb.      ox, 
12     11 

dr, 
10( 

.  ' 


'^ 


113.  LONG  MEASURE. 


40. 

yds,    f.     in.  I. 

6)70'^     lO  7(1 

11     2       5  9 

70    2     10  7 

t  42. 

f       y<£r.    yi      M.  ^. 

t4)97     1     11  1< 


41. 

lea, '  m,  fur.    p. 
3)54    2    3     12( 


43. 

&a.     m.  fur.    p. 
5)14     O      1      24( 


ti  ■  ^  t 


.     44. 


qr.  n,     ■ 

)i  I  3(4 

2  1 
U   1  3 


114.  CLOTH  MEASURE. 

45.  46. 

ydi.  qr,  n.  FE.   qr.  n. 


4)1375  8  l( 


47. 

•  JFV.  E,  qr.  n. 

5)1234  2  2(   6)9017  5  0( 


■c^^MM^aH 
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115.  SQUARE  MEASURE. 


9f»  Ml* 

B)a05 


48. 

c     r.    p, 

1     2     S(3 


49. 


m,        r.      p, 
5)3714    3     13( 


38  ) 

BO 

0  30 

305 

1 

2     3 

6)7941 

$0. 
r. 

1 

r 

20( 

51. 


tn. 


7)1^4    3     133( 


116.  CUBIC  MEASURE. 

ROUGH  TIMBER, 


52. 

5)7142       1  1000(3 

1428     16  545 

7142       1  1000 


53. 
W.       /.       in, 
2)7181     2     100( 


54. 
Id.       /. 

3)5714     11 


HEWN  TIMBER. 


tfi. 
300( 


yd. 
4)1232 


55. 

/.       in. 
40     1234( 


117.  WINE  MEASURE. 


56. 

#.    kkd,  gal.  gt.  pt.  giUt 
6)71      1      12     3      1     3(1 


11     3     33 

2     11 

71     1     12 

3     13 

58. 
tier.    gal. 
4)271     20 

9^' 
0( 

57. 

t.    hhd.  gal.    ft. 
3)79     3     12     2( 


59. 
a,    gal,  qt.   pi. 
5)371     9     2     1( 
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118.  BEBR  MEASURE. 
60.  61. 

BmUs  IM,  gai,  gi.  bar,  gaL  qt.  ft, 

9)183     1     19    8(6  6)514     1     g     1( 

IS     1     95     1  

123     I     19     3 


69.  63. 

kild.  fir.  gal.  qt.  fir,   gni-qt.  pi, 

7)200     1     O     1(  8)37    3     9    0( 


119.  DRY  MEASURE. 


64. 

65. 

kuU  wesf  qr,    bn,  ph. 
11)271     1     4     7     3(7 

qr.      ha,  pk. 
8)741     3     9( 

24     1     9     9     0 
271     1     4     7    3 


66.  '  67. 

ph,       bu,   ph.  ch.     sa.   bu.  ph. 

9)193     19     3(  10)193     1     9    3( 


190.  TIME. 

68.  69. 

mo.    w.    d.    h.    m.     **  mo.      w.    d. 

9)317     1     9    3    4    5(9  10)7351     3     6( 


35     1 

0     5  40  97 

817     1 

9     3     4     5 

« 

ter. 
11)209 

70. 
d.     h. 

1     19( 

71. 

a.        h.    '  in. 
19)31     10     19    90( 
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121 .  Wheig  the  dioiidf  ii  a  eomp&siie  number. 
Rule.  Divide  the  given  compound  number  by  one  of  thi 
component  parts>  apd  that  quotient  by  the  other,  the  last  quo- 
tient wii]  be  the  answer,  when  there  ar^  oi^y  2  component  partSj 
if  there  are  more  than  two,  divide  succeasiveiy  by  them  all*  anc 
the  last  quotient  will  be  the  answer. 

To  prove  the  operation,  change  the  order  of  the  divisors  as 
in  Art.  103. 

72.  Divide  37^.  12*  6d.  J^  by  16,  several  ways. 


Ist  method 

by  4x4. 

L.        9,      d. 


2d  method 

6y  8x2. 

L-       9.      d. 


^method 
by^xS. 

Zj.        9,  d. 


4 

37' 

12     5i 

4 

9 

8     H 

Quot. 

'2 

7    0^ 

2 
1 


8 
2 


37     12 

5i 

4.  14 

0| 

2      7 

ot 

6 
O 


2 
8 


37 

12 

^ 

18 

16 

24 

2 

7 

o^ 

0 
3 


Rem.  1  X  4+2=6.  Rem,  6.  Rem.  3  x2s6. 

73.  Divide  300i.  IQs.  6d.4  by  210,  or  3  X  7  X  10. 


3 

l8t  method 
by  3x10x7. 

L.      9.   '  d, 
300     10     64 

0 
9 
5 

3 

7 
10 

2d  method 
fcy  3x7x10. 

L.  9.  d. 
300  10     64 

0 

10 

100       3     64 

100     3     ©t 

3 

7 

10       0     4 

14     6     24 

8 

Quot. 

1       8    74 

1     8    74 

10 

300 

10 

6^ 

7 

30 

1 

<K 

^ 

4 

5 

lOi 

not 

.     1 

8 

•74- 

Rem,  5  x  10+9  X  3=  1 77.  Bern.  8x7+3x3= 177. 

3d  method 
by  10x7x3. 
Z/.       8.         d, 

7 
3 

2 


Bern.  2  X  7+3  X  10+7=177. 

74.  Divide  168Z.  16«.  7d.4  by  14.     Quot.  12Z.  U.  2d<i.. 

75.  Divide  42Z..  I*.  6d.  by  54.     Qw)t.  Ol.  15*.  7d. 
76    Divide  409Z.  13«.  l^  144.     Quot.  2«.  16*.  10d4. 

77.  Divide  675Z.  5«.  5d.4  by  240.     Quot.  9X.  16*.  3d.4  22  rem- 

78.  Divide  19^6.  Ooz,  \Odwt.  9gr.  by  1^.      Quot.  lib.  ^OZ' 
&dwt,  7gr. 


I.  COMPOUND  DIVISION.  Ill 

1.  IMvide  mtUM,  ikhd.  eOgal  Sqi.  by  27.  Quoi.  4tuns, 
L  %gaL  Iqt. 

K  Divide  ll859r.7^M.  ^pk.  Ogah  by  182.     Quot.  eqr.  Thu. 
Igal. 

2.  When  the  divisor  consists  of  a  number  with  ciphers  to  the 

right  hand, 

VLB.  Divide  by  the  significant  figures  only>  without  regard- 
the  ciphers^  and  from  the  highest  denomination  of  the  quo- 
:,  cut  off  by  a  small  line  as  many  of  its  right  hand  figures  as 
s  are  ciphers  in  the  divisor.  Reduce  these  right  hand  figures  to 
next  lower  denomination,  taking  in  the  figures  of  the  same 
mination  from  the  said  quotient.  Cut  off  from  the  right 
lb  mimber  as  many  figures  as  there  are  ciphers  in  the  divisor, 
Ke  these  to  the  next  lower  denomination,  cut  off,  &c.  and 
ieed  in  this  manner  through  all  the  denominations;  the 
ibers  on  the  left  hand  of  the  cutting  off  lines  being  placed 
order  will  be  the  quotient  required. 

II.  Divide  3702  U.  2s,  Sd.^  by  9000. 

Operation.  ^    , 

I        ^^      ^,  EspUtnaHon, 

»wQO|      o      Q\(        I  first  diyide  by  9,  neglecting  the  ciphers;   then, 

211 -Zl     because  there  are  3  ciphers,  I  cut  o£f  3  figures,  vis .  2 1 3, 

4{213     9     2^      ^^^^  tbe  left  of  the  pounds  ;  this  number  I  reduce  to 
^0  shillings,  taking  in  the  9  ;  from  the  shillings  in  like 

manner  I  cut  ofiP  3  figures,  viz.  269»  which  I  reduce 
into  pence,  taking  in  the  2 ;  from  the  result  I  cut  off 
S30,  which  I  reduce  into  forthings,  taking  in  the  1 ; 
and  cut  off  931,  which  b  the  remainder,  and  the  left 
hand  numbers  cut  off  placed  in  order  constitute  the 
quotient. 

Quotient  4L  4s,  3d.  921  rem. 


82.  Divide  37237d.  €h.  6m.  24".  by  1200. 

^  d.        A.     m,    " 
')87937     6     6     24( 

8l|03     2  30     32 
24 
"[74"  Quotient  3ld,  Oh.  44m.  42".  32  rem, 

60 

44170 
60 

42132* 


113 
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83.  Divide  67(d.  l^.  6d.  by  600.     QmoL  Ik  1U.  4i^ 

64.  Divide  33^1.  15«.  by  80.     Quot.  4/.  Ss.  2d^. 

8.').  Divide  b432lyd.  3qr.  In.  by  11000.      Quot.  4yd.  Ztp,  S«. 
13  rem, 

86.  Divide  158fo/»,   Wcwt.  5tqr.  \3lb,  by  100.     Quot.  \km, 
Wcwt,  2qr.  ^4/6.  21  rem. 


123.    IF^  fAe  divisor  is  any  number  greater  than  13. 

Rule.  Divide  the  highest  denomination,  and  place  the  quo- 
tient on  the  right  hand>  exactly  like  common  Long  DivisknL 
Reduce  the  remainder  (if  any)  to  the  next  lower  denomioatioiw 
taking  in  the  figures  which  'are  of  the  same  denominatioiu 
Divide  this  number,  the  quotient  will  be  of  the  same  denofflin- 
tion  with  it.  Reduce  the  remainder,  take  in,  divide,  &c.  until 
the  whole  is  finished. 

87.  Divide  123452.  6s.  7d.i  by  215. 
Operation. 

215)12345  6  74(57  8  44 
1075 

1595 
1505 


90 
20 

1806 
1720 


86 
12 

1039 
860 

179 
4 

719 
645 

74 


Having  divided  the  ponndt,  the  miim 
13  87 f  and  the  remainder  90 ;  thb  mkt  I 
multiplj  by  90,  and  take  in  the  6;  1  tktt 
divide  the  retolt,  vis.  1 806,  and  the  fvliait 
8  it  shillings;  the  remainder  86 1  wdtiply 
bj  13,  and  take  in  the  7  s  the  remit,  vif. 
1039|  I  divide,  and  the  qnotient  4  ii  peaeii 
the  remainder  179  I  mnltii^j  by  4,and  tifci 
in  the  3 ;  the  result  I  divide,  and  thefiB- 
tient  3  is  fttfthingt. 


tat  I  COMPOUND  DIVISION.  lis 

68.  mnde  71«8«y<if.  9qr.  Sn.  by  1934. 

.1234)71236    3*  2(57   ^' S  Quotient. 
6170 

9636 
8638 

898 
4 


3595 
2468 

1127 

4  ' 

4510 

3702 

808 

89.  Divide  39Z.  Is,  Sd.^  by  31.     Quot.  ll,  5$.  2d.^. 
901  Divide  4l2il.  U,  9d.  by  111.     Quot.  SL  Us,  3d. 
91.  Divide  97532.  I4s,  8d.i  by  2345.     Quot.  42.  Ss,  2(f.i 
9?.  Divide  177*iW.  Ifir.  Sgal  Iqt.  by  65.     Quot.  Stkild.  \fir. 
M  Iqt. 

124.   Promiscuous  !Examplbs  for  practice. 
98.  If  I  pay  9^  9«.  for  8  lb.  of  tea,  what  is  the  price  per  lb.  ? 
'm.  iZ.  3*.  7d.^. 

94.  Paid  132.  \Ss.  Sd.  being  the  week  s  wages  of  1 1  carpenters  -, 
hat  som  did  each  receive  ?     Ans.  ll.  os.  4d. 

95.  Bought  12  pigs  for  10/.  12«.  6d.  what  is  the  value  of  each  ? 
It.  17*.  8d.4.. 

96.  Fourteen  gentlemen  hire  a  yacht  or  pleasure-boat>  the  ex- 
Dces  of  which  will  amount  to  40l.  9s.  4d.^ ;  whect  vnll  each 
n  to  pay  ?     Ans.  21.  IJs.  9d.^. 

97.  If  17  gallons  of  brandy  cost  18Z.  189.  3d.  hoW  much  is  that 
r  gallon  ?     Jns.  l  /.  2^.  3d. 

)8.  A  club  oi^  39  penMHOS  divide  a  lottery-prise  of  20000Z. 

lally  3   how  much  does  each  receive  ?     Ans.  512/.  16^.  4d,^, 

rtnt. 

)9.  A  &rm  of  173  acres  was  reaped  by   72   persons ;   how 

tny  acres  is  that  apiece }     Ans.  2a.  It.  24p.  32  rem. 

100.  Suppose  7  puncheons  of  rum  are  just  sufficient  to  serve 

3  sailors  duiring  a  voyag»>  how  much  may  e^h  man  dripk  ? 

».  4gal.  3qt.  15  rem. 

VOL.  I.  I 
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101.  If  five  thousand  ^atthoms  of  rope  be  made  up  into  ooib 
of  1 17  fathoms  each>  how  many  coils  will  there  be  ?  Am.  4Awk 
and  S6  fathoms  over. 

102.  How  much  can  a  person,  whose  income  is  a  tbomndi 
year,  aficmi  to  spend  per  day  ?     Ans.  ^L  lU.  9d^,  50  rem. 

103.  If  a  greyhound  in  gmng  over  a  mile  of  ground  mike 
1537  leaps,  what  is  the  length  of  each  leap?  Ant.  3/.  5ii».343  rm, 

104.  If  a  pipe  of  wine  cost  130/.  how  much  will  be  the  chaise 
per  dozen,  supposing  a  dozen  eq;ual  to  3  gallons }  Am,  2l.  17ir 
ld.-J^,  36  rem, 

105.  A  silversmith,  out  of  23^.  9oz.  6dMt.  of  silver,  made 
9  dozen  of  spoons  5  required  the  weight  of  eavh  l  Am.  ^tos. 
l^dwt  Wgr. 

12B.  The  following  qt$estio7is  require  both  muUiplieatum  mi 

division. 

Rule.  To  multiply  by  4-  you  must  divide  by  2 ;  to  muldflf 
by  ^  divide  by  4  3  and  to  multiply  by  4,  divide  by  2,  and  tkflt 
quotient  by  2,  and  add  both  quotients  together. 

106.  What  is  the  value  of  34:  lb.  of  tea,  at  12<.  9d.  perlb.? 
Ans,  22.  4s,  7d.^, 

Multiply  the  top  line  by  5,   divide  %i  hy  %  and  fM  M 
results  together, 

107.  What  will  S^  cwt  of  cheese  cost,  at  4t,  4«.  6d.  per 
cwt.  ?     Am.  342.  17*.  Id^. 

Multiply  by  8,  divide  {iH^  top  fine)  by  4,  and  add  both  re- 
suits  together, 

108v  What  will  I24  dozen  of  wine  cost,  at  2f.  lOc  per  doiCB? 
Am,  312.  17s.  6d, 

Multiply  by  12,  divide  (the  top  line)  by  2,  and  this  last  re- 
suit  by  2,  then  add  all  the  three  results  together, 

109.  Required  the  value  of  25i  yards  of  eloth,  at  3i.  4d^  per 
yard  ?     Am,  41,  6s.  Od.4, 

110.  What  must  be  given  for  117:^  lb.  of  tea,  at  lis.6l 
per  lb.  ?     Am,  732.  5*.  7d,4-. 

111.  If  a  gallon  of  brandy  cost  12.  3f.  6d.  what  cost  294 gd- 
Ions  ?     Am,  342.  7s.  4d.-^. 

112.  What  wUl  2U  yards  of  lace  cost,  at  12.  Is,  Qd,  porytrd  ? 
Am.  232.  7*.  7d.-J-. 


AIT  I.  DIRECT  PROPORTION.  115 

113.  What  will  374-  lb.  of  nutmegs  cost,  at  1/.  4$.  Sd.  per  lb.  ? 
fait.  461.  5f . 

114.  What  wiU  874  gallons  of  oil  cost,  at  6s.  6d.  per  gallon  ? 
fM .  37^  5«.  lOd^.. 

115.  Required  the  value  of  a  parcel*  containing  567t  hundred 
if  WhHediapel  needles,  at  It.  8^.  per  hundred.    An$,  47'.  5«.  5d. 

PROPORTION. 

\96.  ^Pn^XMTtion,  called  also  the  Grolden  Rule,  and  the  Rule 
if  Three,  teaches  from  three  numbers  given  (whereof  two  are  of 
%i  same  kind)  to  find  a  fourth :  it  consists  of  two  branches^ 
kThe  Rule  of  Three  Direct,  and  The  Rule  of  Three  Inverse. 

187.  DIRECT  PROPORTION,  ok,  THE  RULE  OF 

THREE  DIRECT, 

ndies  from  three  numbers  given  to  find  a  fourth,  which  (when 
he  three  numbers  are  properly  arranged)  will  be  as  great  when 
QBpared  with  the  second,  as  the  third  is  when  compared  with 
k  first;  so  that,  if  the  third  be  greater  than  the  first,  the  fourth 
dl  also  be  greater  than  the  second;  and  if  the  third  be  less 
bn  the  first,  the  fourth  will^  in  like  manner,  be  less  than  the 
ttmd. 
138. 1  Rt7LB  I.  Examine  the  question  carefully,  and  when  you 

^  The  comparison  oi  one  ntimbet  to  another  is  called  their  ratio  ;  and  when 

'Imr  given  nnmberB  the  first  bat  the  same  ratio  to  the  second  which  the 

ibd  has  to  the  fourth,  these  four  numbers  are  said  to  be  yroporiifnuUs. 

Ilence  it  appears*  that  ratio  is  the  comparison  of  two  mimbers,  but  propor- 

Ife  k  the  equality  of  two  ratios :  we  cannot  then  with  propriety  talk  of  the 

f^mrtian  of  one  numher  to  another,  nor  confound  the  terms,  as  some  authors 

i|f«  done.     Hie  name  iHroportion  comes  from  the  Latin  jtro  and  portio, 

'  The  fundamental  principle  of  the  rules  of  Proportion  is  this,  namely,  If 

tor  numbers  are  proportionals,  the  product  of  the  two  extreme  terms  is  equal 

I  the  product  of  the  two  means.     Thus,  since  3  is  as  great  when  com* 

1^  with  3,  as  4  is  when  compared  with  6,  2  has  the  same  ratio  to  3  that 

Wt  to  6  J  and  consequently  these  four  numbers  are  proportionals,  that  is« 

1 4  : :  3  :  6.    Now  the  product  of  the  extremes  equals  the  product  of  the 

Ifips,  namely,  2  X  6^4  X  3  ;  and  since  these  produces  are  equal,  we  are  at 

boty  to  substitute  one  product  for  the  other.    And  further,  if  any  product 

}  diiided  by  one  of  its  fieu:toTS,  the  quotient  will  evidently  be  the  other. 

These  particulars  being  premised,  the  rule  will  be  easily  accounted  for  as 

iU«ws.  Let  the  three  terms  2  :  4  :  :  3  be  j|utea  t»%id  the  fourth :  now  4  and  3 

1  8' 


s*       m. 
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have  discovered  the  three  numbers  or  terms  contained  in  h,  joq 
will  find  that  two  of  them  are  of  the  same  kind,  and  thattk 
remaining  term  is  of  the  same  kind  with  the  fonrtb  temiiflr 
answer  required.  Also^  of  the  two  that  are  alike,  one  win  h 
a  term  of  supixwition,  and  the  otiter  a  term  of  ckmaad.  ■ 

II.  State  the  queetion^  that  is,  pku^e  the  three  given  tcmikl 
a  row  from  left  to  rights  let  the  odd  term  (which  is  of  the  sme 
kind  with  the  answer)  stand  in  the  middle,  and  the  two  remnii- 
ing  terms  (which  are  both  of  one  kind)  in  the  first  and  thiid 
places,  observing  to  put  the  term  of  supposition  in  the  fint  (or 
left  hand)  place,  and  the  term  of  demand  ip  the  third ;  aqi 
place  two  dots  vertically  between  the  first  and  secood  temi^ 
and  four  dots  in  form  of  a  square  between  the  second  ind 
third. 

III.  Ileduce  the  first  auad  third  terms  to  the  same  denonii- 
nation,  (if  they  are  not  so  already,)  and  if  either  or  both  of 
them  consist  of  different  denominations,  both  mui^  be  redooed 
to  the  lowest  mentioned  in  either.    Likewise  the  second  ton 
must  be  reduced  to  the  lowest  denomination  mentioned  in  it 

IV.  Multiply  the  second  and  third  terms  tog(ether,  and  divife 
the  product  by  the  first  5  the  quotient  will  be  the  fourth  tcn^ 
or  answer,  in  the  same  denomination  into  which  the  secant 
term  was  reduced. 


are  the  two  means,  and  their  product,  viz.  4x3,  equals  the  product  of  tk 

extremes,  and  may  be  therefore  taken  for  it :  but  we  have  one  of  the  cztroMii 

viz.  2,  given;  wherefore  if  the  said  product  be  divided  by  2,  the  qaoCieotwfl    j 

4x3 
be  the  other  extreme,  that  is,  ■■  »  6,  tlie  other  extreme  or  fourth  tsa 

2 
required  :  and  the  same  may  be  shewn  in  every  other  case.     Wherefore,  iatk 
Direct  Rule  of  Proportion,  if  the  second  and  third  terms  be  multiplied  tup* 
thcr,  and  the  product  divided  by  the  first  term,  the  quotient  will  be  tlic  H- 
swer  ;  which  is  the  rule. 

I 

To  make  the  rule  perfectly  clear,  one  or  two  more  particulais  will  requiR 
an  explanation.     If  four  numbers  are  proportionals,  that  is,  if  the  first  be  to 
the  second  as  the  third  to  the  fourth,  then  will  the  first  be  to  the  third  at  tht 
second  to  the  fourth  ;  and  this  accounts  for  the  usual  method  of  Stating  qiiM* 
tions  belonging  to  this  rule :  and  the  reason  why  the  first  and  third  terms  mvX 
"ht  reduced  to  the  same  denomination  is,  that  numbers  cannot  be  compared  to- 
gctlicr  except  they  are  of  the  same  denomination,  as  is  evident ;  and  henct  it 
will  readily  appear,  that  the  fourth  term  or  answer  will  be  in  the  same  deno- 
mination with  that  to  which  the  second  was  reduced. 
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V.  The  quotient  will  in  moit  ^ases  require  to  be  reduced  to 
I  Ugktr  denomination  -,  if  there  be  a  remainder,^  It  will  be 
ef  the  same  denomination  which  the  second  term  Wto'  brought 
■to,  and  must  be  reduced  into  the  next  lower  denomination, 
and  then  divided  by  the  first  term,  and  the  quotient  will,  be  of 
ttk  latter  denomination ;  and  if  there  be  still  a  remainder^  it 
iOBt  be  reduced .  lower  and  .divided,  and  so  on  until  you  get  to 
&e  lowest  denomination  the  second  term  admits  of. 

Method  of  proof.  Reverse  the  question  thus;  say  as  the 
ftiid  term  is  to  the  fourth,  so  is  the  first  term  to  a  fourth,  or 
wwer,  whkb  will  come  oQt  exactly  the  same  as  the  tfeoond 
tarn  in  the  original  question,  when  the  work  is  right :  or,  to  be 
MP8  plain*  make  the  third  term  the  first,  the  answer  the  second, 
md  the  first  term  the  third,  and,  working  according  to  the  rule, 
le  answer  will  be  the  same  as  the  second  term  of  the  question. 

i. 

*■■  £xAliFL£S. 

■ 

TV 

I 

1.  If  %  yurdB  3  quarten  of  muslin  cost  IL  5tf.  8d.  what  is  the 
iba  of  4  yaf'ds  3  quarters  2  nails  of  the  same  ? 

4t 

^-  Operation. 

Ftrit  term.  Second  term,  TTUrd  term. 

2yd,     Sqr.     :     11,     5s,     Sd.     :   :     4yd.  3qr.  9,n, 

"11  $5  19 

,        ^  ^^  JJ 

44  naiU,        r    309  pence,  78  naxh, 

—                     I  78  — 

^ucaadandihM'dMl    / 

'iimmvmfUjedtih'    1     2464 
»«*«'•  ^2166       12) 

lH9ided6^<i^e  1^.44)24024  (  546  quotient  in  pence, 

«gQ    2|oT;|5  6 

202        2/.  5,^  5^^  ^„^  or  4th  term, 
176         

264 
^4 


I  3 
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Fir-tt^erm,  Second  term,  '  Third  tern 

ertdUrm  t^^nHt,  or  Atk  ofqueti.  or  Xttt  i^jm 

4yd.    Sqr.    3».     :    2Z.    ^.    6d.    i  :     2yd.    Sq 


jl  20  4 

19  45  11 

Jt  Ig  _4 

78  nails:  r     546  pence.  44  nai2f« 

~~  I        44  ""^ 

e^mw  MmttipiM  to£^«.  I    2184 
**«•.  ^2184     12) 

Divided  hy  the  Ut  78)24024  (  808  quotient  in  pence. 

?5i-  2|0)2|5  8 

1^  5«.  8d.  Am.  or  4th  U 

Of  the  th^ee  termy  given  in  the  qnestion,  the  odd  term  is  mo 
]/.  5s.  9d.  which  (being  of  the  same  kind  as  the  answer  required)  1 1 
second  place.  -  The  two  remaining  terms  Are  of  the  same  Idnd*  viz.  h 
Itn ;  these^iccnpy  the  first  and  third  places ;  the  term  of  snppositioii, 
in  the  first>  and  the  term  of  dem^,  4yd.  3fr.  2ii.  in  the  third, 
both  these  terms  into  nails  ;  the  result  of  t)be  first  being  44^  and  qi  ' 
78.  I  also  reduce  the  second,  1/.  &r.  9d.  into  pence,  and  the  result  » 
then  multiply  308  and  78,  viz.  the  second  and  third,  together,  and  d 
product  24024  by  44,  the  first.  The  quotient  546  is  of  the  same  nai 
the  second  term  was  in  when  I  multiplied  it  by  the  third^  i^m^ely^ ; 
therefore  divide  546  by  12  and  20  successively,  and  it  gives  21.  Sf 
answer. 

For  tJieproqf.    I  take  the  third  term  of  the  question  and  make  it 
the  fourth  term,  or  answer,  I  make  the  second;  and  the  first  term  of  1 
tion  I  make  the  third;  and,  working  exactly  the  same  as  before,  tht 
comes  out  \l.  Ss,  Sd,  which  is  the  same  as  the  second  term  of  the  ques 
thereby  shews  that  the  operation  is  truly  performed. 

2.  If  Bib.  of  powder-blue  cost  lOs.  5d.  how  many  poui 
1  buy  for  21.  I6s.  3d.  ? 

First  term.      Second  term.  Third  term. 

108.     5d.  :  5lb.    :  :  21.     I6s.    3d. 
12  20 

m     I  ■ 

125  pence,  56 
12 


675  pence. 
5 


125)8375(27^6.  Ans. 
250 

875 
875 
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3.  if  S  tninoes  of  tea  cost  If.  7i2.t>  what  «06t  lewt,  Iqr.  Itlb,  ? 
Ant.  611.  lOf.  Sd.       Staied  thut;  3oz.  :  If.  7d4-  :  :  Icwt.  Iqr.  2/6. 

4.  If  11  pounds  of  sugar  cost  13f.  Gd^i,  what  cost  ^cwt  3qr. 
m.  ?    Ans.  192.  df .  ed. 

Staied  tkiu:  lllb. ;  I3f.  Cd.\  :  :  ^cwt  3qr.  4lb. 

5.  If  7  yards  of  doth  cost  l^l.  7f .  4d.  what  will  12yd.  2qr.  ^n. 
cost  ?    ifiif .  S2I.  6f .  Id. 

iStoted  <Af»  ;  7yd. :  122.  7«.  4d.  :  :  12yd.  ^qr.  2ii. 

6.  If  15  pounds  or  cheese  cost  ]6f.  Sd.  what  is  that  per  cwt.  ? 
iiu.  61  If.  4d.         Si<Ued  thus-,  1526.  :  16f.  3d.  *  :  11226. 

7.  If  hops  sell  for  32. 18f .  6d.  per  cwt.  what  sum  will  buj  8ewi. 
3^.  1426.  ?    Ans.  342.  16f .  8d.^. 

I  5to^m^;  11226.  :  32.  16f.  6d,  :  :  8cto2.  S^r.  1426. 

!       6.  A  Rear- Admiral's  half-pay  is  17«*  6d.  per  day^  how  much 
is  that  per  year  ?     Ans.  3192.  7f .  6d. 

Status  :  Iday  i  17f .  6d.  :  :  365dayf. 
k^     9.  A  person  owes  12342.  but  being  unable  to  pay  the  whole, 
Ui  creditors  agree  to  accept  16f .  6d.\^  in  the  pound  5  what  sum 
[do  they  receive  in  idl  ?     Ans  10202.  12f .  5d. 
SUUing;  II.  :  16f.  Cd.^  :  :   12342. 

10.  What  sum  will  purchase  20  reams  of  paper>  when  (Sf .  5d. 
will  buy  seven  ^ires  }    Ans.  182.  6s.  8d. 

Stating;  7 quires  :  6s.  5d.  :  :  ^0 reams. 

11.  A  person  having  3751  Venetian  ducats^  agrees  to  sell 
tiiem  at  the  rate  of  40  ducats  for  92.  -,  how  much  fjiglish  money 
does  he  receive  for  the  whole  ?    Ans.  8432.  19f .  6d. 

Stating;  40duc. :  92.  ;  3751dMC. 

12.  A  bankrupt  who  owes  25002.  has  e£fects  amounting  to 
4372.  lOf .  j  how  much  in  the  pound  will  he  be  able  to  pay  his 
creditors?  Ans.  3s.  6d.        Stating;  25002.  :  4372.  lOf.  ;  :  ll. 

13.  If  a  gallon  of  wine  cost  12f.  4d.  what  js  t^ie  vaiqe  of  ^ 
pipe?    Ans.  771' Us. 

14.  If  13  yards  of  cloth  cost  22.  Qf.  Id.  what  must  be  giv^a 
for  75  yards  ?     Ans.  III.  1  If.  3d. 

15.  If  a  quarter  of  wheat  cost  52.  is.  lOd.  what  will  Xlqr.  Sbu. 
cost  ?    Ans.  592.  12f .  W.^. 

16.  What  is  the  value  of  ^Och.  l%bu.  ^pk.  of  coals,  at  6s.  6d. 
per  sack?    Ans.  1182.7*.  Id. 

129.  When  the  second  term  is  a  compimnd  number,  it  will  in 

l4 


r 


nq 
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many  cases  be ,  conyement  to  use  (Compound  MultipUcntkp  and 
DivisioB,  whereby  the  trouble  ofrgifaeing  both  the  aecpiid  tern 
aixd  the  answer  will  be  saved.  i 

17.  If  3  cwt.  of  tallow  cost  51.  10».  9d^,  wh^t  is  the  value  of 
16  cwt-  > 


By  Comp,  Mult,  and  Division, 

cwt.         L,     s»      d,  cv>t* 

3     :     5     19     9i     :  :     16 

4 


23 

19 

3 
4 

3)95 

17 

0 

Ans,    31 

19 

0 

Explanation. 

Here  for  16  I  multiply  by 
4  X  4}  and  then  divide  the  pro- 
duct by  3,  "which  gives  the  an- 
swer imiaediatcly,  without  aay 
trouble  in  reducing. 


By  the  common  method. 


ctet. 

L.     4. 

d. 

ewe. 

3     : 

k     19 

20 

9f 

:  :    16 

119 
12 


143r 
4 

5751 
Ig 

34506    ■ 
5751 

«)93016( 

4)30679( 
Ig)  7668( 

2|0>  6g|9( 
Anr,    31/.  19«. 


18.  If  12  ounces  of  silver  cdsl'3;.  7s.  6d,  what  cost  35  ouiUies? 
Aris.  9l.  16*.  lOd.^.. 

19.  If  1 5  loads  of  hay  sell  fbr  12/.  125.  lid,  what  sum  will  be 
sufficient  to  purchase  28  Ic^ds  at  the  same  rate  ?  Ans,  23/.  13i. 
Id.i,  5  rem. 

20.  K  27  fother  of  lead  cost  171/.  l6«:  9d,  what  sum  will  bay 
35  fother  ?     Ans.  222/.  IS*.  9d, 

21.  Sold  81  pounds  of  tobacco  for  14/.  0*.  I(/.ij  what  must 
be  charged  for  64  pounds  ?     Ans.  III.  Is.  4d. 

22.  Bought  99  reams  of  foolscap  for  126/.  4*.  6d,  -,  what  will 
137  reams  cost  at  that  rate  ?     Ans.  174/.  13^.  6d. 

130.  JVhen  the  first  term  will  divide  the  second  without 

remainder. 

Rule.  Divide  the  second  term  by  the  iBrst,  and  multiply  the 
quotient  by  the  third  3  the  product  will  be  the  answer. 


fAtcX 
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33^  Baid  4i  17««  6d.  tar  the  reaping  of  10  acres  of  wheat  5 
wbat  must  be  paid  for  the  reaping  of  I24  acres  at  that  rate  ? 

By  the  common  method,  Art.  128. 


Hy  the  rule, 

9-     Zf,      9%      Urn         a. 
10  :)4     17     6(:  :  124 


9 

9 

124 

5 

17 

0 

4 

101 

2 

54 

6 

4 

34 

iJJU. 


Here  I  divide  the  second 
term  by  10,  and  multiply 
[  the  quotient  by  124. 


a, 
10 

40 


4 
20 

97 

12 


17 


1170 
51 


1170 
^850 


4|0)5967|O(3 


6 


12)1491(3 

2|0)12|4( 
Ans.   61.  4s.  3d.4. 


a. 

124 
_4 

61 


By  the  preceding  rule.  Art.  129. 

Z/.      J.      d.  a. 

4     17     6     :   : 


10 


124 

58 
2 
1 

10  0 
8  9 

4  44 

10)62 

3   14 

Am.   6 

4  34 

When  the  terms  are  reduced  by  the 
common  method,  we  aiay  freqacotly  work 
by  this  rule ;  in  the  present  instance  we 
cannot  without  reducing  the  second  term 
into  farthings,  which  may  be  done ;  but 
as  no  trouble  is  saved  by  it,  the  common 
metliod  is  preferable. 


%\.  If  8  years*  rent  of  a  farm  be  5232Z.  what  sum  will  1 1  years* 
rent  amount  to  ?    Ans.  7194i. 

25.  If  9  bushels  of  wheat  sell  for  AL  \9s.  9d.  what  is  that  per 
load  ?    Ans.  22Z.  S*.  4d. 

26.  If  4L  be  charged  for  a  year's  interest  of  100^.  what  sum 
must  be  lent  to  gain  500/.  in  the  same  time  f     Ans.  12500. 

27.  If  10  ounces  of  gold  be  worth  40^  15s.  what  will  be 
charged  for  a  cup  of  the  same  metal,  weighing  9,lh,  Soz.  9 
4»w.l30i.  8*. 

131,  When  the  first  term  will  divide  the  third  without  remainder. 

Rule.  Divide  the  third  term  by  the  first,  and  multiply  the 
quoUent  by  the  second,  or  the  second  by  the  quotient  5  the  pro- 

duel  will  be  the  answer. 
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29.  If  6  yards  of  broad  cloth  cost  61.  7*.  Sd.^,  wbat  cost 
54  yards  ? 

Stating ;  6yd.  :  61  7b,  Sd,\. : :  hiyd.    Here  I  divide  54  bij  S, 
and  the  quotient  is  9*     I  then  multiply  the  second  term  by 
9,  and  it  gives  B7l.  9s.  4d.^  for  the  answer. 
99.  What  is  the  value  of  1  cwt.  of  siigar^  when  4  lb.  cort 
As,  9d. }     Ans.  61.  \Zs. 

30.  What  must  be  given  for  a  hundred  dozen  of  eggs,  at 
Is.  9(t4-  per  score  ?     Ans.  SI.  Vis.  6d. 

31.  If  25  sheep  eat  up  4a.  3r.  lip.  of  turnips  in  a  certain 
time,  how  many  acres  will  serve  a  flock  of  ten  thousand  for  tiie 
same  time  ?     Am.  1927a.  2r. 

32.  What  is  the  value  of  1  cwt.  of  cheese,  when  7  lb.  otxt 
4s.  ld.|-  ?     Ans.  31.  6s. 

132.  If  the  first  term>  or  either  the  second  or  the  third,  (not 
both^)  can  be  divided  by  any  number  without  remainder,  the 
quotients  may  be  used  instead  of  the  terms  from  whence  they 
arise. 

33.  If  21  yards  of  lace  cost  35  shillings,  what  cost  29  yards  ? 
Stating ;  2lyd.  :  35^. : :  29yd.      Divide  the  1st  and  9d  by  7, 

and  tliere  will  arise  3  :  5  : :  29,  and  working  with  then 
numbers  instead  of  the  numbers  in  the  question,  we  obtm 
the  answer  2Z.  8s.  4d. 

34.  If  6  horses  eat  21  bushels  of  oats  in  a  week,  how  many 
bushels  will  serve  30  horses  the  same  time  ? 

Stating;  6h. :  2l6ti.  : ;  30h.  Here  dividing  the  1st  and  Zi 
by  6,  we  shaU  have  1  i  21  : :  5,  whence  we  have  the  answer 
105  bushels. 

35.  Gave  7s,  6d.  for  12  peaches  3  what  will  29  cost  at  the 
same  rate  ?     Ans.  IBs.  Id.^. 

Stating :  12/>.  :  7s.  6d.  : ;  29p.  The  1st  and  2d  wiU  ^Mde 
by  12,  whence  Ip.  :  7d.^  : :  29p. 

36.  Bought  5  dozen  of  fowls  for  41.  I4s.  6d. ;  what  sum  will 
a  higler  have  to  pay,  who  in  the  course  of  a  year  buys  100  score? 
Ans.  157 1»  lOs. 

Stating;  60f.  :  4L  I4s,  6d.  : ;  2000/1  Divide  the  1st  and^d 
by  20,  and  3/.  :  41.  Us.  6d.  : :  lOOf. 
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Promiscuous  £xamplbs  for  practicb. 

37.  If  a  poand  of  tobacco  cost  St.  9d.  what  is  that  per  cwt.  ? 
Am.  912. 

38.  Paid  IL  198. 10d4  for  11  men's  wages ;  what  sum  will 
pay  15  men  for  the  same  time  ?    Jns^^l.  I4s,  4d4. 

39.  Gave  161.  Is.  9d.  for  reaping  33  acres  of  wheat  j  what 
wiO  the  reaping  of  a  field  of  5  acres  cost  me  at  that  price  ? 
Am,  2/.  ^.  9d. 

40.  Bought  1  cwt.  of  sugar  for  32.  14«.  8d.  what  is  that 
per  lb.  ?     Ans,  8d. 

41.  If  32££.  3^.  In.  of  cloth  cost  8/.  3s,  3d.  what  is  that  a 
yard  ?     Ans.  4s. 

42.  If  the  expence  of  housekeeping  for  5  days  hell.  17«.  9d. 
what  is  that  per  year  ?     Ans.  1371.  15«.  9d. 

43.  What  sum  will  purchase  an  ox>  weighing  Scwt.  Iqr.  S3^. 
at'Si.  8d.  per  stone  ?     Ans,  ^il.  I4s.  Od,^. 

44.  What  is  the  iralue  of  19  quarters  of  wheats  at  ^41.  6s.  8d. 
per  load  ?     Ans.  9ZL  9s,  4d. 

45.  What  will  Tt  hundred  of  feggots  cost,  at  5s.  5d.  a  score  ? 
Ans.  lOl.  3s.  ld.4.. 

46.  How  many  hours  will  a  person  require  to  count  245000^ 
lUpposing  he  can  count  2502.  every  3  minutes  ?     Ans.  49  hottrs. 

47 •  At  3s.  6d.  per  week>  how  long  can  I  keep  my  horse  at 
grass  for  52.  ?    Ans,  2S  weeks  4  days. 

48.  If  I  rent  an  estate  7352.  lOs.  6d.  per  annum^  and  pay 
!245t2.  3^-  6d.  poor's-rate,  how  much  is  that  in  the  pound? 
Ats,  6s.  S4' 

49.  The  week^s  wages  of  9  Irish  potatoe-diggers  amount  to 
4  guineas  j  how  many  does  a  person  employ  who  pays  them 
weekly  1062. 17«.  4d.  at  the  same  rate  ?     Ans.  229. 

50.  A  foreigner  on  his  arrival  in  England  exchanges  3808 
florins  for  2412.  I9s.  4d.  3  how  much  does  he  receive  for  each  ? 
Ans.  Is,  3d.-i-. 

51.  If  ink  be  sold  at  5$.  6d,  per  gallon^  what  must  be  given 
for  a  cask  holding  12ga2.  3^^  Ipt,  ?    Ans.  32.  lOs.  9d^. 

52.  If  13  horses  eat  up  10a.  2r.  lOp,  of  grass,  how  many  acres 
will  be  sufficient  to  supply  the  horses  of  a  regiment  1200  strong 
for  the  same  time  ?     Ans.  975  acres. 

53.  What  is  the  value  of  5  fother  of  lead,  at  I6s.  4d.  per  cwt.  ? 
Am.  792.  12*.  6d. 


L 
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55.  If  8  lb.  of  faBEcon  cost  7i.  44.  how  ttaasf  cwt.  can  be 
bd^ht  for  192.  88.  8d,  ?    Ans.  ScwL  3qr.  4lb. 

55.  If  4cwt  3qr.  2lb.  of  cinnamon  cost  lS9l.  Ss.  6d.  vfbsilt  mOu 
mH  purchase  Scwt  2qr.  4lb.  ?    Am,  103^  T«.  lCk24,  36  rem. 

56.  If  272. 45. 6d.  buy  Xcwt,  3qr.  ^Ih,  of  tea,  what  quantity  can 
be  bought  for  69Z.  14«.  3d  ?    Ans.  4cwt.  ^r.  Sib. 

57-  If  rice  be  sold  for  2Z.  Qs,  8(2.  per  cwt.»  ^wbat  quantity  out 
be  had  for  52Z.  125.  id.  9    Ans.  22cwt.  2qr.  5Z6. 

58.  At  301  I3s.  6d.  per  cent>  what  will  be  the  ^ain  on  an  ad- 
venture of  13092.  175.  lOd.  ?    Ans.  401Z.  16s.  3ci„  5388  rem. 

59.  If  lyd.  Qqr.  3n.  of  linen  co^t  12.  2^.  3^.  what  co0t  SEE. 
4qr.  3/1.  ?    Ans.  42.  18s.  0(2.4,  3  rem. 

60.  Paid  42.  3s.  2(2.4-  for  the  carriage  of  II.  %cwt.  Sqr.  426. 
what  must  be  paid  for  the  carriage  of  4t,  3ewt.  ^qr.  lib.  the  same 
distance  ?  Ans.  152.  4*.  10(2.4,  561  rem.  .     , 

61.  Bought  102a.  3r.  30/9.  of  land,  giving  at  the  rate  of  S48 
guineas  tor  6  acres 3  what  did  the  estate  stand  me  in? 
Ans.  41672.  9s.  9d. 

62.  \V  liat  will  a  cargo  of  Peruvian  bark/ weighing  I20t.  l<%Dt. 
9.qr.  3lb.,  sell  for,  at  542.  25.  8(2.  per  cwt.  ?     Ans.  1300022.  13*. 

134.  INVERSE  PROPORTION,  oa,  THE  JBIULE  OF 

THREE  INVERSE, 

teaches  from  three  numbers  given  to  find  a  fburth,  such  that 
whenever  the  third  is  less  than  the  first,  the  fourth  will  be  pro- 
portionally greater  than  the  second  3  and  when  the  third  Is 
greater  than  the  first,  the  fourth  will  be  always  less  than  the 
second. 

135.  Rule  I.  State  the  question,  and  reduce  the  term  as  in  the 
foregoing  rule. 

11 .  Multiply  the  first  and  second  terms  together,  and  divide 
the  product  by  the  third  5  the  quotient  will  be  the  answer  in  the 
same  denomination  the  second  term  was  left  in  "*. 


n  It  has  been  observed,  that  **  Direct  and  Inverse  Proportion  are  parts  of 
the  same  general  rule,  and  in  a  scientific  arrangement  it  wouM  be  best  to 
consider  them  in  that  manner."    Thus,  ttcaa  the  nature  of  any  given  qacstioiv 
it  is  easy  to  determine  whctlier  the  fourth  term  oiight  to  be  greater  or  less  tbaQ 
the  second ;  if  greater y  the  less  extreme  must  be  made  Xht  divisor,  and  tlie 
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BMhod  of  jMTOof.    RevCTse  tkc  ^ettloo  as  in  tke  Rule  of 
TtoeeDkect 

Examples. 

1.  If  8  men  ctn  do  a  piece  of  work  in  20  days^  in  what  time 
wiB  the  flame  be  accomplished  by  16  men  ? 

Operation. 

ffi.  a,  tn. 

8     :      20      ;    :      16  Explanation. 

8  Hefe^  having  statedthe  question,  I  nul- 

litvT^/iA  J^**  .^«  **lJy  ***«  ^"*  ^^  second  {crms  toiretber, 

l6)l6QilO  dai^  Ant.  vii.jjo  X  8,  and  dlti^e  tbo  product  leo  by 

^^  1$  thf  tiiird ;  th«  quotient  10  is  the  buba- 

Q  bv  of  4ays  required. 

2.  What  quantity  of  calicp>  5  quaiters  wide,  will  be  sufficient 
to  Hne  a  garment,  containing  3yd,  ^qr.  of  cloth,  a  yard  and  an 
halfwid^? 

|ft?.  fr,.         yd.  |r.  qr, 

1     2     :     3     3     :  ;     5 

'    ■■     ■  £        '   J- 

6  15 

~  _6 

^«*.  4^d;  2^r. 

3.  If  8  cwt.  be  carried  51  miles  for  a  certain  sura,  how  far 
ought  34  cwt.  to  be  carried  for  the  same  money  ?    Ans,  12  miles. 

4.  How  many  yards  of  oil  cloth,  3  quarters  wide,  will  be  suf- 
ficient to  cover  the  floor  of  a  passage  2  yards  and  a  quarter  wide 
and  20  yards  long  ?     Ans.  60  yards, 

5.  Lent  my  fHend  120^  for  5  months ;  what  silm  ought 
^e  to  lend  me  for  9  months  to  requite  my  kindness  ?    Ans.  661, 


olrher  the  multiplier ;  but  if  Ic^s^  then  tl>c  gresjter  extreme  must  be  made  tbe 
dWisor,  and  the  less  the  multiplier. 

The  truth  of  the  rule  may  be  shewn  from  the  first  example ;  for  if  8  men  can 
'^o  apiece  of  work  in  20  days;  16  mep  wiH  do  twice  as  much  in  the  same  time, 
<>r  as  much  in  half  the  time,  that  is  in  10  days,  which  is  the  answer :  and  the 
^^ou  iDa.y  bf  shevQ  of  any  other  eoMajjik  undkr  the  nib% 
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DDV  loaf    I 


6.  If  when  the  quartern  loaf  cost  6d.   the  threepcimy  loaf   ' 
weigh  ^Ib.  %o:.  lUdr.  what  uught  it  to  weigh  whea  the  quartera 
costs  8d.  9     Ans.  \lb.  10m.  Idr. 

7-  If  2  cwt.  be  carried  204  miles  for  a  cerlain  sum,  hoty  much 
ought  to  be  carried  24  miles  for  (he  same  money  \     Ans.  IJcwi. 

8.  How  much  must  be  cut  off  from  a  board  S  inches  wide,  to 
make  a  tup  to  a  stoot  12  inches  long  and  13  wide  ?    Ans.  16  me, 

9.  How  many  crowns  are  equal  in  value  to  200  half-guineas? 
Aiu.  420. 

10.  A  field  of  wheat  can  be  reaped  by  20  men  in  4  days ; 
now  supposing  only  8  men  can  be  hired,  how  long  wilt  they  re- 
quire to  reap  the  same  ?     Ans.  10  days. 

1 1 .  A  person  drinks  100  bottles  of  wine,  at  2s.  Gd.  per  bottle, 
in  a  year ;  now  supposing  (he  price  of  (he  wine  increases  to 
An.  Sd.  ihe  bottle,  how  much  may  he  drink  without  increasing 
the  expence  ?     Am.  58  bottks,  43  rem. 

13.  A  family  takes  12  loaves,  at  is.  2d.  per  loaf,  in  a  week, 
but  bread  rising,  they  make  shift  with  9  loaves,  which  cost 
exactly  as  much;    what  is  the  increased  value   of  the  ! 
Ans.  Is.  6d.i,  6  rem. 


^^ 


136.  COMPOUND  PROPORTION. 

When  five  terms  are  given  to  find  a  sixth,  this  rule  is  called 
The  Double  Rule  of  Three,  or  The  Rule  of  Five ;  also,  what- 
ever number  of  lerras  is  given,  it  is  usually  called  by  the  ge- 
neral name  of  Compound  Proportion, 

13~.  Rule  I.  Let  that  term  be  put  in  the  second  place  Mhicb 
is  of  the  same  kind  with  the  answer  required. 

11.  riace  the  terms  of  supposition  one  above  another  in  the 
first  place,  and  the  terms  of  demand  one  above  another  in  the 
third,  so  that  the  first  and  Ihird  terms  in  each  row  may  be  oC 
the  same  kind ;  let  Ihem  be  reduced  to  the  same  deuominatioii< 
and  the  second  to  the  lowest  mentioned  in  it. 

HI.  Eitamine  each  stating  separately  (using  the  second  term 

in  common  for  each)   by  saying.  If  the  first  term  gire  the 

second,  does  the   third   term   require  more  or  less  than  the 

■econd  1  if  more,  mark  the  less  extreme  for  a  divisor  >  but  tf 

VfclB.  mark  the  greater  extreme.  ^H 

V^HI.  Muhiply  the  unmarked  numbers  together  for  >  di*i^^| 


PaitI.  compound  proportion.  1«7 

ttod  tlie  marked  ones  together  for  a  divisor ',  divide  the  dividend 
by  the  divisor^  and  the  quotient  will  be  the  answer  in  the  same 
denomination  the  second  term  was  brought  into  ■». 

Examples. 

1.  If  6  men  spend  154  shillings  in  7  days,  what  sum  vnU  8 
men  spend  in  9  days  ? 

Stating, 

*6meH    I     154  shil.     :  :     8  men 
*7  days    :      ;  :     9  days 

OpBEATXOir. 

154x8x9       11088      ^^^    ,.,        ,^,  ^      ^ 

X — = =      ,^     =  264  shd,  =  ISl,  4*.  Answer. 

6x7  43 

JEsplanation, 

Here  154  thilUngt.b  of  the  same  kind  with  the  answer,  and  is  therefoie 
■ade  the  second  term ;  6  and  7  ftre  evidently  the  terms  of  supposition,  and 
thocfDra  put  in  tbe  tnt  place ;  8  and  9  being  terms  of  demabd  are  put  in  the 
tiunL  I  then  say.  If  6  men  spend  154  shillings,  8  men  will  spend  morei 
Itiwrefoic  mark  the  lew  extreme  6  for  a  divisor :  also,  If  7  days  spend  154 
dttUiogs,  9  days  will  require  more ;  I  therefore  again  mark  the  les»  extreme  7. 
Neii  I  maltiply  tbe  thnMs  unmarked  numbers^  vix.  154,  8,  and  9,  together 
for  a  dividend,  and  the  product  is  11088;  and  also  the  two  marked  numbers 
6  and  7  for  a  divisor,  and  the  product  is  42.  Dividing  the  former  by  the  latter, 
Um  quotient  it  264  shillings,  which  divided  by  20  gives  13/.  4s.  for  the  answer. 

S.  If  4  gallons  oi  beer  serve  5  persons  6  days,  how  many  days 

V'ill  7  gallons  last  8  persons  ? 

Stating, 

■*4  gal.     :     6  days     :  :     7  ga^- 
5  pers.      :      :  :     8  *p€rs. 

Operation. 

6x7x5       ^10        ^  J        ,o.  r 
— - — - —  =  ----  =  6  days  134-  hours  Ans. 
4x8  32  y        ▼ 

Exjdanation. 

If  4  gallons  serve  6  days,  7  gallons  will  serve  more ;  I  therefore  mark  the 
^  4.  Again>  if  5  persons  are  supplied  6  days,  8  persons  will  be  supplied 
(with  tlie  same  quantity)  let*  than  6  days.  I  Uierefore  mark  the  greater  ex- 
treme 8,  and  proceed  as  before. 

**  Tlie  truth  of  this  conclusion  may  be  shewn  by  working  the  first  example 
according  to  the  rules  of  simple  Proportion,  namely,  by  employing  two  statings. 

Thtts,6]nen:154shil.  ::8men:l^l2iishU.    Then  7  days  :  i^l2i?shU. 

6  6 

'•:  9 days  :  ^^^8x9  ^  ^64  shil.  «  13/.  4#.  the  answer  as  above.    In  the 

6X7  . 

same  manner  every  example  in  the  rule  may  be  proved  ;  and  it  will  furnish  a 
profitable  exercise  for  the  industrious  student  to  prove  all  his  operations  in 
this  rule  by  two  single  rules  of  three  statings. 
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3.  If  100/.  in  13  months  gain  51.  hit«e8t^  what  Mdn  iviO  M 
gain  in  10  mdnths  ? 

Stating. 
*lOOL      :     6i.     :  :     80/. 
*13iw.    :     —    r  :     lOmo. 

Operation. 

5ii^2ili2=  f?22  =  SI.  6s.  8d.  Answer. 
100  X  12         1200 

4.  If  8  men  in  9  weeks  earn  751. 12t.  how  many  weeb  nnst 
11  men  work  to  earn  100/.  ? 

Here  75/.  12*.  =  1512  bMI.     100/.=200Q  M. 

Stating, 
8  men    :     9  weeks    :  :     *11  men 
*1512  «*i/.     :     :  :     «000  ihiL 

Operation. 

8  X  9  X  2000      144000      ^        ,    ^  , «,-www».^ 

— = =8  weeks  4  davs,  lOOBO  ran. 

11x1512  16632  ^ 

5.  If  a  carrier  receive  2/.  2f.  for  the  carriage  of  Semt  150 
miles,  how  much  must  be  paid  for  the  carriage  of  7cio^o  3^*  l^* 
100  miles  ?     Ans,  Si.  I3s.  6d. 

6.  If  10  acies  of  grass  be  mowed  by  2  men  in  7  days, how 
many  acres  can  be  mowed  by  24  men  in  14  days?  Jins.  240 acres. 

7-  If  a  man  earn  5  shillings  a  day,  what  snm  will  64  men  earn 
in  12^  days  ?     Ans.  20D/. 

8.  If  100/.  in  12  months  gain  3/.  interest,  in  what  time  wiQ 
75/.  gain  1/.  135.  9d.  ?     Ans.  9  rnonths. 

9.  If  13cii;t.  be  carried  20  miles  for  2/.  10$.  what  weight  can 
I  have  carried  60  miles  for  3/.  3^.  6d, }  Ans,  Scwt.  2^.  lli&* 
16^  rem. 

10.  If  150/.  gain  3/.  7s.  6d.  in  9  months,  what  auu  will  gtin 
31.  in  12  months  ?     Ans.  100/. 

11.  If  3  horses  eat  12  bushels  of  onts  in  16  days,  how  many 
quarters  will  200  horses  eat  in  24  days  ?     Ans,  150  quarters, 

12.  If  24  men  can  build  a  wall  in  36  days,  how  many  men 
would  be  required  to  do  5  times  as  much  work  in  3  dajB.' 
Ans.  1440  men. 


I!arl. 


PRACTICE. 


U» 


PRACTICE. 
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1S7*  "Practice  is  an  easy  method  of  solring  such  rule  of 
three  questions  as  have  unity  for  their  first  term.  The  opera* 
turns  consist  oi  Compound  Multiplication  and  Division )  and  the 
kter  is  per£[»rmed  by  the  given  price,  &c.  taken  in  aliquot 
pattg  (^an  imit  of  some  superior  denomination. 

138.  One  number  is  said  to  be  an  aliquot  part  oi  another, 
ivken  the  former  is  contained  some  number  of  times  exactly  in 
the  other;  that  is,  when  the  former  will  divide  the  latter  with- 
oat  leafing  any  remainder. 

Tables  of  Aliquot  Parts* 


1.  Of  1  Penny. 

i    —    X 

4.  Of  Sixpence. 
3d.  =     4- 
2     =     i 

It  =     t 
1     =     t 

*     =     t 

X        1 

«         ■—       TT 

2  0     = 
I  8     = 

1    3      =i: 

10     = 

6     = 

X 

S 
X 

« 

X 
H 

1 
TT 

d. 

6     =     t 

4     =    -xV 

3.0faSbming. 

10.  Of  2s.  and  6<f. 

6(i.»     ^ 

8.  Of  5  ShiUings. 
s.  d, 
2  6      =      t 

1   8     =     t 
1  3      =     t 

1  0    =    t 
10    =    i 

6     =    ViT 
5     =    ^ 

1  3     =t     f 

4    :k     -1- 

*                 TT 

5.  Of  Threepence. 

1    =  t 

4      =     t 

X            X 

»         *"•      « 

X            —           1 
4                           IT 

10    =    t 

74  =     t 
6     =     t 

34  =     t 

3'  Of  a  Ponnd. 

3     =    -iV 
gx   —       1 

'^T     -*•       TT 

».  rf.       L. 

6.  OfFourpence. 
2d.  =      f 
1      =      t 

X        — ^        X 
3                           8 

10  0  =  f 
68  a  t 
50  =  -J-  ' 
40  s  ^ 
34=1 
86=1 
20=^ 
18=^ 

io=v^ 

11.0f2ShiUiogs. 

9.  Of  4  Shillings. 

s,  d, 

2  0     =     t 

1  4     =t     t 

10    =    t 

8     =     ^ 

^*  d, 

1  0    =    t 

8     =     t 
6     =     t 
4     =     t 
3     =     t 
2      =     -rV 

7.  OflOSbUimgs. 

5  O     =     t 
2  6     =^    t 

*  The  roles  of  Practice  are  particularly  useful  to  merchants  and  traders*  in 
computii^  the  value  of  their  commodities.  These  rules  are  likewise  useful  in 
tO€  Mathematics ;  and  it  is  on  account  of  their  ready  and  convenient  applica* 
uon  to  the  computations,  which  occur  in  almost  every  branch  of  science,  that 
%  ate  introduced  in  this  place. 

^'OL.  I.  K 
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139.  Preparatory  direction.  Write  down  the  given  nun 
namely,  the  number  which  expresses  the  quantity  of  good 
which  you  want  to  find  the  value,  and  to  the  left  of  it  drawtl 
perpendicular  lines  su^iently  wide  apart  to  contain  a  coiuai 
figures  in  each  of  the  two  intervals ;  then^  baving  (if  neoen 
bn^n  the  given  price  into  sums  which  are  FBspectively  aU 
parts  of  some  greater  whole*  and  ai  one  another*  3^011  ai 
place  these  sums  in  their  proper  order  under  one  another  u 
left  hand  interval  f  and  opposite  each,  in  the  right  hand  iote 
place  the  number  expressing  what  aliquot  part  it  Is;  then,  ^ 
according  to  the  directions  given  in  the  rule  to  vpfaich  the  [ 
cular  question  belongs. 

140.  PFhen  the  price  is  an  aliquot  part  of  a  pemhf. 

Rule  I.  Having  drawn  the  lines,  and  pished  the  price  an 
aliquot  part  as  above  directed,  divide  the  given  number  b 
aliquot  part^  and  the  quotient  will  be  the  answer  in  pc 
these  (if  there  be  a  sufficient  number)  must  be  divided  I 
and  ^0,  to  reduce  them  into  pounds. 

11.  If  when  you  have  divided  by  the  aliquot  part  there  be 
mainder,  it  will  be  pence,  and  must  be  reduced  to  farth 
which  being  divided  by  the  aliquot  part^  witl  give  ^things 

Examples. 
1.  What  is  the  value  of  3571  yards  of  tape*  at  4-d.  per  yai 

Operation.  Expianaiion, 

Here  the  giren  price  (a  halfpenny) 
Juilf  of  a  penny  ;■  I  put  the  halfpenny  i 
left  band  colnn^n,  and  the  half  in  the 
I  then  divide  by  2,  and  the  quotient  is 
with  1  remaining ;  this  1  penny  I  laake 
Ansiver     71.  85.  9d.^       things,  which  divided  by  2  gives  fj  I  tl 

vide  successively  by  la  and  20. 


I 

S571 

12 

1785  4- 

20 

14  8  9 

o  Nothing  can  be  easier  to  understand  than  the  rules  of  Practice,  i 
rule  here  given  let  us  take  Example  1 ;  where,  if  3571  yards  had  cost  a ; 
each,  they  would  evidently  have  amounted  to  3571  pence;  but  as  the 
only  ^d.  each,  it  is  plain  that  they  will  amount  to  half  that  number  of  J 
And  in  Example  2,  9867  pears  at  -^d.  each  will,  it  is  plain,  amount  I 
quarter  that  number  of  peace :  wherefore  this  rule  is  evident. 


,    hir  I. 
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2.  What  cost  9867  pears^  at  \d.  each. 


OrBKATIOM. 


i 

9S<W 

1% 

9466  4 

«0 

^56 

Answer  10/.  Ss.6dA 


A  farthiiig  is  one  fturth  of  a  penny ;  I 
therefore  divide  by  4$  the  3  remainder  are 
peace,  which  reduced  are  12  farthings,  which 
12  divided  by  4  {pve  -f-.  I  then  divide  by  12  and 
SO  as  before. 


3.  4968  at  \. 

4.  2807  at  -J-. 

5.  7013  at  ^. 

6.  3465  at  ^. 


Answer  5/.  3«.  6d. 
Answer  bl.  169.  lld.4.. 
Answer  71*  6«.  Id.-^^. 
Answer  7^.  45.  4d.-J-. 


141.  If%en  ^Ae  price  is  an  Qliquot  part  of  a  shilling. 

Rule.  Having  placed  the  price,  and  its  corresponding  aliquot 
part^  as  before  directed^  divide  by  the  aliquot  part,  and  the  quo- 
tient will  be  shillings,  which  reduce  to  pounds  by  dividing  it  by 
20.  If  there  be  a  remainder  after  the  first  division,  it  is  shillings ; 
reduce  it  to  pence,  which  divide  by  the  aliquot  part,  and  ths 
quotient  is  pence  K 


7.  What  is  the  worth  of  826  lemons,  at  3d.  each  ? 


OPEBATION. 


I 
3 


t 

T 

2IO 


826 


20  6  6 


Answer  lOl.  6s,  6d, 


£«:planation. 

Here  Zd,  by  table  2,  \»  ^  oi  d,  shilling ;  1 
therefore  divide  by  4 ;  the  quotient  is  shillings, 
and  the  remainder  2  I  make  34  pence,  which  di- 
vided by  4  gives  6  pence;  the  quotient  1  then 
divide  by  20,  which  gives  the  answer. 


f 


*  Here  if  we  consider  the  articles  as  worth  a  shilling  each,  they  will  cost  in 
tbe  whole  as  many  shillings  as  there  are  articles  given  \  wherefpre  if  they  cost 
in  aliqaot  pajrt  of  a  shilling  each,  the  whole  will  evidently  amoaat  to  the  tame 
pvt  of  so  many  shillings :  that,  in  Example  7,  626  kmons  at  \s.  each  will  cost 
S26tbilliog8 ;  but  at  3</.  each  (since  Zd,  is  :^  of  a  shilling)  they  will  amount  to 
t  of  826  shillings :  and  the  like  in  other  cases. 
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ABITHBIETIC. 


PiiTL 


d. 

1 

1 

XT 

20 

8. 

583  at  Id 

L 

d. 

20 

9. 
8^9  at  1442. 

48  7 

103  74^ 

Answer  2/.  8*.  7 

d.                      Answer  bU  3i.  7A,\- 

to. 

d, 

6      4-    732at6rf, 

2  0  S6|6 

Answer   18/.  6*. 

11.  614  at  Id.     Answer  9,1.  2«.  iorf. 

12.  603  at  ld,4..    Answer  3/.  155.  Ad.\. 

13.  345  at  2c?.     Answer  2/.  17*.  6d. 
14«  472  at  Sd.     ^nnoer  5/.  189^ 

15.  123  at  4d.    Answer  2/.  \s. 

16.  207  at  6d.     Answer  5/.  35.  6c2. 


142.  rf^en  the  price  is  an  aliqtCot  part  of  a  pound. 

Rule  1.  Having  placed  the  price  and  the  aliquot  part  as  beforei 
divide  by  the  aliquot  part^  anid  the  quotient  will  be  pounds. 

11.  The  remainder  (if  any)  must  be  reduced  to  shillings,  and 
divided  by  the  aliquot  part  for  shillings  -,  if  there  be  a  second  re- 
mainder  reduce  it  to  pence>  and  divide  for  pence  3  if  a  thirdf 
reduce  it  to  farthings^  and  divide  for  fiurthings  \ 

17.  What  must  be  given  for  135  pullets,  at  2#.  6d.  each  ? 


s.  d. 
12  61 


Operation. 
1 135 


Answer  161.  IJs.  6d. 


JSsplanation, 

Here  by  table  3,  2f .  6d.  is  -^of  tk  poond ;  I 
divide  by  8,  and  the  quotient  is  16  poimd*;  tkt 
remainder  7  turned  into  shillings  is  140,  whidi 
divided  by  8  gives  17  shillings,  with  4  remain- 
der ;  the  latter  brought  into  penot  is  48| 
divided  by  8  gives  6  peace. 


1  The  observations  in  the  two  foregoing  notes  are  equally  applicable  to  thii 
rule ;  thus,  in  Example  17,  135  pullets  at  1/.  each  will  cost  1351. ;  but  since 
the  price  (2s.  6d.)  is  ^  of  a  pound,  it  is  evident  that  the  whole  will  amottotto 
•^  of  135/.  t  and  the  like  may  be  shewn  of  the  other  Examples. 


Pait  1.  PRACTICE.  13« 

la  19. 

|3  4|  i  |217  at  3s.  U.  I  M  T  Ij^a*  &*• 

Answer  867.  3*.  4d,  ^mtrer  30/.  I5i. 

20. 

\6  8|  4^  |307at  6s.  Sd. 
Answer  102/.  6^.  Sd. 

21.  716  at  Is.    Answer  35/.  165. 
n.  624  at  J«.  Sd.     Answer  52/. 

23.  513  at  2*.     Answer  51/.  65. 

24.  308  at  2^.  6c/.     Answer  38/.  lOf. 

25.  213  at  3s.  4d.    Answer  35/.  10^. 

26.  701  at  4s.    Answer  140/.  4s. 

27.  405  at  5s.     Answer  101/.  5«. 
^.  109  at  lOs.     Answer  54/.  lOtf. 

143.  When  the  price  is  not  an  aliquot  part. 

Rule  I.  Divide  the  price  into  sums  which  are  aliquot  parts 
of  the  wh(^e,  (viz.  of  a  shillings  or  a  pound,  as  the  case  maybe,) 
or  of  which  oue  is  a&  aliquot  part  of  the  whole,  and  the  rest 
aliquot  parts  either  of  the  whole,  of  this,  or  successively  of  one 
another. 

II.  Divide  by  these  several  aliquot  parts,  and  the  quotients 
being  added  together,  the  sum  will  be  the  answer  in  shillings,  if 
the  aliquot  parts  are  of  a  shilling  j  and  in  pounds,  if  they  are 
aliquot  parts  of  a  pound  \ 


'  This  Tuk^illJie  evident  from  an  explanatioo  of  the  S^lh  Example,  where 
if  371  oz.  had  cost  Is.  each,  the  ^ole  woitid  have  cost  37 1  shillings ;  but  at  3d, 
each  (since  '3d.  is  -J-  of  a  shilling)  they  will  cost  -J-  of  371  shilling,  or  92*.  9d. ; 
and  at  f  rf.  each  (since  f  A  is  -^  of  3d.)  they  will  post  f  of  their  valtie  at  3d., 
that  is  -J- of  92*.  9d.f  or  15*.  Srf.^j  wherefore,  if  the  value  at  3d.  each  be 
added  to  the  value  at  -J-rf.  each,  the  sum  will  evidently  be  the  value  at  3d.f  each ; 
and  the  like  may  be  shewn  in  every  other  case. 
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ARITHMETIC. 


Fait  I. 


29.  AVhat  k  the  value  of  371  ounces  of  tobicco,  at  Sd.'r  per 
punce • ? 


Operation. 


d. 
3 


I 

371 

1 

92  9 

15  54- 

2|0 

10  8  94- 

I 

Answer  5/.  8«.2d.-i- 


14 


Or  thus'f 


1 

371 

1 

61  10 

46  44- 

2lO 

10  8  24- 

Here  3<^.-^  not  being  an  aliquot  part  of  a  shil< 
ling,  I  divi^  it  into  two  sums,  3</.  and  -^,  of  which 
3£^.  is  -J-  of  a  shilling,  and  -^d.  -^  of  S<f. ;  I  divide 
the  given  nnmber  37 1  by  4,  and  the  qootieot  U 
92j.  9<f.;  this,  \rhich  is  the  value  at  3i/.,  1  divide 
by  6,  because  -^^.  is  -J-  of  3ef. ;  and  the  quotient  u 
15^.  5<f.-^;  I  add  the  two  quotients  together,  and 
reduce  tha  108  shillings  into  pounds,  by  dividing 
by  20. 

In  the  second  operation,  I  divide  the  f^veu  price 
3</.-§-  differ«ntly ;  1  take  'Id.,  which  is  -^,  aud  U.f , 
which  is  -J-,  both  aliquot  parts  of  a  shtUing;  I 
therefore  divide  the  top  line  ky  botk,  add  the  foo- 
tients  together,  and  divide  by  20,  which  givwtbi 
answer  the  same  as  in  the  first  operation. 


Answer  5L  Ss.  2rf.4- 


s, 

10 

5 
2  6 


30.  What  sum  will  123  sawyers  earn,  at  17*.  6d.  each  *  ? 
Operation.   * 

JExplanation. 

I  find  that  17«.  €d.  will  eonvenieiltly  resolve  into 

aliquot  pai^,  vi&  iO«.  «=  -^  of  a  pound,  m.  s^  j-  of 

\0s.,  and  2*.  6d.  =  ^  of  5*.  1  therefore  divide  luc- 

cessively  by  these,  and  the  sura  of  the  qiMtieots  if 

^       the  answer. 


I 

T 

'■ 
T 

t 

V 


123 

~^ 
30 
15 


lO 

7 


Answer  107/.  12«.  6d. 


31.  What  sum  will  pay  for  215  cheeses^  at  17«.  IQc^*  each^ 

OPERATION. 

Ejffplanation. 

%\^  When  there  are  several  aliquot  parts,  we  are  not 

obliged  to  take  each  part  out  of  the  i^ext  preceding 

one ;  we  may  take  it  out  of  any  of  the  precedioif 

parts,  as  may  be  most  coovenieat.    In  this  exaii* 


8. 

10 

K 

T 

«> 

T 

% 

1 

iOd 

1 

107 
53 

21 

8 


10 
115 
10 
19 


Answer  \9\l.  14$.  2d. 


pie  2#.  is  -^  (not  of  5«.  but)  of  .10^. ;  I  therefore 
divide  107/.  IQj.  (and  not  53^  l."w.)  by  it.  In  like 
manqer  \0d.  is  -J-  (not  of  2f.  but)  of  5*. ;  I  thcre- 
fbre  divide  53/.  15^.  (anc)  not  dl/.  lOv.)  by  6. 


•  To  prove  this  example,  multiply  371  by  3rf.-}-,  and  divide  by  12  and  20. 

*  To  prove  operations  of  this  kind,  multiply  the  given  price  by  the  number 
of  particulars  (Art.  105.)  ;  in  the  preseat  instance  |t  will  be  17*.  6rf.  X  123. 


tS-  What  coet  4^  cwt.  of  Iron  i^ates^  at  18i.  7d.^  pet  cwt  ? 


I   0 


Anneer  593  IS    4i. 


-12:1 

711 

84 

l-i 

R4 

ly 

10 

11 

« 

s 

IS 

l«t 

+ 

403 

i 

•ill    10 

i 

105   15 

5«  17 
■21   3 

I    g  13  1(H 

^niHJer  893  18     4^ 


0     -r 


123 


.    In  tba  Sd,  tfaa  fint  thne 
ji^rti  are  UkfD  Iq  succetiiun,  the  fanrth  i> 
taken  mt  of  the  leceiul,  ami  the  Ifth  «t 
of  the  firarth.     In  the  3d,  the  third  aliquot 
10   11     6      put  is  ttiitn  out  of  the  knt,  uid  all  the 
9   Ig  HH    i«t  i«  rotoeuioo. 
AatwerS9S  18     4f 


33. 


34. 


438  at  I0d.-i 

16 

4 

71f>  at  IU4 

319                                 4 

j- 

358 

109     6                           1 

■V 

238     8 

36     6                           4 

4 

52     8 

9     li- 

1 

2|0 

44     9 

37|4   H 

1 

70)1    1 

18/.  Us.  ld.4- 

^rts.  S5i.  U.  Id. 

■  35. 

5 

i 

903  at  r«. 

lUi 

1 

V. 

200     15 

10. 

i- 

80      6 

1 

-A, 

33      9 

8 

4 

3       6 

11 

1      13 

H 

^(i*i««-319     10 

6;- 

3fi.  341  at  lAi    ^n».  li.  15».  6d.i 
3'.  489  at  1(14    Answer  31.  lU.  Sdi 
38-  780  at  5d.^    drawer  I7I.  17*.  6rf. 


.  -♦>.  Od  \ 

.-• ■  -r .  Is.  7rf. 
C--  ->:..  195-.  8rf.  ■ 

..■•-  no/.  165.  7>^ 

WV-     197/.     14*.    9d.}r 

.  iXf  54/.  7s.  Sd. 
•">.:i^T  125/.  86.  6d,\ 
indu:er  74'i/.  Iv. 
i»mer  190/.  15*'.  4</. 
.i'witer  120/.  17*.  5rf.^- 

«  ,'^r«ftf^j-  than  one  shilUng,  but  less  than 
tno  shillings, 

•-  ^ytin  number  stand  for  tlie  value  at  a  shil- 
.•^v,v4<.-Li\  no  line  must  be  drawn  under  it. 

..Kr  Aiid  fiutbings  in  aliquot  parts  of  a  shilling, 
.:  *  •Alt*  by  ihem  as  before,  add  the  quotients 
ice*"  nwther,  and  divide  by  ^O ". 

.uuc  ot'  57*^  lb.  of  soap,  at  1*.  3d.^  per  lb.  r 

Explanation. 

I  draAv  no  line  under  the  given  number  57P, 
i.iil  let  it  stand  for  the  value  of  the  soap  at  1*. 
per  pound.  I  .then  say,  \\d.  is  -\  of  a  schilling,  and 
\  U  -J  of  3</.;  and  having  divided  by  them  as  Id 
the  former  examples,  1  add  the  quotients  and  the 
given  number  57.0  together,  and  divide  the  shil- 
lings in  the  sum  by  20  for  the  answer. 


.  n    H- ..i-^Jy  understood  from  the  preceding  notes.     Thus,ex- 

.^    m  u    *jr.  eiu'h  will  amount  to  579  shillings,  and  at  Zd.  eacb 

k     %*»=♦.    w  \  0/  o7;)  shillings,  or  144*.  flrf.,  and  at  ^  each  (since  ' 

1^  *  .«*  the  t»»»*."C  at  **«/.,  or  -J-  of  144*.  .9rf.  or  24*.  1</.^.  These  tbret 

t^nc  A  t*.  each,  the  value  at  '^d.  each,  and  the  value  at 

jj^ii  tu^vthvT,  «vid|^utly  give  the  value  at  \s.  Sd.  ^  each. 


(.» 


I     3|0[61{8    10 
diaver  301.  \8s.  \0d. 


413  at  It.  llcl.^ 
806     6 

137     8 

51     7i- 


2]0  80[8__94__ 
Answer  40t.  St.  9d.i 


Answer  1' 


oB,  SS7  at  If.  Id.  Ammer  Ibl.  lOt.  lltf. 
S9.  3?l  at  1*.  2d.4.  Answer  23^.  8«.  Sd^ 
80,  247  at  1*.  4rf4  Answer  I7I.  At.  9d.J 
«1,  494  at  1*.  hA.\  Answer  3hl.  10*.  Id.* 
ffl.  637  at  Is.  6d.  Answer  4JI.  Os.  6cl, 
O.  951  at  1*.  8((.l  Answer  21i.  14s.  Od.i 
'  W.  526  at  1*.  9d.i-  Answer  411.  Is.  5rf. 
aj.  625  at  Is.  llrf.     Answer  r>9l.  17».  I  id. 

145.  M'hen  the  price  is  an  even  number  of  thillings. 
Rule.  Multiply  Ihe  given  number  by  half  the  number  of  shil- 
fiigs;  double  the  product  of  the  right  hand  figure,  call  this 
■UUiogs,  and  the  rest  of  Ihe  product  wit]  he  pounds'. 


'  If  the  g1i-«a  number  be  mnltrplivd  by  Ihe  price  of  lach,  Ifae  prodnct  will 
^Ik  talue  of  the  giren  Dumber  in  tfac  Mme  deDomiTutuHi  irith  the  price,  ai 
:ll(ridcnt.  Wherefore,  ex.  66,  if  538  be  maltiplicd  by  4,  the  product  ii  1313 
"^Map,  which  divided  by  JO  ii  Gil.  12i.,  the  sugwer.  Now  molUplyiiig  by  4 
^diridiog  by  30,  is  equivalent  to  multiplying  by  3  and  dividing  by  10;  the 
Inlnct  then  by  tins  last  method  is  05  and  6  urer  ;  this  6  is  6  tentha ;  and 
Hnfcre  to  reduce  it  to  shillingi  (or  twentieths  of  a  pound)  the  6  most  evi- 
M%  be  doubled;  wherefore  the  rule  ii  plain. 


13S  ARITHMETIC.  Fast  I. 

66,  What  is  the  value  of  328  four-shilling  stamps  } 

Operation.  Explanation. 

328  Here  I  nmltiply  by  2  (the  half  of  4),  atid  the  product  of 

^  the  first  figtire  is   lb',  which  doubled  is  J9  tkilfiiigs;  or 

■  •  II.  }2s.  I  pnt  doi«i-n  12,  and  carry  I  ;  then  twice  32  are  64 

Ans.  6hL  12i.  and  1  carried  65,  for  pounds. 

67.  68.  60. 

347  at  2«.  534  a^  4«.  659  at  6<. 

12  3 


Answer  SAl.  14».  106/.  16*.  197^   14^. 

70.  262  at  Ss.     Answer  104/.  16*. 

71.  456  at  10*.     Answer  228/. 

72.  481  at  12*.     Answer  228/.  12*. 

73.  753  at  14*.     Answer  527/.  2*. 

74.  500  at  16*.     Answer  400/. 

75.  819  at  18*.     Answer  737J.  2*, 

146.  When  the  price  is  any  number  of  shillings. 

Rule.  Multiply  the  given  minibcT  by  the  price,  and  difidc 
the  product  by  20  *. 

76.  What  is  the  value  of  123  fowls,  at  3  shillings  each  ? 
Operation. 

123  Explanation, 

^  Here  I  multiply  123  by  3,  and  divide  the  product  359  ^7 


2  0)36 1 9          20, 

and  the  quotient  is  the  answer. 

Ans,  18/.  9*. 

77. 

78. 

70. 

543  at  7s. 

7 

728  at  9*. 
9 

613  at  \U. 
II 

2  0)380  1 
4a**    190/.  1*. 

210)655  2 
327/.  12*. 

2  0)674|3 
337/.  3*. 

80.  912  at  5*.    Answer  228/. 

81.  962  at  12*.     Answer  577/.  4*. 

82.  215  at  15**    Answer  161/.  5*. 

83.  215  at  16*.     Answer  172/. 

84.  7^4  at  17*.    Answer  674/.  18*. 

85.  742  at  19*.     Answer  704/.  18*. 


*  The  reason  of  this  rule  will  be  sufficiently  plain,  from  what  has  becD  ?«W 
in  the  preceding  note. 
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147*.  U'btii  the  price  it  ihiltwgs  avd  pence,  or  thiltittgt,  pence, 

and  farthings. 
SuLE  I.  ^ullijily  by  the  Bbillings,  take  the  pence  and  far- 
lluDgs  ID  aliqaot  parts,  and  divide  by  thein  as  before,  add  the 
Krarol  qnotieDte  and    the   product    together,  and  divide  the 
ihiUings  by  SO. 

Or,  II.  Take  the  whole  price  in  aliquot  parts  of  a  pound  and 
of  one  another;  divide  by  Iheui,  and  add  the  quotienU  togetlier 
iforihe  answer". 

-"  Required  the  lalue  of  213  stone  of  beef,  at  7*.  Sd.T 
^  stone. 


•i\^ 

7 

1491 

inrt 

fi 

'.ih 

a 

14 

S-; 

I(i4|6 

3-i 

Ejflumtiaiu. 
Id  the  first  place  I  maltipl;  213  by  the  T 
sbillinga,  and  the  prodDct  ij  tlie  rulue  at  7<- 
Neit  I  lay,  (h/,  a  the  -^  of  a  shiUing,  and  di- 
Tide  the  tflp  line  by  3,  the  qaotient  ti  the  Talue 
at  6rf.  Next  1  say,  2rf.  i>  ^  of  Erf. ;  I  divide 
I  ne . .  6  by  .1,  and  the  qootieot  ii  thi  valae  at 
2i.  Id  like  manner  4  is  i  of  6d. ;  1  therffore 
divide  106'. .6  by  8,  and  the  qnotlent  U  tlie 
value  at  ^  TIkh  added  bigetbu,  aod  the 
■VCT  b'il.  Si.  Sd.l       ihilliogi  divided  by  20,  we  bare  tlie  answer. 

tn  Ihe  second  operation,  I  say,  61,  is  -J  of  a 
By  Rule  2.  poand.and  ff.  is  ^V  <>' ■  F^i^i  '  <^videthe 

-I.  |i)l3  tup  lioe  by  botli  tlitH,  ud  tbi!  ({uotieiit  ii 

'  ''  '  ouiiils.    I  ibeii  say,  erf.  is -J  of  3*.;  Erf.  |  of 

rf. ;  and  4  it  of  grf.  I  divide  S  . .  6.  .(i  by  the 
no  laUcT,  lh«ii  ailil  all  the  qnotJeMi  together, 
liicli  givi's  Ibeaiiswir  the  very  tame  as  in  I  he 


'  K  like  given  Dumber  bi:  Diiltiplitd  by  tbt  aliillini^  in  the  priee  of  eadi, 

piuliici  nill  be  Uie  price  of  the  Hhole  at  so  nj.nny  shillings  eacli  i  and  tbc 
JDglheuildpenceandfaTllHDgiinaliqiiotpartsuf  aibillinganduf  each  oUier 
•■Ittn  alrciidy  accoimtcd  for.  ^  If  In  the  second  rule  wc  tike  tbc  second  ope- 
I  Ei.  8C,  and  soppoae  213  articlisat  U.  each,  tbey  n ill  amount  to 
^^■\  vhncfbre  at  !is.  (or  -^  of  a  pODnd)  tfaey  vrill  amount  to  f '  of  213 
;  at?i.  caih  (or.,'-g^of  a  pound)  the)  nill  amount  to.,\,of  :I13  pounds; 
srh  (or  ^  ut  S*.)  Ibcy  will  amount  to  J-  the  value  at  'Ji,  each  i  in  like 
a.  'id.  cacb  tbey  will  ftaottKt  to  -^,  and  nt  4  t«  -^  the  V*Uie  at  6rf. 


■i.'J 

5 

ai 

(i 

6 

(J 

' 

13     . 

i 


AHITHMBTIC. 


^ 

7GS  at  5 

J- 

1 

38^5 
38-i    G 
191     3 

47    9i 

'^[o 

444 10'    6i 

3516 
46     $ 
97    8 


I3G  at  Ifij.  8rf.^ 


^BKicei-  113     1*2     4 


00.  701  at  Si.  «d.     Answer  1S32.  4«. 
91.  493  at  6ir.  4if.     Answer  1562.  2s.  4d. 
93,  512  at  7s.  6d.     AmwcT  lfl2i. 

93.  701  at  \bs.  4rf,-J-     .rfnsujer  538i.  \7i.  lOrf.-J. 

94.  6fl4  at  17»-  Gd-i     Answer  785i.  0«.  lOrf.-J. 

95.  E51  at  14«.  7d.\     Answer  1832  5*,  7d.^. 

96.  ISS  at  1S»,  9rf.     .^Bwer  1 16/.  6».  3d. 
07.  271  at  19*.  2d.^     Answer  2601.  5s.  Srf.-J-. 

148.  When  the  price  is  more  than  one  pound,  and  leu  than 

two  pounds. 

Rule  I.  Multiply  by  the  numbei-  of  shillings  contwied  in 

the  price,  take  parts  fur  the  pence  and  fenhings,  and  proctcd 

as  in  the  last  rule. 

Or,  II.  XiCt  the  top  line  stand  for  the  value  at  one  poawli 
draw  no  line  under  it,  and  take  parts  for  the  shillings,  peocd 
and  fartliings,  as  in  the  latter  part  of  the  preceding  rule '. 

''  Tliis  rule  will  be  nitGcivnlif  .ck'ar  from  tb(  prwedinf  Dotei. 
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)6.  What  sum  Tvill  piirchase  237  baskets  of  figs»  at  1/.  6».  9d.^ 
basket? 

Opbsatioks. 
By  Rule  1. 


a 

237 
26 

1422 
474 

JL 

« 

6162 
118  6 
59  3 
9  lOJ^ 

20 

634  9  7t 

wilder  317^-  9«.  7<i.: 


By  Rule  2. 


j. 


rf. 


J. 

237 

J. 

59  5 

X 

11  17 

X 

5  18  6 

X 

2  19  3 

9  lot 

Ejcplanations, 

In  the  first  operation  I  multiply  237  by  2G, 
the  number  of  shillings  in  \L  6#. ;  then  I  take 
parts  for  the  remainder  of  the  price,  (viz.  9d.^^ 
€d,  t  of  a  shilling,  3d,  |  of  6rf.,  and  fd.  ^  of 
3d, ;  I  diride  by  these  in  order,  and  add  up 
the  quotients  together  with  the  first  mentioned 
product ;  then  I  divide  by  20  to  reduce  the 
shillings  to  pounds. 

In  the  second  operation,  I  let  the  given  num- 
ber 237  represent  the  value  at  1  pound ;  I  then 
take  the  rest  of  the  price  in  aliquot  parts, 
namely,  5*.  ^  of  a  pound,  1*.  -J-  of  5#.,  6d,  -J- 
of  \s,y  3d.  f  of  6<i ,  and  f  rf.  ^  of  3</.,  and  hav- 
ing divided  by  these,  I  add  the  quotients  and 
top  line  together  for  the  answer. 


kswer  317     9    7t 


(. 


X 


99. 

516  at  1/.  \3s,6d.\. 
33 


1548 
1548 


17028 

258 

32 


lt318   3 


105. 

X 
a 

5 

X 

2 

1 

X 
5 

6d. 

X 

9 

100. 

428  at  1/.  16s.  6d. 
214 

107 
21     8 
10  14 


jinsi^er  781     2    O 


2|0 
^uwer  S6r>L  ISs.  3d, 

101.  135  at  l/.2«.  6d,     Answer  1512.  17s.  6d. 
U^.  153  at  11,  Ss,  9d.     Answer  219/.  18s,  9d. 
l(»;  137  at  H.  17*.  ed.^.    Answer  257i.  Os.  4^.^. 
104.  160  at  U.  18*.  8d.     Answer  309/.  6s.  Sd. 


1«.  fniaithtpria;itpomidt,ikiaiMgt,ptmee,mifaTl)Mfi. 

RtLE.  Multiply  tbe  giveo  number  by  the  pounds,  take  pin 

for  the  re»t  of  (be  price,  and  proceed  as  in  the  fbnner  nilo'. 

105.  Whatwillijlcwt.ofsugarcost,  at2M2t.9(Lj.pcfcwL 
Ofebatiox. 


2     4 


Ann 

MT    1507-    4    Oi 

lOfi. 

4 

d. 

S 

-E-      SSr  at  12/.  4* 

5844 

i^     4r  8 

7  18 

Atu 

tt«-2899     6 

ticie  I  nmltipl;  the  girra  BnnlHr  bf  i,tl 
iniber  gf  poniHti  ^  I  then  take  ptiu  Ibr  tl 
'.  itd.^,  diFidc,  aod  add  all  tbe  qnntiti 
d  tbe  piddnct  b;  2  hogHha,  and  Ik  no 


lor. 

359at2&I.  lOt.  10 


1795 
718 
179  10 
14  19    ? 


Answer  9 


9     2 


108.  £43  at  Al.  6$.  Bd.     Answer  278CJ.  6s.  8d. 

109.  719  at  31.  15t.  2(i.i.     Answer  2702/.  19s.  9d.t. 

1 10.  298  at  18J.  8$.  Od.     Answer  54S3f.  4s.  Od. 

111.  243atSlI.  16*.  6d.     Answer  53031.  9s.  ed. 

112.  121  at  sol.  Its.  9d,+.     Answer  37491.  I4t.  Sd.^. 

150.  tVken  Ike  jwen  number  consists  of  a  whole  ntmler  tni 

parts. 

Rule.  Work  for  the  wh(de  number  according  lo  the  dirtt- 

tions  given  in  the  foriner  rules,  and  add  in  such  a  part  cf  ih 

price  as  the  queUloa  requires  *. 

*  If  tbe  given  Dtmber  be  mattiplieil  by  tb 
will  evideptl;  be  the  value  for  the  pounJs  ; 
of  taking  tbe  aliquot  psrta  for  the  remainder  of  tlie  price 
been  already  aipLaioed. 

•  Hi*  ptk*  of  ^  wilt  •rUtutly  lis  (half  tlie  price  of  I, 


Tut  I. 


PRACTICE. 


14L 


98.  What  sum  niU  purchase  237  baskets  of  figs,  at  1',  6$.  9d.^ 
«iWket? 

OniATlOKS. 

BgRiUel. 


ExplnaatinHi. 

In  the  Gril  operatinn  I  mulliiity  337  by  'IG, 
tfae  nambn  oF  thillingi  in  \t.  6t.  \  then  I  Ukc 
pmUfnrthe  remHinder  of  the  ptlce,  (viz.  9rf.f ,) 
6rf.  i  of  a  «hillin|t,  U.  ^  of  tirf.,  and  Ji*.  i  at 
3if. ;  I  dfridc  by  these  in  order,  and  add  up 
tfae  c|W3tLenti  tof;rtber  with  the  fint  mentioaed 
product ;  then  I  diride  by  SO  to  reduce  the 
ibilUngi  tu  pound!. 

In  the  second  operatioa,  1  let  the  ginn  nnn- 
ber  937  repretent  the  talue  at  I  pownd ;  I  then 
lake  the  rvat  of  tbe  price  in  (Jiquot  parts. 
DamelT,  5i.  f  of  a  pound,  1(.  f  of  5*.,  Gd.  ^ 
of  Ij-.'arf.  f  of  6ii,  and  frf.  J  of  3d.,  and  bar- 
iaf  ditided  b]' these,  1  add  the  quvtimti  and 
top  line  together  for  tlie  sntner. 


«*r 

SS 

MSS 

47* 

6162 

118 

m 

3 

a 

lO^ 

(>34|9 

7t 

-iiuttw  3i;i-  9*.  Trf.i- 


837 

5y 

11 

17 

IK 

0 

y 

19 

M 

9 

ioi" 

.1»(t317     9     7-J- 


Ifte. 

■■> 

6d. 

Amv^er  781    3    O 


"Jiter  86r)i.  18*.  SiJ. 

IDl.  135  at  M.'U.  Gd.     Answer  1512.  17i.  6d. 
VS.  153  at  n.  S3.  9d.     Anawer  <il9l.  18t.  9d. 
1C8.  137  at  ll.  17s.  Gd.^.     Animtr  257'.  0»,  4d.f . 
104.  160  8t  12.  IBs.  Bd.     Atuteer  3091.  6«.  6d. 
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L19.  *What    will    IScwl.   l^r.   14U.   of  tobacco  cost,  u 
Si.  12».  4rf.  per  cwt.  ? 

OpeBATIOK. 

12     4    ihetaltuoflcat. 


O    the  zalue  qf  15em(. 

of  1  ffaarler. 
of  nib. 
the  valve  of  15ciot.  l^r.  14ifr. 
ExflanalioH. 
Having  pot  doWD  the  ;iven  price,  1  multiply  it  bj  15,  that  it,  hr  SXS.lk 
numbet  of  cwti.;  1  thca  Hy,  I  qr.  ii  -^  of  a  cwt.,  and  1 4  lb.  -^  of  a  qr. ;  l& 
videthrtoplinebj4.  Odd  tbeqnatieat  !^;.3t.  Irf.  bj  2,  and  add  Uie  wWe  »»■ 
gethet  for  the  aniwcc. 

The  proof  ii  stated  thai,  I  laa.  :  6L  I3t.  id.  : :   loevt.  1^.140. 


43 

1     8 
3 

ib. 

14     ^ 

129 

3 
1 

5     0    * 
3     1 

1      6^ 

jHairer 

13S 

9     7i^t 

'  Hw  follewiog  ti 
Esampla. 

S<ir.oT5Slb.  : 
1  qr.  or  38  lb. 
IGlb. 
14Uk 
8lb. 


or  a  J, 
141b.  . 
Tib. 


>f  aliquot  parta  will  be  neceuary  in  solrinj  IbM 


3  rood!   <.  f 

sjiJi™- 1 

Irood    -  t 

7B.Ii™-{ 

3g«]loiu-Vr 

iy.™«/. 

20  pols.  =  t 

qf.r.ll.,fm^ 

10  polei  =  i 

S,»id.  -J 

8  p.l..  .  i 

I,™n   .} 

J  pota  .  t 

1  ,i«     .  } 

Ipol.,  -A 

!  I«l»  .  ,V 

To  find  the  aliquot  parts  of  any  annibet,  divide  It  locceuiTely  bf  9,  3,4,Mc. 
to  btlf  the  fiten  number,  and  rttene  all  the  quotienU  Which  ariie  iiifcil 
nm^den,  then  each  of  theie  qooUenti,  and  its  dlviior,  will  be  aliqiul  prt 
OUB  bjr  the  other;  thus  io  I  cwt.  or  IIS  Ib.  1  Sod  that  14  wUl  (a  tttaOi 
tbetefon  14  lb.  it  f ,  and  8  lb.  .^  of  an  hundred  weight. 


utL 
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IW. 


Mac 

t.  Sqr. 
2 

1 
Ulb. 

7 

2llb 

4- 

T 

4- 

.  at  1/.  2«.  3d.  per  cwt. 

L.       9.    d. 
12    3    Here  4  X  4+ lsl7. 

4 

4 

9 

0 

4 

17 
1 

16 
2 

11 
5 
2 
1 

0    va^ue  q^  16  cwU 
3                    1  ctof. 
14.                  2  qrs. 
64                  lor. 
9i                14  fo. 
44.                  7^. 

Answer 

19 

19 

1    value  of  I7cwt.  3qr.  • 

121. 
134  acres,  3  roodf^  16  poles,  at  2/.  12«.  6d.  per  acre. 


r. 
2 


1 

lOp. 

5 

1 


4- 


2     1'2    6x4    Here  10x10+30+4=134. 
10 


26       5    0x3 
10 


262     10  O   value  of  100  acres. 

78     15  0  30  acre*. 

10     10  O  4  acres. 

16  3  broods. 

13  U  1  rood. 

3  34.  lOpolef. 

1  74.  5  poles. 

1  joo/e. 


S^ 


-rfn«ii?er  353     19    7    t?a/tte  o/134a.  3r.  16p. 


122.  What  is  the  value  oilQcwt  Iqr.Ulb.  of  rice,  at  2/.  l^.6d. 

tcwt.  ?     ^n«.  32^  9s.  Sd^. 

128.  What  will  25cwe.  29r.  1426.  of  tobacco  cost,  at  11^  \2s.  6d. 

rcwt.  ?    Ans.  297/.  17«.  9d.4. 

U4.  What  win78ctof.  39r.  12Z6.  of  currants  cost,  at  5/.  15s.  6d. 

tf  ewt.  ?    Ans.  4552.  Bs. 

!«5,  Required  the  value    of  23cf0^.  39r.  6lb,  of  soap,  at 

l.l|i.  lid.  per  cwt.    Ans.  95/.  3^.  Sd.^. 

)iK.  find  the  value  of  17cto^  l^r.  16/6.  of  iron,  at  H.  lOi.  4d. 
pcwt.    Ans.  ^61.  7s.  7d. 

^OL.  I.  X 
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127.  What  must  be  paid  fen*  59cfc^  2qr.  24lb.  of  salt,  at 
2/.  17*.  4d.  per  cwt.  ?     Am.  17 il.  3s.  7d.^. 

128.  At  2/.  9s.  6d,  per  cwt.  what  must  be  giTen  for  9SaBt. 
3qr.  21Z6.  of  currants  >     Ans*  56/.  15«.  4^4. 

129.  AVhat  b  the  yearly  rent  of  145  acres,  1  road»  d2potoof 
land,  at  20/.  10s.  6d.  per  acre  ?     Ans.  2985^.  7f.  Sd^. 

130.  What  will  1234^dd.  28^a/.  3qt.  of  port  wine  C06t»  at0Of. 
per  hhd.  ?     Ans.  74067/.  7<.  7d.t- 

FRACTIONS. 

152.  A  fraction  is  a  number  which  denotes  one  or  move  parts 
of  unity }  the  number  1  being  supposed  divisible  into  any  num- 
ber of  equal  parts  at  pleasure :  whatever  expresses  any  aasigDed 
number  of  those  pai*ts  is  called  a  fraction. 

Fractions  are  usually  divided  into  Vulgar^  Decimal,  Daodeci* 
mal^  and  Sexagesimal  ^ 

VULGAR  FRACTIONS. 

153.  Vulgar  Fractions  are  those  which  express  the  parts  of 
unity,  into  whatever  number  of  equal  parts  it  may  be  sup- 
posed to  be  divided. 

154.  A  Vulgar  Fraction  is  denoted  by  two  numbers  plaeed 
one  over  the  other^  with  a  small  line  between  them,  thus^  -f . 

155.  The  number  below  the  line  is  called  the  drniominaior ;  it 
shews  how  many  parts  the  unit  is  supposed  to  be  divided  into. 

156.  The  number  above  the  line  is  caDed  the  ntimeraior}  it 
shews  how  many  of  the  aforesaid  parts  are  to  be  understood  bf 
the  fraction. 

Thus  in  the  above  fraction  4,  the  number  7  is  the  denominator,  and  sbon 
that  1  is  supposed  to  be  divided  into  7  equal  parts;  4  it  the  mmcrator,  aai 
shews  that  4  of  those  parts  are  to  be  onderstood  by  the  fraction ;  that  at,  thi 
value  of  the  fraction  is  four  sevenths,  or  four  of  such  equal  parts  of  which  lerM 
jnst  make  the  number  1 . 


'  The  word  fraction  is  derived  from  the  Latin  frmnfo,  to  brea]^  and  ii  • 
name  descriptive  of  the  numbers  included  under  it.  Decimals  and  Duodeci* 
mals  will  be  distinctly  treated  of;  Sexagesimals  (or  Sixtieths)  wiQ  likeviit  N 
explained  when  we  treat  of  Practical  Geometry,  Trigonometry,  &c.  The  ten 
vulgar  comes  from  tmlgus,  the  common  people.  Vulgar  FhMtiont  men  fifM* 
tioDs  that  admit  of  any  denomination  whatever.     . 
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157-  When  the  numerator  is  lex  than  the  denominator^  k  is 
fnrident  that  the  fraction  expresses  fewer  parts  than  1  is  supposed 
piihe  divided  into ;  consequently  the  value  of  the  fraction  is  less 
tiian  1 :  such  a  fraction  is  csdled  a  proper  fraction ;  thus,  f  (one 

!*¥}>  -r  (^o  thirds),  -^  (three  elevenths),  &c  are  proper  fractions. 

158.  When  the  numerator  is  equal  to  the  denominatcH*^  the 
pbction  expresses  just  so  many  parts  as  1  is  supposed  to  be  di- 
vided into  5  consequently  its  value  will  be  equal  to  1 .  In  like 
manner,  when  the  numerator  is  greater  than  the  denominator, 
tte  firaction  expresses  more  parts  than  1  is  divided  into,  and  its 
vahie  is  greater  than  1.     In  either  case  the  fraction  is  called  an 

}flfTOiper  fraction  j   thus,  4  (four  fourths),  4  (five  fifthi),  ^  (seren  thirds), 
^  (twenty-one  ninths),  &c.  are  improper  fractions. 

^,.  159.  But  this  division  is  not  confined  to  unity;  we  may  con- 
Jfjme  the  parts  themselves  susceptible  of  a  similar  division; 
Mry  fraction  may  be  subdivided  into  other  parts  or  fractions, 
■ad  these  into  others,  and  so  on  without  end :  the  expression 
iknoting  a  fraction  arising  from  such  a  division  and  subdivision 
unity  is  called  a  compound  fraction  •,  thus,  -J-  of  f  (one  half  of  one 
1, 4  of  I-  (two  thirds  of  three  fifths),  ^  of  |-  of  g-  (one  fourth  of  two  sevenths 
Efkree  eighths)  ;  such  expressions  as  these  consisting  of  two  or  more  fractions, 
the  word  of  interposed  between  them,  are,  as  is  evident,  meant  to  ex- 
a  part  of  a  part,  or  paits  of  parts,  and  are  called  compound  fractions. 

160.  A  simple  fraction  is  that  which  is  expressed  by  one  nu- 
itor  and  one  denominator,  and  both  whole  numbers. 

161.  When  a  whole  number  and  a  fraction  are  connected^  so 
both  together  form  but  one  number,  such  an  expression  is 

a  mixed  number',   thus,  if  (one  and  two  sevenths),  S-g.  (five  and 
ninths),  14^  (fourteen  and  one  sixth),  &c.  are  mixed  numbers. 

162.  When  either  the  numerator  or  the  denominator  is  a 

■  »  ^ 

number,  or  when  both  are  mixed,  the  fraction  is  called  a 

)  fraction  ;  thus,  -I-(three  and  one  half,  fourths),  —  (two, three  and 

4  3|-' 

0>  1^  (two  and  two  thirds,  three  and  four  fifths  i^),  &c.  are  complex 


BT 


bo(|i.  terms  are  complex,.  t|ki^  .reading  will  8car9ieI7.be  intelligible.; 
iit.will  be  bf^ter  to  read  these  fractions  in  the  following  n^umer  ^  vvK. 

laad  one  half  6^  four ;  .~.  two  hv  three  and  five  sixths;  -2.  two  and 
''Ikds  Jrn  three  and  four  fifths :  and  the  like  of  otben. 
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163.  A  common  measure  of  two  or  mofc;  ntfOiben  h  tmk  a 
number  as  will  divide  each  without  leaving  any  remainder;  ttd 
the  greatest  common  measure  is  the  greatest  number  possftkr  Ait 
will  divide  each  without  remainder. 

164.  A  common  multiple  of  two  or  more  numbers  is  a  numbef 
which  each  of  them  will  divide  without  remainder;  and  the 
least  common  multiple  is  the  least  nambei:  that  each  of  tliem  w9 
so  dfride^ 


REDUCTION  OF  VULGAR  FRACTIONS. 

165.  Reduction  of  Fractiotts  is  the  changing  them  fipom  ooe 
form  to  another  without  altering  their  values.  Br  the  opeit- 
tions  of  reduction,  fractions  are  expressed  in  the  most  convenieBt 
form  for  the  readily  finderstanding  of  their  values,  and  likewitt 
prepared  for  adding,  subtracting,  multiplying,  and  dividing  ^ 

16^6.  To  find  the  greatest  common  measure  of  two  numberi. 

Rule  I.  Divide  the  greater  number  by  the  less,  and  divide 
the  divisor  by  the  remainder. 

II.  Proceed  in  this  manner,  dividing  continually  the  last  di- 
visor by  the  last  remainder,  until  nothing  remains:  the  lastdi- 


There  are  some  Other  denominatioiis  of  fractions,  as  continued  /faduatf 
used  for  approximatibg  to  indetermini^  ratios  in  small  numbers ;  wtnulMf 
/factions,  the  properties  of  which  are  best  explained  by  Fluxions,  &g. 

k  Previous  to  entering  on  the  Reduction  of  Fractions  it  will  be  proper  to  le- 
mark,  that  one  fraction  is  always  equal  to  another  when  the  numerator  of  (b* 
first  is  to  its  denominator  as  ihe  numerator  of  the  second  is  to  its  dencHninatar; 
thus,  j-  is  equal  to^ortoforUr^orto^orta  ^5^  <«•  to  44^,  &c.  for 

2  :  4 

3  :  6 

4  :  8 
10  >  20 
50  :  100 

100  :  200,  &c. 

Hence  it  follows,  that  since  nilmberiB  have  the  same  ratio  to  one  another  that  tfcof 
like  multiples  or  like  parts  hatve  respectively,  both  terms  of  any  fracttoB  t0f 
be  either  multiplied  or  divided  by  atiy  (the  same)  number  without  aHimag^ 
original  value  of  the  fraction ;  thus  both  terms  of  4-S-  ^^^T  ^  multiplied  bf7i99 
&c.  or  divided  by  10,  5,  Sec.  and  the  resulU  ^Jj-^,  ^fj,  4,  *,  &c.  will  bf  tf^ 
to  each  other  and  to  the  given  fraction  ^. 


I 
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Tiaar  is  Hie  greatest  common  measure  of  the  two  given  9HQibcirs 
»  was  re^juured '. 

EXAMPLSS. 

I.  Re<piired  the  greatest  common  measure  of  72  and  IdO. 
Operation.  ^    . 

■'      7«;1W(1  p.^^  J  ^.^.^^  ^^^  greater  by  the 

i  «^  lew,  Yw.  120  by  72,  and  the  rcmain- 

48)72(1  ^^^  i*  "^^^    ^^^'  1  dWide  72  by  48, 

^  and  the  remainder  is  34.     Lastly,  I 

divide  48  by  84>  and  there  b  no  re- 

24)48(2  mainder,  wherefore  the  last  divisor  24 

48  is  the  greatest  common  measure  re* 

— ~  quired. 

Am,  24  the  greatest  common  measure, 

%  Required  tb^  gneatest  jpommon  measure  of  536  ^d  79^# 

536)702(1 
536 

256)536(!i 
512 

24)256(10 
24 

i«)24(l 

8)16(2 
16 

Answer  8  the  common  measure  required, 

3.  What  is  the  gre^itest  common  measure  ,of  1^  and  15  ? 
dns.S. 


tr 


*  If  any  number  measures  two  other  numbers^  it  will  measure  both  their 
ram  and  difference;  thb  being  premised,  tl^e.^th  of  the  rule  maybe  shewn 
from  the  first  Example ;  thus,  24  measures  48,  as  appears  by  there  being  no 
nmainder  ;  wherefore  it  measuret/i  48  +  24,  at  72  ;  and  since  it  measures  both 
48  and  72,  it  likewise  must  measui^e  48^  7S,  or  120 ;  wherefore  24  is  a  con^- 
iBon  measure  of  72  and  120. 

It  is  likewise  the  greatest  00^x90^  measure ;  for  if  not,  let  there  if  possible  be 
tpe«|tcr  ;  then,  ^nce  this  greater  measures  72  and  120,  it  will  measuxe  their 
l^iiBience,  (yi^,  120r— 72or)  ^^  ;  and  since  it  measures  72  and  48,  it  will 
rise  measure  their  difference,  (or  72—48)  »  24;  wherefore  a  number 
ptaler  than  34  will  measure  24,  which  is  absurd;  wherefore  24  is  the  greatest 
*wimon  n^easure. 

l3 
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4.  What  is  the  greatest  common  ttieastire  of  376  aoid  9401 

Am,  188. 

5.  What  is  the  greatest  common  measure  of  144  and  240 1 
Ans,  48. 

6.  What  is  the  greatest  common  measure  of  1376  and  9402  ? 
Am,  2. 

167*  To  find  the  greatest  common  measure  of  three  or  more 

numbers. 

Rule  I.  Find  the  greatest  common  measure  of  any  two  of 
the  given  jiufidbers  foy  the  last  rule. 

II.  Find  the  greatest  common  measure  of  this  common  mea« 
sure  and  another  of  the  given  numbers  by  the  last  rule. 

III.  Find  the  greatest  common  measure  of  this  last  commoo 
measure  ai^d  another  of  the  given  numbers^  and  so  on  mitilall 
the  given  numbers  have  been  taken  3  the  hifii  common  measure 
is  the  greatest  common  measure  of  all  the  given  numbers  K 

7.  Required  the  greatest  common  measure  of  32>  48>  and  68. 

Operation. 

First  32)48(1 
32 
TgVoo/o  ExpUmatum. 

Qo  T\T9,t  I  fiod  the  greatest  common  measure  of  33  ind 

f*  48,  (by  Art.  IGG,)  which  is  16. 

Then  I  find  the  greatest  common  measure  of  I6  aod 

Then  16^6R^4  ^^^  remainuig  number  68,  which  is  4;  therefore  4  is 

^    ^  the  greatest  common  measure  of  the  three  given  noo* 

^3_  bers  32,  48,  and  68,  as  was  required. 


4)16(4 
16 


Ans,  4. 


^  Having  found  the  greatest  common  measure  of  two  of  the  given  numberS)  ^ 
this  measures  the  third,  it  will  evidently  be  the  greatest  common  measure  of  sH 
the  three ;  but  if  not,  then  it  is  equally  evident  that  the  greatest  common  meaKore' 
of  the  said  common  measure  and  of  the  third  number  wiU  be  the  greatest  cm- 
jtkon  measure  of  the  three  given  numbers ;  and  in  the  same  manner  the  po^ 
cat  common  measure  of  four  or  more  numbers  may  be  accfounfted  ftr. 
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8.  Vnmt  k  the  greatM  coouaoa  sneMure  of  14^  %%$,  tnd 

The  greatest  common  measure  0/144  and  316>  6^  ^r^  \66,  i$ 
7%  and  the  greatest  common  measure  ofj^  and  324  is  36^ 
the  greatest  common  measure  required. . 

9.  What  is  tiie  .greatest  common  measure  of  88^  133>  154»  and 
165? 

The  greatest  com.  meas,  of  88  and  13^  is  44, 

of  44  and  154  M  ^2. 
of  9,^  and  165  is\\,the  answer  req. 

10.  What  is  the  greatest  common  measure  of  7^>  1^0«  and 
m}    4ns.  l^. 

11.  What  is  the  greatest  common  measure  of  376«  940, 1034> 
and  1081?     Ans.  47. 

12.'  ^^liired  the  greatest  cottmon  measure  of  100,  200> 
350,  425,  and  505.     Jns.  5. 

168.  To  find  the  least  common  multiple  of  two  given  numbers. 

.  ^Ls  I.  Find  the  greatest  common  measure  of  the  two  ^ven 
numbers,  by  Art.  166. 

II.  Multiply  the  two  given  numbers  together,  and  divide  the 
product  by  the  greatest  common  measure ;  the  quotient  is  the 
least  common  multiple  required  ^ 

13.  What  is  the  least  common  multiple  of  12  and  18  ? 

.12)18(1 
The  greatest  common  measure  ^  j2 

of  12  and  18,  found  by  Art,  >  -^s,o/o 

166,  is  6',  thus,  J        ^^;zr 

And  their  product  12  x  18  ss^  216. 

216 

Therefore  =  36  the  least  pommon  multiple  required* 


'  Fo^  the  ^eatest  common  meacui-e  of  two  noipbers  will  eridently  measure, 
tbeir  prodact ;  and  if  a  number  greater  tb^n  tbe  greatest  common  measure  be 
*<*Qmed,  then  one  of  the  two  numbers  being  divided  by  it,  the  quotient  will  be 
ft  fractioD,  and  the  other  given  number  being  multiplied  by  this  fraction,  the 
product  will  not  be  a  multiple  of  that  number ;  wheoice  the  rule  is  plain. 

14 


M.. 
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14.  What  18  the  least  common  multiple  of  48  and  72  ? 
Their  greatest  common  measure  (Inf  Art,  166,)  it  S4«  out 

their  product  48  X  72  =»  3456. 

3456 
Therefore =5  144  the  answer. 

^         24 

15.  To  find  the  least  common  multiple  of  SO  and  40. 

GreaXest  common  measure  10. 

^       ^       30x40        1200       ,^,. 

Therefore  • — < ;= =  120  the  answer. 

^  10  .10 

16.  What  is  the  least  common  multiple  of  15  and  20  ?  An,^. 

17.  Find  the  least  common  multiple  of  60  and  84.    Ans,  480. 

18.  Required  the  least  common  multiple  of  108  and  109. 
Ans,  324. 

169.  To  find  the  least  common  mulHfile  of  three  or  mart 

numbers  *. 

Rule  I.  Find  the  least  common  multiple  of  any  two  of  the 
numbers  by  the  last  rule. 

II.  Find  the  least  common  multiple  of  this  multiple  and  an* 
other  of  the  niunbers^  and  it  will  be  the  answer  for  three  nam- 
bers. 

III.  Find  the  least  common  multiple  of  this  last  multiple  and 
another  of  the  numbers^  and  it  will  be  the  answer  far  four  num- 
bers. 

IV.  Proceed  in  this  manner  until  you  have  obtained  the  least 
common  multiple  of  all  the  given  numbers. 


">  The  rule  giTen  by  Mr.  Bonnycastle  is  as  follows : 

**  1 .  Divide  by  any  namber  that  will  divide  two  or  more  of  the  giTen 
bers  without  reioainder,  and  set  the  ^uotieats^  together  with  the  undiTidai 
numbers,  in  a  line  beneath." 

'<  2,  Divide  the  second  line  as  before,  and  so  on  tiU  there  are  no  two  naa- 
bers  that  can  be  diTided ;  then  the  continued  product  of  the  divisors,  qos* 
tients,'*  and  undivided  numbers,  "  will  give  the  multiple  required." 

TkvUf  to  find  the  least  common  multiple  of  4,  10;  and  15, 

5)4     10     15( 


2)4 

2 

3 

J)2 

1 

3 

1 

I 

3 

Th^9r€  5X2X3X3  =  60  lAe  Uvt  ammon  nmttiph  rtptirtti. 
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19.  What  is  the  least  common  multiple  of  4, 10«  and  15 } 

The  leoit  common  multiple  of  A  and  10  (by  Art,  168)  is 

4  X  10      40      ^^ 
— - — =--  =  20. 
2  2 

20  X  15       300 

The  least  com.  mult,  of  20  and  15  is =  — -—  =  60. 

•^  5  6 

Therefore  60  is  the  least  common  multiple  required. 

^0.  What  is  the  least  common  multiple  of  12,  16,  and  30  ? 

12  X  16 
Least  common  multiple  of  12  and  16  is =  48. 

48  X  30 

Least  common  mult^leof4S  and  30  is  • =  240  Ans. 

6 

21.  Find  the  least  common  multiple  of  the  nine  digits  1^  2, 
J»4,5,  6,  7,  8,  9. 

Here,  because  8  is  a  multiple  of  1,  2,  and  4,  every  multiple  of 
8  will  be  some  multiple  of  I,  2,  and  4;  in  like  nuumcr  6 
being  a  multiple  ofS,  every  multiple  ofG  will  be  some  mul- 
tiple ofS;  wherefore  in  the  operation  the  numbers  \,  2,  3, 
and  4,  may  be  omitted,  as  being  aliquot  parts  of  some  of 
the  other  numbers.  To  find  the  least  common  multiple 
therefore  of  all  the  nine  digits,  we  have  only  to  find  that  of 

5>  6>  7>  8,  and  9. 

5x6 
The  least  common  multiple  of  5  and  6  is  -^ =  30  5  of 

30  and  7  %s  =  2IO5  of  210  and  8  m- 


2 

840  X  9 
S4O3  cmd  of  840  and  9  is =  2520  the  answer, 

iiS.  What  is  the  least  common  multiple  of  3>  4,  and  8  ? 
*w.  24. 

83.  What  is  the  lea$t  comn^on  n^ultiple  of  3>  5,  8,  and  10  ? 
Att.  120. 

i4.  What  is  the  least  common  ^lultiple  of  3>  .8,  14,  and  22  ? 
*».  1848. 

170.  To  reduce  a  fraction  to  its  lowest  tejrms. 

KvLE  L  Find  the  greatest  common  measure  of  the  numera- 
*  and  denonunator  by  Art.  166. 

U*  Divide  both  terms  of  the  fraction  by  the  greatest  common 
i^ure,  and  the  quotients  will  be  the  numerator  and  depomi- 


a^ 
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nator  fespecH^l^r  df  the  fivctkm  which  ezpmaes  the  low 
terms  of  the  given  fraction  *• 

144 
25.  Reduce  —---  to  its  lowest  terms. 

loD 

First,  find  the  greatest  ^      144)186(1 
common  measure  hy   >  144 


the  greatest  '\ 
measure  by    > 
h  thus,         J 


Jrt.  166,  thus,         J  "^)  144(3 

126 

16>43<S 
36 

greatest  commoH  fneature  6)18(3 

2? 

Secondly,  divide  both  terms  of  the  given  fraction  by  thegrecdftt 

144       24 
common  measure  6,  thus;  6) —  ss  —  the  wmoer, 

186      31 

^   ,       36 

26.  Reduce  — -  to  its  lowest  terms. 

48 

The  greatest  common  measure  by  Art.  166  is  12. 

Therefore  12)---  si -j-  the  lowest  terms  required. 
48       4 

^   ,         648  27 

27.  Reduce  ^.^  to  its  lowest  terms,    .^w.  -^. 

816  34 

Common  measure  24. 

-    144  6 

58.  Reduce  — -—•  to  its  lowest  terms.    Ans.  -— -. 

^  168  7 


"  Two  fractions  are  equal  to  each  other  when  the  nnmerator  of  one  hai  t* 
its  denominator  the  same  ratio  which  the  numerator  of  the  other  has  to  its  de* 
nominator,  as  is  plain  from  the  definition  of  a  fraction ;  hence  it  follows  ttst 
the  same  fraction  may  be  expressed  in  a  great  variety  of  ways ;  thns^  f-  iitli 
same  as  4  or  4  or  4-  or  -,£0^  or  44  or  44-,  &c.  &c ;  this  being  preniised»tliedbvc 
rule  teaches  to  find  the  least  numbers  possible  that  will  express  any  giTon  ftie- 
tion ;  if  a  fraction  be  not  in  its  lowest  terms,  both  terms  must  eyideaUj  bs 
divided,  and  they  must  both  be  divided  by  the  name  imwtber,  otherwise  tk 
teribs  would  not  be  proportionals,  and  therefore  the  resulting  fraction  wooM 
not  equal  the  given  one  ;  (see  note  on  Art.  165.)  :  moreover  this  divisor  BSit 
be  the  greatest  possible,  (viz.  the  greatest  common  measure  of  both  teiW^) 
otherwise  the  quotients  will  not  be  the  least  possible :  whence  the  rale  i* 
plain.     '' 
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29.  Reduce  -— -  to  its  lowest  terms.    Jns,  — . 

2592  3 

30.  Reduce to  its  least  terms.    Arts,  — . 

3456  4 

2064  86 

31.  Redilce  — -—  to  the  lowest  terms  possible,    jins. 


3432  ""  143 

171.  To  reduce  a  fraction  to  its  lowest  terms,  without  first 
finding  the  greatest  common  measure. 

Rule  I.  Divide  both  terms  of  the  fraction  by  any  number 
wbkh  will  divide  both  without  remainder^  and  the  quotients 
ivill  form  another  fraction  equal  to  the  former^  but  in  lower 
fsnns. 

n.  Divide  both  terms  of  this  latter  fraction  by  any  number 
Aat  will  exactly  divide  ihem,  and  the  quotients  will  form  an- 
other fraction  in  stUl  lower  terms  than  the  last^  and  equ^  to  it. 

III.  Proceed  in  thb  manner  as  long  as  division  can  be  made, 
and  the  last  fraction  wiU  be  the  lowest  terms  required  «. 


*  Any  namber  that  wiH  divide  both  terms  of  a  fraction  will  evidently  pro* 
dace  au  equal  fraction  in  lower  tenn^  ;  now  if  this  last  fraction  be*  in  like  man* 
Ber  reduced,  and  likewise  the  resulting  one,  and  so  on  continually  as  long  as 
^risioQ  can  be  made,  it  is  plain  the  last  fraction  arising  from  this  continued 
<ipentioD  will  be  the  given  fraction  in  its  least  terms.  To  assist  the  operations 
ia  tiiis  mk  it  may  be  remarked,  that, 

1.  Any  number  ending  with  an  even  number  or  a  cipher  is  divisible  by  2* 

2.  If  the  right  hand  place  be  a  cipher,  the  number  is  divisible  by  10.       ^   *- 

3.  Any  number  ending  with  5  or  0  is  divisible  by  5. 

4.  If  the  two  right  hand  figures  be  divisible  by  4,  the  number  is  divisible  by 
4. 

A»  If  the  three  right  hand  figures-be  divisible  by  8,  the  number  is  divisible 
lyS. 

X^  If  ihe 'sum  of  the  digits.  CQBftituting  MMwmber  be  divisible  by -3.  or  9, 
4k  whole  is  divisible  by  3  or  9. 

'^^•'If  ihe-Tight  hahd  digit  be^ven,  and  thb  sum  of  all  the  digits  dlviiible  by 
^the  whole  will  be  divisible  by  6. 

nk  If'ilie'sum  of  the  first,  third,  fifth,  di^ts  be  equal  to  the  ivan  of  the  se- 
4tei%tikb,  sixth,  &c.  the  number  is  divisible- by  1). 

^'A  number -which  is -not  a  s^ukve,  tior  drrisible  by  tome  number  less  than 
JK|l|Dare  root,  is  a  prime. 

10.  All  prime  numbers,  except  2  and  4,  have  either  1»  3,  ?>  or  9,  in  the 
^^  place  :  all  other  numbers  are  comporite. 

11.  When  numbers  having  the  sign  -^  of  addition,  or  —  of  subtraction. 
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!r2o 

32.  Reduce  ——^  to  its  lowest  terms. 

864 

OrSRATION, 

6)  4)  3)         2) 

720      120      30      10       5     .    ,        ^^  .     . 

— --==--77  =  --===---==:--  the  lowest  terms  required. 
864      144      36      18       6  ^ 

Here  I  readily  diaoover  by  inspection  that  6  will  divide  both  tenni  of  the 

120 
l^iven  fraction,  and  the  q;aotient  is'iT;;  this  again  will  diride  bj4|tiH 

30  10 

the  quotient  is  o7  >  ^is  I  find  will  divide  by  3,  and  the  quotient  is  -rr ;  I  di- 

5 
vide  this  by  2,  and  the  quotient  -r-  not  being  divisible  (viz.  both  terms)  hj  uf 

number  greater  than  1 ,  is  the  answer. 

If  the  numbers  you  divided  by,  vis.  6, 4, 3>  and  2,  be  multiplied  togetlicr»thl 
product  144  is  the  greatest  common  measure  of  the  given  fractloD, 

240 

33.  Reduce  -—-  to  the  least  terms  possible. 

720  *^ 

10)  3)         4)         U) 

240       24       8        2        1    .^     ^ 
-——  =  ---=--=--=  -— -  the  Answer f 

720       72      24      6       3 

296400 

34.  Reduce  ,^^,  ^    to  its  least  terms. 

1284000 

24T 
Here  dividing  successively  by  100>  and  12^  the  Ans.  is  — -. 


between  them,  and  it  is  required  to  divide  them  by  any  number,  emek  tf  tk 
Humbert  nwat  be  divided.  But  if  they  have  the  sign  X  of  multiplication  betveea 

them,  then  omfy  one  ^ftke  numbers  must  be  divided.    Thus,    ^^    T  s 

0 

3X6X9X12 
l4-2  +  3-^4ss2,where««cAagf*iberisdivided;  and ^  ■  -IX 

6x9X12,   or3x2X9Xl2,  or3x6X3Xl2,  or  3 x <{ X 9 X 4 («i648j, 

where  one  factor  only  in  each  case  is  divided. 

p  This  rule  is  nothing  more  than  reducing  an  integral  quantity  into  lacii 

parts  as  the  denominator  expresses :  thus  in  ^*  37  we  are  required  to  redaee 

4^ ;  now  here  we  bring  the  4  into  eixthe,  vi^.  24  sixths,  to  this  we  add  the  5, 

29 
which  is  likewise  sixths,  making  in  the  whole  29  sixths,  or  -7-  $  and  the  Uhc  b 

all  cases :  wherefore  the  rule  is  plain. 
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J9!it  I 

35.  Reduce  tzrz  to  its  lowest  terms.    Ans.  ---• 
676  3 

9240  2 

^6.  Reduce  ■  ^  *";  to  its  lowest  terms.    Jns,  --^. 
3360  3 

172.  To  reduce  a  mixed  number  to  its  equivalent  improper 

fraction, 

RuL£  I.  Multiply  the  whole  number  by  the  denominator  of 
the  fraction^  and  to  the  product  add  the  numerator. 

II.  Place  this  number  over  the  denominator  of  the  fraction, 
tod  it  will  be  the  answer  required  *>. 

37.  Reduce  4$-  to  its  equivalent  improper  fraction. 

OpebATION.  Esptanation, 

4  X  6  +  5  =  29  numerator.    ^  '  «»«^iply  the  whole  Dumher  4  by  the 

denomijiator  6,  and  to  the  prodact  24  I 
mi      29  .-»  add  the  numerator  5,  which  makes  99 ; 

I  hen—  the  answer,  thj,  i  pia^c  orer  the  denominator  6  for 

the  answer. 

38.  Reduce  &f  and  8^  to  improper  fractions. 

..      5x7+6      41    .              .,        8x10  +  9       89^ 
H  = ^_=y^«..         »A=— J5 =  -^11.. 

89.  Reduce  12^  to  its  equivalent  improper  fraction.  An$,  — . 

5 

7409 

40.  Reduce  1234f  to  an  improper  fraction.     Am.  ■■       . 

6 

35994 

41.  Reduce  8I24-J4  tO  an  improper  fraction.    Am,    ,   .    . 

115 

173.  To  reduce  an  improper  fraction  to  its  equivalent  whole 

or  mixed  number. 

Rule  I.  Divide  the  numerator  by  the  denominator^  and  the 
<|Qotient  will  be  the  whole  numberj^ 

II.  Fiace  the  remainder  (if  any)  over  the  denominator^  and  it 
vri]l  be  the  fraction^  which  must  be  subjoined  to  the  whole  num- 
'  her  for  the  answer  "*• 


<  Thii  mode  of  operating  is  the  converse  of  the  former.  Here  we  ha^e  a 
nnnber  v/iparU  given,  and  are  required  to  find  how  many  whole*  can  he  made 
out  of  them,  supposing  that  one  whole  contsdns  as  many  parts  as  are  expressed 
^J  the  denominator ;  in  order  to  this^  we  must  evidently  divide  the  numerator 
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29 

42.  Reduce  --  to  its  equiyident  mused  number. 

6 

Operation.  BprpkpmiioH, 

on  Here  I  divide  th«  numerator  S9  by  the  denomioator  (>,     ' 

—  =4^  Arts*     '^c^  ^®  quotient  is  the  whole  number ;  alio  the  renuuA- 

6  der  5  placed  OTer  the  denominator  6  gives  {■  for  the  fric- 

tion ;  these  coqqected  give  4|-  for  the  am wer. 

43.  Reduce  ---  and  ---  to  mixed  numben. 

7  10 

41       .      ^  89     ■     ,     . 

—  =  5f  Ans.  —  =  8A  -^w*. 

T2  100 

44.  Reduce  —  and to  mixed  numbers.  Ans,  lOf  and  Hi. 

7  9 

234  700 

45.  Reduce  — -—■  and  — —•  to  mixed  numbers.    Ans,  19A 

12  13 

and  5344. 

35994 

46.  Reduce  —  to  a  mixed  number.    -<4««.  dl2i4f . 

115 


174.  To  reduce  a  whole  number  to  an  equivalent  fraction, 

having  a  given  denominator. 

Rule.  Multiply  the  whole  number  by  the  given  denominatofi 
and  under  the  product  place  the  said  denominator,  and  it  wili  be 
the  fraction  required'. 

47.  Reduce  3  to  an  equivalent  fraction,  having  4  for  a  deno- 
minator. 

'Ti.      o       3  X  4       12    - 

Thus,  3  =s =  —  the  answer. 

4  4 


■•■■*'• 
hj  the  deaominatoTy  the  quotient  IfAl  then  express  the  number  of  wkoiet  cia- 

tained  in  the  given  fraction,  and  the  remainder  will  be  the  parts  over;  this  ii 

plain  from  ex.  4!J.    This  rule  and  the  preceding  prove  each  other. 

'  Here  the  given  number  is  reduced  into  such  parts  as  are  denoted  by  tki 

denominator ;  under  these  the  denominator  is  placed,  to  designate  those  paiii. 

7h^  truth  of  the  rule  may  be  shewn  by  diyiding  the  numerator  of  this  fractioa 

by  its  denominator,  by  which  the  given  number  will  be  produced.    Ueooeai^ 

whole  number  is  reduced  to  the  form  of  a  fraction,  by  placing  i  under  it  fori 

denomuiator* 
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48.  Reduce  8  and  9  to  equal  firactions,  having  10  for  the  de« 

Bominatar  of  each. 

B-^o      8x10       80.         p        „^      9x10      00^ 
***  "lO^'^Io  ^ecofwtfy,  9  =  — j^=:— ^115. 

49.  Reduce  2,  3,  and  4  to  equal  fractions^  hating  ^5  for  a 

,        .     ,  .      50  75        ,100 

deaominator.     Am.  -—,  --,  and 


25   25  25 

50.  Reduce  9,  8,  7»  6  to  fractions^  which  wiil  have  S,  4,  3« 

45  32  21  12 

and  9  respectively  for  denominators.    Ans,  —,  — ,  — ,  and  — . 

O       4       o  « 

175.    7*0  reduce  a  compound  fraction  to  its  equitalent  simple 

onBf  or  to  a  simpler  form. 

Rule.  Multiply  all  the  numerators  continually  together  for  a 
aunaator^  and  the  denominators  together  for  a  deaominator. 
'.  Sedaee  this  new  fraction^  if  it  be  a  proper  fraction  and  requires 
ll,to  its  lowest  terras^  (by  Art.  I70. 171.)  >  but  if  the  new  frac- 
tkm  be  an  improper  one,  reduee  it  to  a  whole  or  mixed  number, 
lyArt.  173'. 

2         5 

51.  Reduce  —  of —  to  a  simple  fraction. 

2  5       13 

Thus  —  of  —  =:---  the  answer.    Here  we  multiply  2  and  5 

3  ^  7      20  .      ^ 

together  for  the  numerator,  and  3  and  7  together  for  the 
denominator. 


*  Haring  a  part  of  a  part  given,  we  are  here  taught  how  to  reduce  it  to  its 

2         3 
fnper  part  of  the  whole.    Let  _^  of  -1-  be  a  compound  fraction  proposed  to 

'  Wieduced  ;  now  —  of  —  is  evidently  — ,  wherefore  — ;of  —  will  be  twice 
J  3         4  4  3         4 

^Mfreat,  or  — ,  or  — ,  which  is  the  same  as  the  rule ;  for  by  it  —  of  —  = 

8      1  3  2  6  *" 

:  ?-•» — .the very  same  as  before.    Again, .»  of  -^  wiil , evidently  be  —  ; 
12      2^  '  57  35 

faJLof-1  =.-£.-*.  5  =  A;  therefore -1  of  A  «  i-  X  3=—  as  be- 
577  35  6  7        85  ^5 

^'  whence ihe  mle  is  manifest. 
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4  2         6 

59.  Reduce  —  of  —  o£  —  to  a  simple  fractioa. 

5    -^   3    "^   7        105       35 

48 

duce  the  fraction to  its  lowest  terms  by  Art,  170, 171* 

105 

'4393 

53.  Reduce  -—  of  --  of  —-  of  ---  to  a  simpler  form. 

5  2        '2        4  '^ 

^       4     .  3     .  9 '       3        324       81       ,  ,     ^ 

Thus  -T-of-zr-of —  of  —  = =  --  =  4-V  the  answer, 

5^2-'2''4  80        20^^ 

324  81 

Here  we  reduce  to  its  lowest  terms  --  by  Art,  17Q» 

80  20    ^ 

171>  and  then  we  reduce  this  improper  fraction  to  a  mixed 

number.  Art,  173. 

15        4  20 

54.  Reduce  -r-  of  —-  of  —  to  a  simple  fraction.    Ans,  --— -. 

3  7        9*^  189 

4  7         13  1 

55.  Reduce  —-  of  -—  of  ---  of  -—  to  a  simple  fraction.  Ans,  --. 

7        9        4        5  '^  15 

Q  Q  e  iv 

56.  Reduce  i^  of  —  of—  of  —  to  a  simpler  £oTm.   Aih 

5 

iwer  -—  =  1^. 
4 

176.  When  any  of  the  terms  are  whole  or  mixed  ntsmbers,  they 
must  first  be  reduced  to  improper  fractions  by  Art.  172>  and  thei 
proceed  as  before  *. 

4        3 

57.  Reduce  —  of  —  of  5^  to  a  simpler  fbrm. 

21 
Here  5^  =  —  6y  Art.  172. 
4 

^      .       4     .3      .21        252       63       9        ^^    . 

Therefore  -rr  of —  of —  =s =  —  =  —  =1^  Am, 

•^        5    -^   7    "^  4        140       35       5         ^ 

12         1 

58.  Reduce  —  of  —  of  —  of  li  to  a  simple  fraction.. 

Here  1^  =  H  fcy  Art.  172. 
8 

Therefore  —  of —  of —  of —  = = Ans. 

-^        7    '^   9    ''  n  -^   &       6048       1008 


*  The  reasoB  of  this  rule  is  sufficiently  plain  from  the  fov^^ing  notei. 
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59.  Reduce  'J'  ^  ^  ^  'o'  ^  ^  ^^  ^   simpler   fono. 

8  S  4 

^.  Reduott  .--.  4)f  -^  of  —  of  124-  to  a  sbnpkr  form. 

7  5  9 


177.  7V>  recfttce  a  complex  fractum  to  Us  equwalent  $hi^  one. 
First,  when  one  term  only  of  the  ^iven  fraction  is  a  mixed 
number, 

RuLB  I.  Reduce  the  mixed  term  to  an  improper  fraction^  and 
make  the  numerator  of  this  improper  ^etion  that  term  of  a 
new  fraction  which  corresponds  wi^  the  mixed  term  of  the 
given  one. 

n.  Multiply  the  unmixed  term  of  the  ^ven  fraction  by  the 
denominator  of  the  mixed  ooe,  and  make  the  product  the  other 
term  of  the  said  new  fraction,  which  will  be  the  fraction  re* 
quired  \ 

61.  Reduce  •^  to  its  equivalent  simple  fraction. 

Operation.  Esplanation* 

£3        9x44-3         11  Here  I  reduce  the  namerator  S4  to 

•^ s       ■ .  ..>■■  ■  .M  ■  SB  rrr^  Am,       Aa  improper  fr^otiofi,  tJtie  naaQrator  of 
5  5x4  20  which   1 1    I  make  the  numeraior  of  a 

new  fraction  ;  and  the  deoominatof  4  I 
SUihiply  into  the  unmixed  part  5»  makii^f  20  for  the  denominator  of  the  new 

^•CtiOB. 


*  The  numerator  and  denominator  are  )iere  equally  multiplied ;  wherefore 

t^  resulting  fraction  will,  it  is  plala,  be  equal  to  the  given  one  :  thus,  ex.  61. 

^  and  5  are  both  multiplied  by  4 ;  for  taking  away  the  deadninator  fh»m  4. 

Bi^fiies  it  by  4  $  wlivpeforc  OMiitfplylng  the  2  i^  4  pgrodu«e»  8,  ami  muMiply- 

8  +  3       11 
'*^  the  5  by  4  produces  20,  whence  the  fraction  becomes       ■    or  — ,  asintbe 

example. 


VOL.    I.  M 


162  ABrrHMETlC.  Kurl. 

62.  Reduce  —  to  its  equifalent  simple  ftactkm. 

'Operatioh.  JSspitmmHm, 

3  3x6  18  Here  tbedeoominator  being  tbemixei 

—  = =:  —  Ans.     piut,  I  redaec  it  to  ao  improper  fnctioo, 

41^        .4x6  +  5  39  and  Mke  ■tsnunentdrSSthe^Mi. 

JMfw  of  a  new  finctioo  ;  I  moltipfy  iti 
denomiDator  6  into  the  nnmitrd  term  3  for  the  aumerator  of  the  new  One- 
18 

^*°^  7Zr»  whidi  is  the  answer. 
•^ 

5* 

63.  Reduce  -^  to  a  simple  fraction. 

„      ^       5x2+1        11 

Jti^c  -—■  = :=  —  the  answer. 

6  6x2  12        ""*«^- 

7 

64.  Reduce -—^  to  a  simple  fractioo. 

8A        S  X  10  +  9      89 

44-  34 

65.  Reduce  -—  to  a  simple  fraction.     Ans.  — . 

5  '^    ,  35 

1  2 

06.  Reduce  —  to  a  simple  fraction.    Ans,  —-. 
Z-j-  5 

67.  Reduce  — —  to  a  simple  fraction.    Jns.  — . 


178.   Secondly,  token  both  terms  are  mixed  numbers. 

Rule  I.  Reduce  each  of  the  terms  to  an  improper  fractioDi 
and  place  the  numerator  of  eadi  opposite  that  term  of  the  given 
fraction  from  whence  it  is  derived^  and  a  new  fraction  will  be 
formed. 

II.  Multiply  the  numerator  of  this  new  fraction  by  the  deno- 
minator of  the  lower  term  of  the  given  complex  fraction  for  a 
numerator^  and  the  denominator  of  the  new  fraction  by  the  de- 
nominator of  the  upper  term  for  a  denominator^  and  it  will  be 
the  fraction  required '. 


*  The  numerator  and  denominator  are  equally  here  multiplied,  and  therefH* 
the  resulting  fraction  is  equal  to  the  given  one ;  thus  in  ex.  68.  both  tcia> 
are  mahiplied  by  5  X  8 ;  whence  the  rule  is  eyident. 
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34 

68.  Reduce  —^  to  a  simple  fraction. 
61 


.    Explanation, 


Operation  ^  ^"*  ^^^^'^^  3*  to  an  im- 

A  A  «  « xy  1^ .  proper  i  raction,  the  numerator 

1*    .   3x5  +  4        19           ^  of  which  is  19;  next  I  reduce 

6y  Q   I   y  =  TZ  new  fraction.  6^  to  an  improper  fraction, 

"  A  o  -t-  /        00  tjjg  numerator  of  which  is  '>5  ; 

«,        19  X  8          152  ^hese  form  the  new  fraction 

inen,  —-  =  ■         the  answer,       19 

55  X  5  275  — :  I  then  multiply  the  nu- 

Or  thus  more  conveniently.  merator  19  by  the  denomina- 

^  tor  Sf  and  the  denominator  55 

Sj      (3  X  5  4-  4)  X  8  1 52  ^^  ****  denominator  5,  for  the 

7:  =  7- =r the  ans.  answer.     The  second  method 

^     (o  X  8  -h  7)  X  5         275  differs  only  in  form  from  the 

first. 

12' 

69.  Reduce  — ^  to  a  simple  fraction. 

134  ^ 

--_    12  X  7  +  6       90       18  .      ^.  .       18  X  4 

Thus,  —- =  ^ —  =  —  new  fraction ;    then  — 

'  13  X  4 -f  3       55       11  -^  11  X  7 

72 
=  —  Ans. 

77 

.      .         12f        (12  X  7  +  6)  X  4        360       72    , 

Or  thus, ^  = ' =s  — i —  =  —  Ans.  as 

'   134        (13  X  4  +  3)  X  7        385       77 

before, 

123* '  ' 

70.  Reduce    ^^  ^^  to  a  simple  fraction. 


234 »« 


TV 


_  12344  a23  X  13  4-  12)  X  16         25776 

Inus.    :=  -^ ^ 

2344-1^  (234  X  16  -f  15)  X  13  48867 

8592      ^ 

Ans. 


16289 

2 '  1 "  77 

■.  71.  Reduce  — ^  and  -^  to  simple  fractions.     Ans.  — —  and 
i                        5f           2i  .      .      *^  ,  1,64 


179.  When  either  of  the  terms  of  a  complex  fraction  is  a 

iple  fraction^  or  when  both  terms  are  sim{>le^  the  operation 

be  somewhat  less  difficult  5  thus, 

•        ^  .    .      .    ' 
■      . .  ■  ••         •■■'.'"  '  ' ' 

'  Here  both  terms  of  the  fraction  are  equally  multiplied  f  thus  in  ex.  7^. 

14 
'  terms  arc  multiplied  by  7  X  3,  wherefore  the  resulting  fraction  —  equals 

1  o 
'  given  one,  which  ^'as  to  be  shewn ;  and  the  same  is  true  in  every  instance 

fftisVind. 

M  2 


I 


Mi 


ARITUMETIC. 


Htxl 


9 

72.  Redoee -7- to  IT  ^mple  fiRielioii. 

T 

^  X  7       14 

Multiplv  2  by  7,  and  5  6y  3,  thus, -•  =  —7  ifiw. 

5x3       15 

73.  Eeduoe  ^  to  a  sknple  fraction. 

2i      (2  X  4  +  1)  X  9      bl 


6in^[dc 


80 


180.  7o  reduce  fractions  of  different  denombsaitrs  to  equtva- 
lent  fractions,  having  a  common  denominator, 

KuiA  I.  Multiply  eadi  numerator  into  all  the  denonuBAtors 
except  its  own  for  a  new  numerator. 

II.  Multip]^  all  the  denominators  continually  tog^th^r  for  a 
common  denominator. 

III.  Place  eodi  fiew  numerator  over  the  oommen  deBominao 
tor>  and  there  will  be  as  many  new  fractions  formed  as  there  are 
fractiolis  ^ven  in  the  question  >  also  each  of  ^le  new  fractioofl 
will  be  equal  to  its  respective  one  in  the  question^  viz.  the  first 
equal  to  the  firsts  the  second  to  the  second^  &c.* 


*  It  will  appear  (by  placing  the  numbers  in  a  convenient  maimer)  that  botk 
iemii  of  tack  fraction  are  equally  multiplied ;  thus  in  ex«  7&  «ach  of  tlie  tenoi 

the  terms  of —  by  7  X  &>  a>  foUow»: 
6 


yI 


4^ 
& 

1 
6 


X  5  X6 
X&X6 

X  7  X  6 


X  7  X6 
X7  X5 


X7X  5 


60-1 
SIO 

168 
210 

210 


the  answers  as  in  the  example  ; 
wherefore  tiie  rale  it  mtuufiest* 


I 


tint 
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4  6 

•  75.  Reduce  ---  and  -rto  equal  fractiom,  bavii^a  comtBon 

5  7 

deDomiiiator. 


OPEIATION. 

6X5  =  30/  "**"""^'^*^- 
5  X  7  =  35  com.  denominator, 

Wherejbre  --  and  —-  the  Ans. 
•^       35         35 

*  - 

coounorf  denominator.    Lastly,  I  place 
denominator  for  the  answer. 


Expianation, 

Mere  I  multiply  the  first  numerator 
4  iofeo  the  denominator  7>  which  gi?e« 
S8  for  the  first  new  numerator.  I  next 
multiply  the  second  numerator  6  into 
the  denominator  5»  and  tb«  product  30 
is  the  second  new  numerator.  Next 
I  multiply  the  denoniiiaton  5  and  7 
together,  and  the  product  35  is  the 
both  new  numerators  over  the  common 


$2     4  1 

76.  Reduce  — ,  — >  and  ---« to  a  common  denominator. 
7     6  6 


Operation. 

2x5x6=    60^ 
4x7x6=]  68  >  new  num, 
1x7x5=    35  J 

7x5x6  =  9 10  com,  denom, 

.       60      168        ^    35 

ilfti. t   _'_  -  »  and 


2X0*  210 


210 


Here  I  multiply  the  numerator 
2  into  the  denominators  5  and  6  ; 
the  numerator  4  into  the  denom t» 
nators  7  and  6;  and  the  numera- 
tor 1  into  the  denominators  7  and 
5  ;  the  products  are  the  nfw  mflne- 
rators ;  I  then  multiply  the  deno- 
minators 7,  5,  and  6  together  for 
the  common  denominator. 


2  4     3  1 

77.  Reduce  — ,  — ,  ---,  and  ---,  io  a  common  denominat<nr. 

3  7  5     2 


Thus,  2x7x5x2  =  140^ 
4x3x5x2  =  120  I 
3x3x7x2  =  126  r 
1x3x7x5=  105  J 


new  numerators. 


3x7x5 

140 

Ans, 


X  2  =  210  common  denominator. 
120     126         .  105 


210'  210'  210' 


and 


210 


Whole  and  mixed  numbers  must  be  reduced  to  improper 
fractions,  compound  and  complex  fractions  to  simple  oaesi  when 
^y  of  these  occur  in  the  question. 


M  3 
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2         4  1  * 

78.  Reduce  2^,  —  of  — ^  and^«  to  a  common  deaominator. 

Here  2i= =  -  by  Art   172.  y 0/-  =  ^^ 

%  ^rf.   175.    and  ^=^±2il±^Jil^:^l^  Jrt 
^  24       (2  X  3  +  2)  X  2      16   ^ 

178. 

11     B  9  ^ 

Whence  the  fractions  to  be  reduced  are  — ,  — ,  and  — . 
•^  4     15  16 

Wherefore  11  x  15  x  16  =  2640^ 

8x   4   Xl6=  512   >  new  numerators, 

9  X    4   X  15  =  540  J 

4  X  15  X  16  =  960  common  denominator. 

^      2640    512  ,   540 

jins,     ■■   ■.  — - — >  and 


960*  960*  960* 

2  4 

79.  Reduce  ---  and  —  to  equal  fractions^  havings  a  coduhod 

3  5  ^ 

^  .  ^       10      ^12 

denommator.     Ans.  -—-  and  --. 

15  15 

3       4  8 

80.  Reduce  — ,  — ,  and  — ,  to  a  common   denominator. 

57  9 

189      ISO        ^  280 

Ans, , ,  and . 

315.    315  315 

2      12  4 

81.  Reduce  — ,  — ,  — ,  and  ---,  to  a  common  denominator. 

735  9 

270     315     378        J  420 

Ans,  — --—, , ,  and  — --. 

<j45     945     945  945 

7  3     2  1 

82.  Reduce  — ,  — .  — ,  and  — ,  to  a  common  denominator. 

8  4^7  4 

^       784     672     256         .  224 

Ans, —, , ,  and  -— —-r. 

8^6      896'   696  896 

15  *       2* 

83.  Reduce  —  of  — ,  1-g-,  and  -^^  to  a  common  denominator. 

,       1120  2240   5880         .2016 

Ans  . , ,  and . 

•        0136*3136' 3136'  3136 

181.   To  reduce  fractions  to  other  equivalent  ones,  having  the 

least  common  denominator. 

Rule  I.  Find  the  least  common  multiple  of  all  the  denomi- 
nate] a  by  Art.  i69,  and  it  will  be  the  common  denominator  re- 
quired. 


Pari. 
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II.  Divide  the  common  denominator  by  the  denominator  of 
each  fraction^  and  multiply  the  quotient  by  the  numerator, 
the  several  products  will  be  the  numerators,  which  place  over 
the  common  denominator  for  the  answer '. 


84.  Reduce — ,  — ,  and.—,  to  equivalent  fractions,  having 
the  least  common  denominator. 


Operation. 

The  least  common  multiple  of  4 
.  _  , 4x8 


UUiA    O    C/y    iTZ/  !>.    J.UC7   C< 

4 

8,  and  of  8  and  12  is 

>           J                             4 

=^^4  the  common  denominator. 

24                     "1 
Therefore  —  x  3  =  18 

24  x   5  =15 
8 

>  new  num. 

24 

^        18   15        ,22     . 
Whence  — ,  x->  o.nd  -— ,  the  answer. 
24  24  24 


Explanation, 

I- first  find  the  least  com* 
tnon  ;nultiple  of  the  denomi- 
natprs  4  and  8,  which  is  8 ; 
then  of  8  and  the  remaining 
denominator  12,  which  is  24  ; 
this  being  the  least  common 
multiple  of  4,  8,  and  12,  riz. 
of  all  the  denominators,  is 
the  least  common  denomina- 
tor. I  next  divide  84  by  4, 
8,  and  12,  the  three  denomi- 
nators, and  multiply  the  quo- 
tients by  3,  5,  and  11,  the 
three  numerators,.  an4  the 
products  18,  15,  and'  22, 
placed  over  the  common  de- 
nominator 24,  give  the  an- 
swer. 


*  The  common  denominator  is  a  common  multiple  of  all  the  given  denomi- 

Baton,  as  is  plain ;  and  the  process,  as  directed  in  the  second  part  of  the  rule, 

i>  merely  the  taking  such  parts  of  it  fpr  new  numerators  as  have  the  same  ratio 

nspectirely  to  the  whole  as  the  numerator  of  each  given  fraction  has  to  its  der 

QomiDator ;  thus,  ex.  84.  multiplying  24  (the  common  denominator)  by  3,  ftnd 

3 
^Tiding  by  4,  is  the  same  as  taking  —  of  24,  the  result  of  which,  viz,  18,  has 

4 

we  same  ratio  to  24  that  3  has  to  4 ;  whence  -^  —  the  given  fnu^ion  — .   In 

-  4 


24 


15 


BkemannerlS  :  24  ::  5  :  8,or— =— .     Likewise  22  :  24  : :  II  :  13; 

24         8 

therefore  —  s  —  ;  from  whence  the  reason  of  the  rule  will  be  understood. 
24       12  ^• 


M  4 


16$ 


ffiffrl 


4>     5>     fi  & 

S5.  Reduce  •--,  — ,  —,  and  -—^  to  fbe  least  common  deno- 

9     8     o  « 

ininator, 

fir«^,  — : — =  Y2,  ifhen   .  ■■    ■  ■  seyg,  dftd     ■■  ■■■  ■■aaT?, 

16  4 

i^  least  common  multiple  of  9,  S,  6,  and  4t,lnf  Art  169. 

72 
Then  —  x  4  =  32 
9 


72 
72 


>  MAD  fitimef «^of^. 


72 


X3=s54 
32  45  60 


54 


C         Q  t^  A 

9^.  Rednee  — .  ---  -—,  and  ■— ■,  to  the  least  common  deno- 
7     3     9  14 

miBEKtor* 

«  \    y  X  S       ^,      21  X  9      ^^     63  X  14       ,^^ 

jRr«*,  — : ss21,    — - —  =  63,  -; s=126c(m«' 

13  7 

men  denominator. 

^^       136       ^      ,^^       126       ^      ^^       126       ^     ^^ 
r^en  — rr- X  6  =  108,    — --x2  =  84,    — ::— x5  =  yo, 


and 


7 
126 

"li" 


3  '       9 

X  3  ==  27>  Ihe  new  numerators. 


„      ^       10&     84       70         ,   27     ,, 
Wherefore  ^^^,  -tk^»  *r*m9  ^^^  ,^^»  the  answer. 


126'  126'  126 


126 


5  8 

87.  Redufle  --r  cu^d  —  to  the  kart  common  denominstor. 

'6  9 

^"'- 18  ^'^^  18- 

3     7  11 

88.  Reduce  ---,  --,  and  --r,  to  the  least  common  denomina- 

*    l»  12 

^      45  42       ^65 

*^'-   ^"*-66'w'^^^- 

11  3  5 

89.  Reduce  -,  —7,  and  -t,  to  the  least  common  denomina- 

12  '4  16 

308      72  ,  105 

tor.    Ans.  ^  .^-^  ■,  ana 


336'  336 


336 
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ISA  S 

9a  Reduce  -— -,  -—,  ■— ,  and  -— -,  to  the  least  oommon  deiio- 
»     S     7  9 

iutor.    Am,  ■ .  — — •  — — •  and  — . 

136'  136'  136'  136 

182.  To  redttce  any  fraction  to  another  of  equal  value,  hannng 

a  given  denominator, 

EuLB  I.  Find  the  numeratorby  a  Rule  of  Three  stating;  thus, 
ly,  as  the  denominator  of  the  given  fraction  s  is  to  its  nume- 
itor  ::  so  is  the  given  denominator  :  to  a  fourth  number, 
iluch  will  be  the  required  numerator. 

II.  Place  this  numerator  over  the  given  denominator,  and  it 
rill  give  the  fraction  required  \ 

4 

$1.  Reduce  ---  to  an  equal  fraction,  having  100  for  its. deno- 
5 


TL        ^  ^  ^  ,^  J  4  X  100         400 

Thus,  5  den,  :  4  nam,  :  :  100  den,  :  — 


5  5 

80  the  numerator. 

Therefore  -■•  it  the  fraction  required. 

92.  Reduce  —  to  a  fraction  of  equal  value,  havii^  30  for  its 

1  A 

k&ominator. 

'Tt     .^  J          ,,                 ^^  jw          11  X  30       330 
Thus  13  den.  :  1 1  num,  : :  30  den.  : = =s 

13  13 

la^V  ss  184  numerator. 

184 
Therefore  — --  the  fraction  required, 
30 

93.  Reduce  —  to  a  fraction  of  equal  value,  whose  denomina- 

or  is  27.    ^iw.  — . 
37 

19 

94.  Reduce  —  to  an  equal  fraction,  having  5  foi:  its  denomi- 

4-i 

Ww,    jhts,  -— -, 
5 


^  Here  the  nnmeratar  of  the  given  fraction  is  to  its  denominator  at  the  on* 
*nkorofihe  resulting  fraction  is  to  its  denominator;  th«r«fi>re  the  latter 
Mm  is  equal  to  the  former ;  which  shews  the  role  to  be  right. 
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183.  To  reduce  the  fraction  of  a  less  denomination  to  that  oj 
a  greater,  retaiiiing  the  same  value. 

Rule.  Multiply  the  denominator  by  all  the  denonuoadooi 
between  that  which  is  given  and  that  which  is  required  j  over 
the  product  place  the  given  numerator,  and  you  will  have  the 
fraction  required  *. 

8 
95.  Reduce  —  of  a  penny  to  the  fraction  of  a  pound. 

Operation. 

8  8  8  1 
Thtis,  -r-  d.  = -—  =  ■TT-T-'  =  '  ^     Ans, 

9  9  X  1«  X  20       2160       270 

EspUmatUMm 

I  multiply  the  denominator  9  by  12  and  20,  (because  12  pence  make  a  shil- 
ling, and  20  shillings  a  pound,)  and  place  the  numerator  8  over,  which  gives 

8  I 

,  this  reduced  to  its  lowest  terms  is  .  the  answer. 


4 
96.  Reduce  ---  of  a  grain  to  the  fraction  of  a  pound  troy. 


2160  270 

4 
"5 

4  4  4  1 

Thus.  —  ffr.  = = = i6.  Am, 

'  5  ^  5  X  24  >^  20  X  12       28800       7200 

2 
97*  Reduce  —  of  a  pound  to  the  fraction  of  a  cwt. 

2  2  2  1 

ThuSy  lb.  = —- =:  -r-rrr  = CWt,  AnS. 

'3  3  X  28  X  4       336         168 

98.  Reduce  — -  of  a  pole  to  the  fraction  of  a  mile. 

7 

^^6  .6  6  3 

Thus,  — -  p.  = =  — -- -  =  mile,  the  Am. 

7  7  X  40  X  S       2240       1120         ' 

1  ' 

99.  Reduce  —  of  a  penny  to  the  fraction  of  a   pound- 


2 


jins, L. 

480 


«  This  rule  is  equivalent  to  that  for  reducing  a  compound  fraction  to  » 

simple  one  (Art.  175.)  ;  thus,  ex.  95,  ~  of  a  penny  is  -^  of  -L  of  i  ol  » 

9  9         12       20 

8 
pound,  that  is ___ !  and  the  same  in  general :  wherefore  the  reM<* 

9  X  12  X  20  ^ 

of  the  process  is  plain. 
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4 

100.  Reduce  —  of  a  penny  to  the  fraction  of  a  guinea. 

^'  lis  ^''*^^' 

9 

101.  Reduce  tt:  of  a  nail  to  the  fi-action  of  a  yard.    An-' 
9 

^^^  Igo  ^ 

7 

102.  Reduce  —  of  a  square  pole  to  the  fraction  of  an  acre. 

o 

.      7 

acre. 


1280 


2 

103.  Reduce  —  of  a  bushel  of  coals  to  the  fraction  of  a  chal- 

dron.    Ans.  —  chaldron. 
54 

9 

104.  Reduce  —  of  a  day  to  the  fraction  of  a  year.     An^ 

184.  To  reduce  the  fraction  of  a  greater  denomination  to  that 
of  a  less,  retaining  the  same  value. 

Rule.  Multiply  the  numerator  by  all  the  denominations  be- 
tween the  given  one  and  that  which  is  required  3  under  the 
product  p\2Lce  the  given  denominator^  and  it  will  give  the  frac- 
tion required  **. 

105.  Reduce  of  a  pound  to  the  fraction  of  a  penny. 

Operation. 

^         1  X  20  X  12        240        8    J    ^ 

Thus, — =  -- —  =  —  a.  Ans. 

'  270  270        9 

£xplanatum, 

I  multiply  the  numerator  1  by   20  and    12,  (the  denominations  between 
y>ViA&  and  pence,)  and  place  the  denominator  270  under  the  product,  making 

tl>e  fraction  — ,  which  reduced  to  its  lowest  terms  gives  — . 
270  9 

*  This  rule  is  likewise  of  the  same  nature  with  Art.  IT-)*  for  its  operation  is 
iQplythe  reducing  a  compound  fraction  to  a  simple  one^  thus  (ex.  105.) 

1  1  on        19  IV  90   V    \Q 

r;--  of  a  pound  is  _  of  —  of  If  of  a  penny,  or      ^  ^"^  ^       ;  wherefore  the 
?0  270       1         1  *^       '  270 

"jIc  is  evident. 
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106.  Reduce  — ---  of  a  pound  troy  to  the  fraction  of  a  ^rain. 

^       1  X  12  X  20  X  24       5760       4  . 

7200  7200       5  ^ 

107.  Reduce of  a  yard  to  the  fraction  of  a  nail. 

IdO  ^ 

9x4x4        144        9         . 

Thus, =  — -—  =  -—  n.  Ans. 

160  160        10 

1  2 

108.  Reduce  — -—  of  a  cwt.  to  the  fraction  of  a  lb.  Ans.'-lh. 

168  o 

109.  Reduce  — —  of  a  pound  to  the  fraction  of  a  penny. 

Ans,  — -  d. 
4 

110.  Reduce  ^        of  a  guinea  to  the  fraction  of  a  penny. 


504 


Ans.  —  d. 
2 


40 
111.  Reduce  — -—•  of  a  guinea  to  the  fraction  of  a  pound. 


147 


Ans.  —  L. 
7 


185.  To  reduce  compound  numbers,  8(C,  in  money,  w&^hts,  ani 
measures,  to  fractions  of  some  higher  denomination. 

Rule  I.  Reduce  the  given  number  to  the  lowest  denomina- 
tion mentioned  for  a  numerator. 

II.  Reduce  the  integer  of  which  the  above  is  to  be  made  a 
fraction  into  the  same  denomination  for  a  denominator. 

III.  Place  the  numerator  over  the  cfenominator^  and  reduce 
the  faction  to  its  lov;rest  terms  *.  Art.  170. 


«  In  ex.  1 12,  3^.  6d.  =  42  pence,  and  1/.  =  240  pence  ;  therefore  Si,Sd,v 
42  parts  out  of  240  of  a  pound ;  whence  the  reason  of  this  process  is  plun. 

It  is  best  to  re<face  the  g^vea  number,  and  the  integer  of  which  it  if  to  b« 
made  a  fraction,  to  the  gretitest  denomination  common  to  both ;  for  then  fk< 

fraction  will  be  ia  its  lowest  terms.    Thus  (ex.  112.)  3s,  6d.  s>  7  lizpcoM*} 

r 
and  W.  ss  40  sixpences;  therefore  3s,6d,  *=  —-L  as  in  the  example. 

40  *^ 
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lUL  Bedooe  S#.  6d,  to  the  firactioii  of  a  pound. 

Tkui,  Ss.  6d.  =  42  pence,  the  numerator. 

And  I  pound  a  240  pence,  the  denominator. 

48         7 
Therefore  -- —  =  —  I.  the  answer. 
•'        240       40 

113.  Reduce  14s.  Sd.-^  to  the  fractioai  of  a  guinea. 

Tfms^  14s.  Sd^i-  s  849  htdfpence,  the  numerator. 

And  1  guinea  s  504  halfpence,  the  denominator. 

349 
Therefore  14j.  6d.4-  x  — rr  of  a  gutttM,  Ans. 

504 

114.  Reduce  I02.  2dto/s.  to  the  fraction  of  a  lb.  troy. 

Thui,  lox.  2dwts.  s  22dic;/s.  the  numerator. 

And  llb.ss  24Odwts0  the  denominator. 

22  11 

Therefore  loz.  ^dwts,  =:  — —  =  -;^;tM».  troy^  ^^"^ 

240         120 

115.  Reduce  1/6.  2oz.  ^dr.  to  the  fraction  of  a  lb. 

Thus,  lib.  2oz.  S^dr,  =s  583  half  drams,  numerator. 

And  1/6.  =  512  half  drams,  dmominator. 

583 
Therefore  lib,  Stoz,  Z^dr,  =s  -rr^tt.  -<^ws. 

0I2 

3 

116.  Reduce  12s.  to  the  fraction  of  a  pound.    Ans,  —  L. 

39 

117.  Reduce  19s.  6d.  to  the  fraction  of  a  pound.    Ans.  ---  L. 

*^  40 

118.  Reduce  Sgrs.  14/6.  to  the  fintetion  of  a  cwt.  Ans.  —  cwt, 

119.  Reduce  Zqrs.  3n.  to  the  fraction  of  an  Englbli  ell. 

4 

120.  Reduce  1^^.  Stgal.  3qts,  to  the  fraction  of  a  tup. 

m,  -----  tun. 
1008 

121.  Reduce    36ii.  2fpA:s.   to   the   fraction   of  a  quarter. 
^'^quarter. 

ytSS.  Reduce  lO&u.  3p^s.  to  the  flection   of  a   chaldron* 

144 


17C 


<it:t  I 


Ex. 


2 
T 


1.  Mi-=-aBd4- 

^  O 


3 
8 


,1 


;  ItkaiMthi 

1€  a^  21  UgAmt 

37  fin  St;  the 


2.  Add  -— ,  — ,  aad    - 

3     4  8 

Ofeaatiov. 

2  X  4  X  8  =  64^ 
3x3  x8  =  72  > 

3  X  3  X  4  =  36  J 

1/2  mm. 
3  X  4  X  8  =  96  commom  demom. 

-^w.  — --  ^1  —  HTM  requvftaL 
96  96  ^ 

o  1 

3.  Add  -^  and  —  togetlier. 


5'   9 


together. 


268 
315 


'        16-1- SI         ^7 
added  togeUicr,  the  torn  is  eridetttff      -^    ,  or  tt*  » In  the  examyk;  ttd 

the  tame  (rf  others. 

Nothing  can  be  plainer  than  the  grounds  of  this  process ;  for  since  tl^  ^ 

nominator  only  indicates  what  parts  the  firacticMi  consists  of,  therefore^  irki 

several  fractions  haring  the  same  denominator  are  proposed,  the  cumpaslW* 

Talne  of  each  wiU  be  expressed  by  its  numerator.     Thus,  let  the  fractkH 

12  3  2  1         .  ^ 

— ,  — ,  and  —  be  proposed ;  H  is  plain  that  —  is  dovble  of  — ,  and 'T 

triple  of  it,  and  that  the  sum  of  all  three  can  be  nothing  but  sevenths,  that  iS| 

it  will  consist  of  as  many  serenths  as  there  are  units  in  all  the  iiewitm 

12  3 

taken  together ;  wherefore  — ,  —,  and  —  added  together  will  amoaaft » 

6 


"Z',  which  is  the  rule. 
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5.  Add -,-,-,  and -ti^ther.    5«m  3-^^. 

.,,,3272        ^    1  ,     ^,.         o      « 853 

0.  Add  —-,  — ,  — ,  — ,  and  —  together.    Sum  2 


8'  5'  9     7  2      °  2520 

188.  fVhen  there  are  whole  or  mixed  numbers  to  he  added. 

SvLB  I.  Add  the  factions  together  by  the  preceding  rule. 
E  Add  the  whole  numbers  together^  and  prefix^ their  sum  to 
(kesnn  of  the  firactions  (found  by  the  preceding  i^)  fpr  the 

ii»wer\ 

12  1' 

7.  Add  3-^,  4 — ,  and  5---  together. 

/       y  o 

ThusX  X  9  X  6  =  54^ 

2x7x6  =  84  >  new  numerators. 
1X7X9  =63  J 

201  their  mm. 

7x9x6  =  378  common  denominator. 

Ji  901         67 

/T  ■—- =    ■        sum  of  the  fractions.  Art.  187;  fl^o  3  +  4 

-J-  5  =  12  sum  of  the  whole  numbers.     Wherefore  12 

the  sum  required. 

3  4  11 

8.  Add  2 —  and  .3--  together.     Sum  6-— . 

4  5      ^  20 

12  3  11 

9.  Add  1—,  2-—,  atod'3—  togetbnr.    iSam  7— . 

2         3  4  •.  12 

10.  Add  — ,  2—,  6—-,  and  6  together.     SttT?i  15—. 

y  o  2  5t> 

•  i89.  When  compound  or  complex  fractums  are  to  be  added,. 

I    ■  ■ 

txJLE.  Reduce  the  compound  and  complex  fractions  to  simple 
■BB,  reduce  their  equivalent  simple  fractions  to  a  common  de- 
oninator^  and  proceed  as  before''. 


*  Ibis  rule  is  evident ;  for  if  the  sum  of  the  whole  numbers  be  prefixed  to 
iMnuQ  of  the  fractions,  it  is  plain  that  the  result  will  be  the  sum  of  all  the 
^w&  munbers,  both  whole  and  fractional. 

*  Fractions  cannot  be  added  together  until  they  are  first  reduced  to  iimpk 
VOL.  1.  N 
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3        5    24         11- 
1 1.  Add  y  of  y,  y,  a^id  ^.  tqgctheT. 

i^i^*^  —  o/—  =  —  6y  /^rf.  175. 
3        7      8i 

7  7X5  35 

Thirdly,  — -  ;a  •^- — ;; — -r — r  « -rr  ■*  -^>  ^V  ^^'  !?•• 
^     2i       (2  X  2  4-  1)  X  3       15       3      ^ 

Fourthly,  10  X  35  x  3  =  1050"^ 

14  X  21  X  3  ;:;*    892  >  new  num. 
2  X  21  X  35  =  1470  J 

3402  tkdr  sum, 
21  X  35  X  3  =  2205 

-     ^,     3402       486         162       54         19,^ 

Lastly, = = u  ss  *i-.-  BO  1 —  the  answer, 

^2205       315         105       35        35 

£xplanatum, 

2  5  10  * 

Fh-st,  I  reduce  the  compotind  fraction  —  of  —  to  — .    Seooaflf  ai 

3  7  «1 

14  2 

thirdly,  I  reduce  the  two  Complex  firactions  to and  —-» their  fcspccdie 

35  3 

•imple  ones.     Foarthly,  I  reduce  these  three  fractions^  — ,  — •  and  —  to  ■ 

21    35  3 

3408 
common  denominator.     Lastly,  I  reduce  the  answer to  its  lewett  teiBS 

2205 
by  dividing  successively  by  T*  ^rM(*9'  ^  ^^^  ^  vedupe  th^  iqipfo^  ftw 

54  .>  p' 

tioa  —  to  a  mixed  number. 

35 


fractioru  of  the  same  whole,  and  then  to  HmiUat  parf  of  tha  wmo^  idHrfe, 
namely,  to  a  comnion  denominator  i  wh^  all  this  is  eflTected,  the  sum  of  th* 
whole  is  evidently  found  by  adding  all  tlie  numerators  of  the  reduced  ftae- 
tions  together,  and  placing  under  the  sqbi  the  common  denominator^  m  to 
Art.  187 ;  wherefore  the  rule  ts  manife^ 
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3     13  S        4        1 

12.  Add --,  —of—,  and  —  of—  of—  togtthct. 

^        3  3x5  15      1^3        3       2.4. 

^^-if''  4x54-2  =22-  Y'^T'^T'  T'^T'^ 

«  ""30  ""15' 

Then  15  x  8  x  15  =  IftX)^ 

3  X  22  X  15  =    990  >  new  numerators. 

4  x  22  X  8  =    n)4  J 

^494  their  sum, 

22  X   8   X  15  =  2640  amimon  denom. 

3494       1747 
Wherefors  -—rr  =  TTprr  =  liVAr  ^^  aw^wer. 
•^       2640       1320 

,«    A^^  3     .  1       J  2     ^  3   ,       ^^  ^        153 

13.  Add  -T-  or  —  and  -r-  of  —  together.    Sum  -^r^r-. 

1.    A'i-|4^32^4_6  ^1^1 

.  U.  Add  —  of—,  —  of  —  of  — ,  and  -r-  of  -<--  toother. 

7  o      3  o  g  3  4 

24.  2 

15.  Add  -^  and  —  together.    Sum  1-54. 

2  3^ 

16.  Add  —  of  44-  and  -^  together.    Sum  3f^. 

3  44- 


190.  J^j^"?^  th^  fractions  to  be  aiiiiL  are  of  different  denomi- 
nations  in  money,  weights,  or  measures, 

HuLE.  Reduce  the  fractions  to  their  proper  quantities,  by 
.  Art.  186.  then  add  the  proper  quantities  together  by  th6  raleii 
j  ^Cosopound  Addition^. 


.  '  It  is  plain  that  the  fractions  treated  of  in  this  rule  bein^  dissimilar  can- 
*W;  be  added  together  until  they  are  reduced  as  the  rule  directs ;  when  thit 
Kdootion  is  performed,  the  remainder  of  the  operation  (depen(Ung  on  the  rules 
*f  Compound  Addition)  is  sufficiently  obvious. 


n2 


t 


i 


180  ARITHMKriC,  ^  Parx 

17.  Add—  of  a  pound,  —  of  a  <?rown,  and  —  of  a  shiUi 
together.  ^ 

Opehation.  Esptanatim. 

5        5  X  20  _  100  _  /•     * 
^"^ Q ""^ ^"  Fiwt,  I  reduce -1/:  *<*>*»  P"*] 

7         7x5        35  quantity,  which  id  l6f,  W.;  Be 

12  ""       12      ""  12       "*"  JL  IT.  which  is  12».  !!</.;  then  - 

A=i£2i!il£=—       =    O  104     «^''-  ^»«^  »  l<>lrf.;  these  thi 
9              9              9              -  sums  I  add  together,  vrhich  §i\ 

o  J  "k "^ — fcT     the  answer. 

Sum  required  1     O    54 


1 1  5  4  3 

18.  Add  -;r  of  a  ton,  — -  cwt.  —-  qr.  and  ---  lb.  together. 

12  8  7  4 


12 

5X4 

8 

4  X  28 

7 

3  X  16. 

112 

—  qr.  = =  -——  =001600 

7  ^  7  7 

3  ,,  3  X  16.        48  ^    «    ^  ,o     ^ 

—  Ih,  =    =    —    =    000  12     O 

4  4  4 


^2^m  required  19    O  12     1     54 

m 

4  5 

19.  Add  —  of  a  pound  to  —  of  a  shilUng.    Sum  16».  lOd* 

5  1  3  , 

20.  Add  —  of  a  guinea,  —  of  a  ppund^  and  —  of  a  slulling 

together*     Sum  12s.  5d.4^ 

3  7 

21.  Add  —  of  an  English  ell  to  -~  of  a  yard.    Sum  1yd.  l^^* 

7  4 

22.  Add  — -  cwt.  and—-  lb.  together.     Sum  Sqr.  I4lb.  12w. 

8  5 
12^dr. 

1  2 

23.  Add  —  mile  and  —  furlong  together.     Sum  9fur,  iCjp. 

4  5 

1  9  7  ...^ 

24.  Add  —  of  a  square  mile,  --  of  an  acre,  and  -r-  of  a  iw 

4  ^  10  8 

together.    Sum  161a.  19p. 


Fart  I.  ^       VULGAR  FRACTIONS.  181 

2  3  3 

25.  Add  —  barrel,  —  gallon,  and  —  quart  of  beer  together. 

Sum  Sgal.  2qt.  ^pt, 

191.  When  the  fractions  are  such  as  will  not  reduce  to  known 

qitantities  without  remainder. 

Bulb.  Reduce  the  given  fractions  to  fractions  of  the  highest 
denomination  mentioned,  (Art.  183.)  then  reduce  these  to  a 
common  denominator,  (Art.  ISO.)  add  the  numerators  together, 
as  in  Art.  187.  and  reduce  the  sum  to  its  proper  quantity,  (by 
Art.  186.)  which  will  be  the  answer*. 

3  5  8 

26.  Add  —  of  a  pound,  —  shilling,  and  —  penny  together. 

Operation. 

^    .     ^      L,,  ^  Sir 

8_  _  8  _      Q      ^       1        r 

—penny--  9  X  12  x  20  "2160^^  270 

7%en  3  X  28  X  270  =  7560"^ 

1  X  1 1  X  270  =  2970  >  new  num. 
1  X  11  X    28=    308  j 

10838  sum, 

11  X  28  X  270  =  83160  com,  den, 

-^      .        10838    _  5419    ,  5419x20 

Wherefore L.  = L.  =  — -  ^^^ —  =  25.  7d. 

•^         83160  41580  41580 

193    , 

-rrr-  the  answer. 

Explanation, 

e  g 

I  fint  reduce — shilL  and — d,   to  fractions   of  a  pound,  which  is  the 

7  9 

4  11 

'''Sbest  denomination  in  the  question.    I  have  then  — ,  — «  and ,all£rac- 

^  11    28  270 


*  This  rule  will  be  readily  understood ;  for  it  is  plain,  from  what  has  been 
J  '''^^  ia  the  preceding  notes,  that  in  order  to  add  fractions  together,  they 
i''*U8t  be  reduced  first  to  parts  of  the  same  whole,  and  then  to  parts  of  the  same 

**ooniiiiation ;  after  which  the  sum  is  evidently  found  (as  before)  by  adding 
■  *U  the  new  numerators  together,  placing  the  common  denominator  .under  the 

>QiD,  and  reducing  this  fraction  to  its  equivalent  value  in  known  denomina- 

N  3 


* 
i. 


180  Axarnvsac.  vak 

tioDi  of  a  pound,  these  I  redact  to  a  common  denominator,  aii4  add  as  ia. 

MM3A 
180 ;  the  sorn     -  -  is  next  reduced  to  its  lowest  teims,  and  lastly  to  it&    prt 

83160 

per  qoantityy  which  is  the  answer. 

11  1 

27.  Add  —  lb.  —  oz.  and  -— •  dwt,  together. 

TnuSy  — oz,  = ■  = ItK    — dwi.   s=  ^-*« -^ 


9  '   9  X  12  .  109    5   '    5  X  20  X  1« 


12Q0 

Then  1  x  108  X  1200  =f  129600^ 

1  X  7  X  1200  =   8400  >  new  num. 
1  X  7  X  108  =   756  J 

13875a  their  sum. 

7  X  108  X  1200  =  907200  com.  den. 

^      .      138756,.         11563,.        ,       ,^j   *  ,^        ^^  j  ^ 

Wherefore  —--- — lb.  =^ Z6.  =  I02.  16dfcf.  16ffr.  -— ::- -rfn^- 

•^       907200  75500  ^      105 

IS  13 

23.  Add  —  of  a  pound  to  —  of  a  shilling.    Sum  2*.  9d.  --. 

9  5.  1^ 

2  1 

29.  Add  —  of  5  pounds  to  —  of  seven  sbillinga.    SutF^' 

31  7s.  Ad.  ^. 
5 

30.  Add  —  of  a  week,  —  of  a  day,  and  —  of  an  hour  toge^ 

9  iO  -^^         U  ° 

ther.     Sum  2lA.  55wi.  12". 


SUBTRACTION  OF  VULGAR  FRACTIONS. 
192.  When  the  given  fraciions  are  both  simple. 

Rule  I,  Reduce  the  fraciions  to  a  common  denominator/ 
beginning  with  the  numerator  of  the  greater  fraction.  ; 

I.L  Subtract  the  lower  new  numerator  from  the  upper,  and 
under  the  remainder  place  the  common  denominator  3  this  frac- 
tion being  reduced  to  its  lowest  terms  will  be  the  answer ". 


*  As  fractions  of  differeot  denomJDations  cannot  be  added,  so  o^itlier  can 
they  be  subtjractied ;  we  must  first  reduce  tbem  to  a  common  denominator,  *^ 
then  it  is  plala  that  their  difl'erence  is  found  by.  taking  the  difference  of  thfi 
new  numerators,  and  placing  it  over  the  common  denominator.  Thns  in  Ex*  ^* 


hii  I 


VULGAR  FRACTIONS. 


"ExkiAvLEi. 


l» 


,  T,        8      ,      5 
1.  From  —  take  -— -. 
9  7 

Operation. 

7%w,  8  X  7  =  56  \  -^^  „.^^ 
5  X  9  =  45  J 

11  difference. 

9  X  7  =  63  common  den. 

Answer  —  tlte  difference  required. 
63 


Mxpianatiom. 

'B^^kMitg  with  the  namfra- 
tor  8  of  the  greater  fraction,  1  re- 
duce the  fractioca  to  a  common 
denominator;  I  then  subtract 
45  from  56»  and  place  the  re- 
ihaindef  11  o«^r  th^  common 
denominator  63,  which  fraction 
bein^  in  its  IdwMt  teimU,  is  tht 
answer. 


[ 


11  ,     7 

2.  From  --  take  --. 

12  8 

Thus,  U  X   8  =5  88->  ^.,„„„^ 

4  the  difference. 

12  X  8  =  96  amtinon  den. 

4         1 
Wherefdre  -—at  —  the  answer » 
^       96       24 

3.  From  -—  take  -— ,  and  from  —  take  — .    Dif.  —  and  — . 

7  8  2  3  -^   56  6 

4.  PVom  ^  take  -,  and  from  1-  take  — .    Diff.  —  and  —. 


9 


8 


8 


11  2  5  5  31  5 

5.  From  -—  take  -—,  and  from  --  take  --*.    Diff.  —  and  — , 

12  5  6  7  60         42 


193.  When  there  are  mixed  numbers,  compound  or  complex 

ftactions. 

Rule  I.  Reduce  mixed  numbers  to  improper  fractions^  com- 
pound and  complex  fractions  to  simple  ones>  reduce  these  to  a 
common  denominator^  and  proceed  as  before. 


*8  5  56  45 

—  and reduced  become  —  and  —  respectively,  and  the  dlffei'eiice  of 

9  7  63  63  '^ 

\  thHe  is  evidently ,  or  — ,  as  in  the  example. 

(i  Nolfaiiig  can  be  plainer  than  this  rule ;  for  if  one  fraction  be  subtracted 
'W  another  of  the  same  denomination,  the  remainder  is  evidently  a  fraction 
'^  tte  same  denomination  vnih  both  ;  thus,  if  iuto  fifths  be  taken  from  ihrei 
fiMi,  the  remainder  will  be  one  fifth;  and  the  same  of  other  fractions. 

N  4 


184  ARITHMETIC.       /  ^Aet  L.i 

II.  If  the  answer  be  an  improper  fraction,  reduce  it  to  its 
equivalent  whole  or  mixed  number  ^ 

6.  From  3^  take  -—  of  -— . 

4         6 


Krst,  3^  =s 


Operation. 
3x4+1       13 


4  4 

^,3^6        15 
Sec<mdLy,—of—=z—. 

Thirdly,  13  x  24  =  312  \  ^_ 

15  ^   4  =    60  I  numerators. 

262  difference, 

4  X  24  =  96  common  denominator. 

^       .,      252       21      ^5  ^^ 
Fourthly,  -7-^-  =  -^  ==  2—  the  answer . 
9o         8  8 


Explanation,  j 


First,  I  reduce  the  mixed  number  to  an  improper  fraction  — .     Secondlff 

4 

15 
tbe  compound  fraction  to  a  simple  one  — .    Thirdly,  1  reduce  these  two  to  a 

253 
common  denominator,  and  subtract,  which  ^ves  the  fraction  _.    Fourttljr^ 

21 
I  reduce  this  fraction  to  its  lowest  terms  — ,  and  this  to  a  mixed  number. 

8 

7.  From  —  take  — . 
5  51 

Operation. 
5  6x4  20 

^54.       (5  X  2  4-  1)  X  3       33 

Thirdly,  13  X  33  =  429  1 

16  X  20  =  320  /  "^  numerators, 

109  difference. 
20  X  33  =  660  common  denominator, 

Fifthly,  the  answer > 

Explanation, 

13         IS. 
The  two  complex  fractions  are  first  reduced  to  the  simple  ones  —  and  --» 

these  are  next  reduced  to  a  common  denominator ;  and  all  the  rest  as  before. 

^  This  rale  is  sufficiently  plain  from  what  is  shewn  in  the  note  on  the  ft*** 
lar  rule  in  Addition  of  Fractions,  (Art.  189.) 


VULGAR  FRACTIONS.  185 

«B,_of_take-of-of-.    D,/.-. 

11  5  7 

•om  24  take  1^,  and  from  H  take  — .    Diff.  —  and  — . 

IVom  —  take  — ,  and  from  —  take  —  of  2^.    Diff. 


288 


3  2  19  ' 

?rom  —  of  4  take  —  of  3.     Diff,  1—. 
57  35 

?Vom  J^  take  ?^.    Diff.  ^7^. 
SAr  ^^  348 

.  To  subtract  mixed  numbers,  without  reducing  them  to 

improper  fractions, 

B  I.  Reduce  the  fractional  parts  to  a  common  denomina- 
id  having  subtracted  the  less  whole  number  from  the 
r>  subjoin  the  difference  of  the  fractions  to  the  difference 
vliole  numbers  for  the  answer. 

Bot  if  the  lower  new  numerator  is  greater  than  the  upper^ 
t  it  from  the  common  denominator,  add  the  remainder 
tq)per  numerator,  and  set  the  sum  over  the  common  de- 
itor  for  the  fi*actional  part  ^  then  carry  1  to  the  less  whole 
r  before  you  subtract  it  from  the  greater*. 


)  first  part  of  the  rule  evidently  supposes  that  the  whole  numher  and 

to  be  subtracted  is  each  less  than  the  whole  number  and  firaction  from 

key  are  respectively  to  be  taken ;  now  it  is  plain,  that  if  S^-  be  taken 

9  the  remainder  is  I4- ;  and  it  will  be  equally  so  when  applied  to  other 

ttamples. 

MBi  respect  to  the  second  part  of  the  rule,  where  the  lower  new  nume- 

Ihc  greater,  subtracting  it  from  the  common  denominator  is  equivalent 

ilf* 

■vii^  1,  (as  in  simple  subtraction)  ;  thus  in  Ex.  14,  where  6 —  is  to 

45 

10 
a  from  12-—,  I  say,  36  from  10  I  cannot,  I  therefore  borrow  45,  (or 
45 

iAis  equal  to  1,)  then  36  from  45,  and  9  remain ;  this  added  to  tht 

19  45 

^  1$,  viz.  — ;  then,  because  I  borrowed  1  (or  — )  in  the  fiaction,  I 

45  45 

^  I  to  the  subtrahend  of  the  whole  numbers  ;  wherefore  cairyiDg  1  to 


1«^  ARlTHMEtlC.  tAWrl 

13.  From  4^  take  1 — . 
5  7 

I 

OPIKATION. 

First,  4  X  7  =  28  1 

Q  V  J;  —  i«i  f  ^^^  numerators, 

13  difference. 
5  X  7  =  35  common  denominator. 
Then  4  — •  1  =  3  difference  oj  the  whole  numbers, 

Where/ore  3  —  the  answer, 

£arpianatton. 

4  S 

Having  reduced  the  fractions  .~.  and  JL  to  a  common  dcnumlnaior,  and 

5  7 

subtracted  as  before,  I  next  subtract  the  whole  numbers  1  from  4,  and  3  re- 

T3 
mains ;  to  this  I  subjoin  the  fraction  —  for  the  aDSwer. 

35 
2  4 

14.  From  12—  take  6—. 
9  5 

Operation. 

'a    .  f^^  <3i^\  new  numerators, 
4  X  9  =  So  J 

9  X  5  =  45  common  denominator. 

Secondly^  45  —  36  -f-  la=:  19. 

19 

Therefore  the  fraction  is  — . 

Thirdly^  carrying  1  to  the  6  =  7. 
Therefore  12  —  7  ^  5  ii^  uhole  nwmber. 

Whence  5-—  the  answer, 
45 

Explanation, 

o  4 

Having  fip&t  reduced  tke  fractiona  —  and  — i  to  a  common  denoniiiitBr, 

9  •' 

seeondtyy  I  subtract  9^  ftmit  45,  and  add  10 1»  tbe  mnakider,  wbicb  ^n^  1^ 

this  placed  ot«r  the  conunon  denominator  4S,  gires  —  for  the  fractional  put) 

45 
I  then  carry  1  to  the  whole  number  6  is  7>  this  I  subtract  fram  the  whole  oob- 

19 
ber  1 2,  and  5  remains  for  the  whole  number ;  wherefore  5 —  is  the  answer  »• 

45 
quired. 


6  makes  7»  which  taken  from  12  leaves  5 ;  all  this  is  evident^  being  exactly  tbi 
pTDcest  ol  sinTple  subtractioii. 


KUT  I.  VULGAB.  FRACTIONS.  I87: 

15.   From  18— take  4---. 

^  7 

'^'^^  lilZ  jI}  new  numerate.. 

2  X  7  =^  14  common  denominator, 

9 
T^ftcn  14  —  12  +  7  =  9,  therefore  —  the  fraction  i  aho  carry 

I  to  the  A  ii  h,  then  18  —  5  =  13  th^  whole  number ; 

wherefore  13—  the  difference  required. 

2  4  13  19' 

16.  From  5—  take  2-r-,  and  from  3—  take  2—.    Dif.  2— 

lo 

2  1  1  13 

17.  From  11—  take  3—,  and  from  11  take  9—.    Diff.  8-^ 

3  o  2  24 

^     1 

tnd  1—-. 
2 

4  3  13  1 

18.  From  20—  take  4— ,  and  from  1—  take  — .     Diff.  16— 

5  4  2  4  -^       20 

mid---. 
4 

11  12 

19.  Ftom  32—  take   1- ,  and  from  7—  take  4—.    Diff. 

8  2 

195.  To  subtract  a  proper  fraction  from  a  whole  number. 

Rule  I.  SubtFafit  the  numerator  of  the  fraction  from  the  de- 
liominator^  and  place  the  remainder  over  the  denominator  for 
the  fractional  part. 

12c  Subtract  1  from  the  whole  number^  prefix  the  remainder 
to  the  fractional  part>  and  it  will  give  the  answer**. 


*"  Thu  rale  depends  on  the  same  conaiderations  with  the  preceding,  as  may 

^  Ken  by  an  attentive  examination  of  the  20tb  example,  in  which  it  is  re- 

i       •  5  9 

IQured  to  take  —  from  8  ;  now  here  we  bormw  1,  or  — ,  from  which  taking 

9  9 

5  4  9       N 

"r-)  the  remainder  is  — ;  then,,  became  we  borrowed  ( — ,  or)  1,  wemustcem^ 

^9  9 

pensj^^  by  (subtracting  or)  lessening  the  8  by  the  1  we  borrowed. 


388  ARITHMETIC.  Prnt 

20.  From  8  take  — . 

9 

4 

Thus,  9  —  5  =  4,  wherefore  —  is  the  fraction ;  then  8-1 

4 

=  7  ^^c  tu/iofe  number:    wherefore  7—  the  answer  xt- 

quired, 

5 

21.  From  10  take  — -. 

12 

7 
Thus,  12  —  5  =  7^  wherefore  —  <^c  fraction  ;  also  10  - 1 

1>« 

7 
=  9  the  whole  number ;  wherefore  9-^  Me  on^trer. 

2  8  11' 

22.  From  4  take  — -,  and  from  1  take  — .     Diff.  3 —  and  — h 

3  9  "^      3         9 

5  7  '        2 

23.  From  25  take  — ,  and  from  10  take  — .     Diff.  24—  fli 

7  9  7 

2 

3  2  2  5 

24.  From  1  take  — ,  and  from  2  take  — .     Diff.  -—  and  1--. 

5  7  5  7 


196.  When  the  fractions  are  of  different  denominations  in 

money,  weights,  or  measures. 

Rule.  Reduce  the  fractions  to  their  proper  quantities,  thd 
subtract  by  the  rules  of  Compound  Subtraction  *. 

3  5 

25,  From  —  of  a  pound  take  —  of  a  shilling. 

8  6  .1 

Operation. 

3               3  X  20       60       ^'  ^'                  Exphtnation, 

Thus,  -—  L.  = =  — -  =  7  6          Having  reduced  the  fraction 

^  ^  °  to  their  proper  quantitici,  I 

5  5  X  12        60  subtract  the  lower  10</.  froa 

__  5.     = _ =  -—  =  0  10  the  upper  7*.  6rf.,  and  the  re. 

"  0  0         mainder  G*.  8</.  is  the  aniwer. 

Answer  6  8 


«  The  grounds  of  this  rule  are  explained  in  the  note  on  the  similar  rule  u> 
Addition  of  Fractions,  Art.  190, 


^» 


« 


:l.  VULGAR  FRACTIONS.  189 

4  7 

;6.  ¥toiii  -—  of  a  lb.  troy  takei  —  of  an  ounce. 

5  Q 

Thus, --r  lb,  =  — ;: — =   —   =  9     12     0 
5  5  5 

7  7X20        140       ^     ,^  ,o 
--02.  = =  — —  =  0     17  12 

8  8  8 

8     14  l^  Answer, 


3  1 

J7.  From  -7-  of  a  pound  take  -—  of  a  shilling.  Diff.  14s.  lOd 

2  7 

is.  From  —  of  a  guinea  take  —  of  a  pound.     Diff.  2s.  4d. 

I  From  —  of  a  pound  take  —  of  a  crown.   Diff.  lbs.  3d.^. 

8  7 

From  —  of  a  ton  take  —  of  a  cwt.  Diff.  llcwt. Oqr.  14/6. 

if  o  o 

31  1 

51.  From  ^  of  a  mile  take  —  of  a  furlong.     Diff.  9fur.  34p. 

3  5 

W  fiom    3 —  weeks  take   4—  hours.     Diff.  Sw.  2d.  23A. 
7  8  -^ 

•.SO". 


197.  Wie»  the  fractions  will  not  reduce  to  known  quantities 

without  remainder. 

luLE.  Reduce  the  given  fractions  to  fractions  of  the  greatest 
omination  mentioned,  reduce  the  latter  to  a  common  deno- 
■jtor,  subtract  the  less  numerator  £rom  the  greater^  as  in 
.  192,  then  having  placed  the  remainder  over  the  common 
■pdnator,  reduce  this  fraction  to  its  proper  quantity,  by  Ait- 

K  "       .  <. 

fe— — — 

^lUs  rule  depends  on  the  same  principles  with  the  similar  rule  in  Addition 

e«is.  Art.  l$\.     It  will,  in  some  cases,  be  more  convenient  to  reduce 
on  of  the  greater  denomination  to  an  equivalent  one  of  the  less,  and 
|Mi  according  to  the  latter  part  of  the  rule. 

\ 


Ir 
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33.  From  -^  of  a  poond  take  —  of  a  slnffing. 

Ofejiatiov. 

«-        -^  5  5  1, 

27iU«,  —  f.  = =: =s —  L. 

9  9  X  20        180       36 

T%«t  3  X  36  =  108 1 

I  - ^  >  neir  numerators, 

101  difference. 

7  X  36  =  252  oammoii  linioMM/or. 

^.       -        lOI    ,        101  X  20      2020       505        ^  1    . 

Tnerefore L.  = = =  — — -  =  8^::  M 

•^        252  252  252         63  63  . 


lingSt  the  answer . 


J 


5  "*  I  J 

First,  .^  of  a  shilling  reduced  to  tbe  finctioa  of  a  pound  ia  —  ;  tiMilj 

3  1 

dace  -1-  and  —  to  a  common  denominator :  then  sabtractii^  7  from  XHf^i 
7  36  »  — ^ 

remainder  is  101.    Lastly,  I  reduce  _-_  X.  to  its  proper  quantityy  vUd 

8_1  shilL 
63 

3  1 

34.  From  77  of  a  hhd.  of  wine  take  3—  gallons. 
11  5 

77.t«,3^ga/.  =  -^.  =  ^— ^  =  ^^^M. 

Tfeew  3   X  315  =  945^ 

I  nev  numerators, 

16  X    11  =  176/ 

769  difference, 
11  X  315  =  3465  common  denominator, 

wMn,      r        769   ..^        76J)  X  63        48447         16149 

Wherefore hhd,  = = = r-s 

•^        3465  3465  3468  1156 

9 
13^a^  Zqt.  Ipt,  3— —  gills,  the  answer. 

5  4 

25.  From  y  of  a  pound  take  -^  of  a  shilling.    Di/I* 

29 

5  3  II 

36.  From  8—  acres  take  7—  poles.     Diff.  8a.  Ir.  18/).  — • 
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2  8 

Vom  —  of  a  barrel  take  —  of  a  gallon.  Diff.  Sgal,  ^qt. 

^4  «F 


3  5 

*roin  --r  of  a  chaldron  take  —  of  a  sack.    Diff.  Gsa.  lb, 
5  9 


ULTIPLICATION  OF  VULGAR  FRACTIONS. 

198.  To  multiply  fractions  together. 
[  I.  Multiply  the  numerators  together  for  a  numerator, 
denominators  together  for  a  denominator, 
f  the  new  fraction  be  a  proper  fraction,  reduce  it  to  its 
terms  5  if  an  improper  one,  reduce  it  to  its  equivalent 
r  mixed  number  *. 

Examples. 

3     2  7 

Wtiply  — ,  — ,  and  —  together. 

Operation. 

3         2         7        42        7 
Thus.-  X  -  X-  =  -=-arufver. 

Esplanation, 
multiply  the  numerators  3,  2,  and  7  together,  and  the  product  it  42. 


aultiply  a  fraction  by  a  whole  number,  we  must  evidently  multiply 
fenrwtor  by  the  whole  Rumber ;  but  to  diride  it,  we  muft  multiply  the 

Btor  by  the  whole  number :  thus,  if  —  be  multiplied  by  2,  the  pro- 

4 

2  1X2  1  1,1 

I  be  —  (or  ).    But  —  divided  by  2  is  evidently -j-,  (or  ^TT^) 

iaurths  are  double  of  one  fourth,  and  oae  eighth  is  the  half  of  one 

2  4 

this  being  premised,  let  it  be  required  to  nniltiply  -— -  by  — ;  now  2 

Mi  by  4  equals  B  ;  but  it  is  not  2,  but  a  third  part  of  2,  which  b  to  b« 

8 
tod,  and  therefore  the  product  will  be  the  third  part  ef  8  only,  or  ~ ; 

I  Bultiplier  is  not  4,  but  the  fifth  part  ef  4  only,  wherefore  the  product 

■^  8  8  2        4         8 

I.  the  fifth  part  only  of  -r-,  that  is,  tt*  ;  wherefore  -r-  X  "T"  =  ~,"7 ;  or 

Mentors  multiplied  together  give  the  numerators  of  the  product,  and 
■niiuuton  multiplied  give  the  denorainatore ;  vht^  it  the  rvk. 
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Then  I  multiply  the  denominators  4, 3,  and  8  together^  and  the  product  i 

42  7 

1  then  reduce  rr  to  its  lowest  terms  —  . 

4  11 

2.  Multiply  —  and  — -  together. 

5  o 

mt         ^         11        44       ^14    ^  J     ^ 

Thits,  —  X  —  =  —  =  2 —  the  product. 
'  5         3        15         15        ^ 

2  4         6 

3.  Multiply  —  ami  —  ^^  -z-  together. 

^.        2         4     ,  6  4S         16    , 

Tto,  -  X  -  0/  -  =  -j^  =  -  the  product. 

,      4  2  8 

4.  Multiply  —  and  —  together.     Prod,  — . 

5. ^Multiply  — ,  -^,  and  —    continually    together. 
4      o  lo 

45 

duct 


104 


2         4  14         9 

6.  Multiply  —  of  -—  and  -3-  of  -^  o^  77:  together.     It^ 

24 
duct 


175 


12    7  3         6  7 

7.  Multiply  — ,  — ,  and  —  of  —  together.     Prod.  l—. 
5      8  47  20 

199.  fVhen  mixed  numbers  or  complex  fractions  are  to  he 

multiplied. 

KuLE.  Reduce  the  mixed  numbers  to  improper  fractioo8,id 
the  complex  fractions  to  simple  ones^  and  proceed  as  before  K  | 


8.  Multiply  34-  by  ^. 

5 

Operation, 

r.    .  o         3  X  2-f  1        7 
First,  3i  = =  y . 

-y     *    ,     44-       4x3  +  1        13 
5econdty,-  =  -^-^^^  =  -. 

7       13       91 
Thirdly,  —  x  —  =  —  =  S-^V  ^he  product. 


^  The  reason  of  this  process  •▼identlj  follows  from  the  preceding  not*' 
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Explanation, 

7- 
flnty  I  reduce  3^-  to  the  improper  fraction  — '.'    I^econdlyy  I  reduce  the 

13  7 

Dplez  fraction  to  Hi  equal  rr**    Thirdly,  I  multiply;  the  two  fractioDs  ~ 

15       .      I,  '       _     *  ^ 

13  ,  .    91  '       i 

1  rr-  together,  and  reduce  the  product  —  to  its  equivalent  mixed  num- 

9.  Multiply— ,-^,  and. -J  togethei'.-  ./  ,. 

Thus  ±=.J^L1-  =  15.     ?i-52Llii=3H5. 

^  24   .    2x4  +  1   >  ;  9  '         8""      8x7     "^56' 


2x3  +  2)  X5        40      .20 


3  X  5  +  3)  x3       54       27  \ 

^       16      25      20        8000        1000  ^,  ,  ^         .     . 

jHicn  "zry^  T^y^:rz  — -rr:: — :=  tt-t  *&•  product  requtred, 
9       56      27       13608     .  1701        '^  ^. 

2  3 

10.  Multiply  2~-  by  S— .     JF*rod.  10. 

Til  Mulliply  — ,  4—,  and  1—  together.    Prod:  4—. 
fv. ■  /'  .  9        6  .2.     .■  .  :'  So  •.    . . 

IS.  Multiply  —  of  2—  and  -^  together.  '  Prod.  — -  . 

1'  2*  128 

IS.  Multiply  —  and  -^  together.    Prod,  -----. 

» 

.■ .    .  .     J 
"'■  WO."  To  multiply  a  whole  number  and  fraction  together, 

KvLB.  Multiply  the  numerator  of  the  fraction  by  the  whole 
kiDber,  and  under  the  product  set  the  denominator  -,  then  re-^ 
|ee  this  fraction  to  its  lowest  or  proper  terms,  as  the  case  re- 
lies, and  it  will  be  the  answer". 


t*  Whaterer  parts  a  fraction  consists  of,  its  product  when  multiplied  hy  any 

pAenmnher  will  consist  of  like  parts ;  thus  two  sevenths  multiptied  by  thtee 

\  '2  2  X  3        *6 

pf  podnce  six  s^venthsy  that  is,  —  X  3  =  — r-  .(=  ~),  which  is^the  rule. 

^■"      ■       •    .  ',  •  .  .,w."  ' 


14.  Multiply  2  by  ^. 

Operation.  Esplanation. 

S         e        S  Here  I  midkiply  thv  nniMHtar  $  kg 

2  X  — -  =s  —  s^  "*~  pfoduct*  Ac  wbole  number  2,  and  ander  the  pro- 

8         8         4  duet  6  I  piace  the  deoomlnfitor  8  s  t^ 

6l  3 

I  reduce  the  fraction  .i-.  to  its  lowest  terms  — . 

8  4 

15.  Multiply  2^  —,  -^^  and  4  continualljr  together. 

9     8 
«r      «       T        3        ,        168        f      «1 

3     8  4 

16.  Multiply  ■^,~~-,,and  12  together.    JVodL  ' 

IT.  Multiply  7  by  4-  ^-^^    ^'™*-  ^- 

7   ■     9  3 

18.  Multiply  _  of  —  of  —  by  3.     PrQi.  —.  ] 

7        3        9  ,  op 

201.  iVhea  the  whole  number  will  divide  the  denomina^  ^^ 
fraction  without  remainder,  divide  by  it,  and  set  the  quotieflt 
under  the  given  numerator;  this  fraction  reduced  as  beAirevfl 
give  the  answer'. 

19.  Multiply  ^  bjr  12. 

Opbkation.  Esplanaium. 

I  4  1  Here  I  divide  the  deBoa^iBilor48 

—  X  12  =^ :=:  —  prod,     by  the  whole  number  ISJy  end  *^ 

48  48  -i-  12         4  the  quotient  4  under  the  mimoittor 

1  ior  the  anewer. 

'  1?o  divide  the  detMminator  hj  any  noniber  is  the  same  as  to  midtipIjAi 
»  '  1 

numerator  by  it;  for  let  —  be  multiplied  by  2,  the  product  by  the  hut  fd> 

4 

S                                                             I 
wiU  be  _» which  reduced  to  its  lowest  terms  is .    Let  now  the  denoaii^ 

4  2 

tor  4  of  the  Ihietion  JL  be  divided  by  3,  tluis, -J:^  «Dd  the  fiutiiii*  1^ 

4  4-i-2 

2,  making  the  multin;  fraction  ~,  the  sa^se  as  by  the  former  method ;  arf 

the  same  holds  true  in  every  other  instance :.  wherefore  the  truth  of  the  rob  ^ 
manifest. 


hwt  %  VULGAR  FRACTIONS.  IM 

119 

20.  Multiply  -— --  by  9. 

144 

^  119  119  7     r 

Thus,  -— =s  ----  =s  7-—  ^A6  product. 

'  144  -!-  9         16  16     /^ 

21.  Multiply  §-  by  ^.    Prod.  -|-- 

OT.  Multiply  -^  by  15.    Prod.  1-i-. 
45  3 

.  23.  Multiply  -^  by  54.    Prod.  53--. 


202.  When  a  numerator  mid  denominator  are  thp  fdm0»  both 

Ey  be  omitted  in  the  operation^  a  »mall  line  being  drawn 
'ough  the  figures  omitted  5  this  operation  is  calfed  caneel- 

O  -A 

. .%  Multiply  —  and  —  together. 

"      »m  3  4f  3 

r    Vm,  -T  X  -y-  =  —  *Ae  product.    Here  we  left  out  the  4, 
which  is  both  a  numerator  and  a  denominator* 

25.  Multiply  -—,  --,  —-,  and  -—  together. 
687  5      '^ 

Thus,  -2-X-4-X  —  X"-r  =  77:^^  product.    Here  we  omit 
p       o       7        i      06 

the  6  and  6^  and  the  5  and  5. 


[  '^  The numentor  of  a  fraction  may  be  considered  as  a  muUiplieTf  and  the 
piOBunator  as  a  divisor ;  it  ig  plain^  that  if  any  number  be  both  multiplied 
divided  by  any  (the  same)  number,  the  result  will  be  the  same  as  the 
number ;  wherefore  such  multiplication  and  division  fas  they  mu- 
destroy  the  effect  of  each  other)  may  be  omitted :  which  is  what  the  rule 

ilk  may  be  further  observed,  that  one  numerator  cancels  only  otie  eqttal  de> 
iaator>  and  vice  versa  ;  but  it  will  cancel  two  or  more  when  it  is  equal  to 
product :  thus,  in  ex.  26.  the  numerator  4  cancels  the  denominator  4 
r»  hilt  the  denominator  6  cancels  both  the  numeratory  2  and  3,  beoaute  it 
•Wsg  X  3. 

o  9. 


IM 
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Kart  L 


2     3      4      5  6 

^6.  Multiply  — ,  — ,  — ,  — ,  and  —  together.  . : 

O       4       O       O  /  i      \ 


Here  the  threes^  fours,  fives,  and  sixes  being  omitted,  the 
product  will  be  — . 


t 


( 


4     3     3  7  1> 

27.  Multiply  — ,  — ,  — ,  aiid  —  fogetl&er.   Jprod5.  —. 

28.  Multiply  4->  -t->  -Tj  and  —  togetheri     Prod.  --. 

8     5     ,4  9  lo 

-  .i     '.'L  •  '  •■  ■ 
203.  ^T^^en  a  numerator  and  a  denominator'  eon  Be  divided  bjfi 

any  (the  same)  number,  draw  a  small  line  through  the  numben^j 

ahd^ise  the  quotients  instead  (tf  them  ^. 

"   .     .  ■    .       i       .fll 


.  as.  .MuWply  —  by—. 


1.. 


Operation. 

2  4 

Thus,  —  X  ^  =  —  prod. 

3  9 


Here  8  and  36  both  divide  by  4 ;  I  daA 
out  these  numbei s^,  and  write  the  ^uoticjati 
2  and  9  opposite  its,  respective  Aomber: 
also  12  and  9  divide  1^  3 ;  I  cancel  tbcM^ 
and  write  down  the  qt^)tient9.4  and  3.>  tfcea 
1  multiply  2  by  4  and  3  by  9  for  the  answer. 


30.  Multiply  — ,  — ,  — ,  atid  j  together. 

Operation. 


2 

^  _    88 


2        2 

/^      ^^      11 
Thus,  -~X^x--rX-£-=  -TT^  product. 
fZ      27      ^$       7        189  ^ 

Here  12  and  18  are  divisible  by  6,  which  goes  twice  in  the  former  and  S 
times  in  the  latter;  I  therefore  put  2  opposite  12,  and  3  opposite  18;  Ijaai 
18  are  therefore  cancelled :  in  like  manner  13  cancels  26  by  2,  and  3  canccb 
6  by  2 ;  the  ones  need  not  be  put  down;  I  therefore  multiply  2^  2,  11^ and 2 
together  for  the  numerator,  and  27  and  7  for  the  denominator. 


f  The-  troth  of  this  will  appear  by  multiplying  the  given  fractions  togethfl^'  j 

8  12      9^ ' 
and  reducing  the  product  to  its  lowest  terms ;  thus,  ex.  29.  —  ^  ""S  *  55? 

9  36     3»t 

which  reduced  to  its  lowest  terms  is  — ,  the  same  with  the  answer  obtained  by, 

27 

tlte  rule.     Thi«  method  of  cancelling,  when  it  can  be  applied^  saves  bw 

trouble. 
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51.  Multiply  — ,  y^,  — ,  — ,  and  y  together. 


4     1  10  4 

32.  Multiply  — ,  — -,  and  —  together.     Prod,  — -. 

S3.  Multiply  J^,  ~  ~,  and  |-  together.    Prod.  ^. 

13  4  1 

34.  Multiply  4—,  2—,  and  —  together.     Prod.  7— • 

4     3  15  1 

I   35.  Multiply  2 — ,  "T"  o^  -^  and  -—  togeth^.     Prod,  — ;. 

36.  Multiply  --  of—,  3—,  and.-—  together.     Prod.  1 


3         5      30  '7      ^  525 


DIVISION  OF  VULGAR  FRACTIONS. 

204.  To  divide  one  fraction  hy  another. 

Rule.  Invert  the  divisor,  and  then  multiply  the  fractions 
Wth  the  divisor  so  inverted)  together,  as  in  Art.  198. 

Mixed  numbers  must  be  reduced  to  improper  fractions,  and 
complex  fractions  to  simple  ones,  previous  to  the  operation'. 


3 
I  Tbe  reason  of  this  rule  will  appear  from  the  first  example,  where  —  is  re- 

4 

.  5  3 

Ivcdto  be  divided  by  — .     First,  suppose  —  were  to  be  divided  by  5  only, 

7  4 

• ,  3  3 

K 11  evident  that  the  quotient  would  be .  or  —  ;  but  instead  of  5,  the 

4  X  5         20 

■*Mor  -_  is  only  one  seventh  part  of  5,  and  therefore  the  quotient  — ,  arising 
7  20 

•'*  a  divisor  seven  times  too  great,  must  be  seven  times  less  than  it  ought  to 

%^  consequently  must  be  multiplied  by  7  to  make  it  right;  wherefore 

F  X  7       21  3  5 

"J*-  ■»  -— -  (as  in  the  example)  is  the  true  quotient  of  —  divided  by  —  ; 

'^this  quotient  arises  by  multiplying  3  by  7,  and  4  by  5,  or  by  inverting  the 
**ifor,  as  has  been  shewn. 


^     e% 


1« 


1.  Divide  —  by  — . 

4        7 


Operatiov. 


The  divisor  imcerted  is  — . 

Then  -•  x  —  =  r-  =  1;;-  ami. 
4         5       20        20^ 


IfinftiBfcrt  tke 


f" 


the  nnodiict  :i_  to  m 
90 


nim 


2.  Divide  2—-  by  3-—. 
3  4 

Otesatioh. 

^    .  ^1        2  x3>H 

First,  2—-  = —  -   . 

3  3  3 

1  _  3x4+1  _  13 

^T 4         "T 

4 
The  divisor  imoerUd  is  — 

IS 

^7         4        28        ,. 
Then  -r-  X  -rr-  =  r:r  quotient. 
3        13       39  ^ 


_7 
3" 

13 


I  fint  reduce  the  two  aini  §■■ 
ben  to  the  improper  finctNV  — 


13 


and  — s  thebtter,  beii^thiiii' 

•or,  I  inTeity  and  multiplj  tht  1th 
merbj  it»  wfakk  gives  the 


3.  Divide  — -  by  -—. 

7         8 

-,21-       2x6  +  5        17^.       7.       ,,.8 

Tfeia, -—  =  — —  =  -:;;.     Then --^  moerted  IS -;-* 

7  7  X  6  42  8  7 

_.      .      17       8         136  68    ^.  ^.    , 

Therefore  t;;  X  •— •  =  -—--  =  — -— r  *^  quotient. 
•^       42       7        294         147 

4.  Divide  -—  of -~  by  --  of—-  of--. 

5        6    -^  4       10       3 


Tkedims^im>ertedis-^ofjof^. 


2 


n-.i./|xi^f./f=^»=.L»tt.^. 
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5.  Dinde  — by77. 
7        4f 

165 
27b6  dtmxor  reduced  mid  inverted  is 


} 


91 
^      ^       4         165        660        ,  23    ^.  ^.    ^ 

'*^>^*T^-9r  =  l37  =  ^637**'^^'- 
6.DirideI-by-,and-by-.    Q«o«. g «-«« 1^- 

7.  Divide  «--  by  — ,  and  --.  by—.     Quot  4—  <md  — . 
75  23  21  4 

1^    8.Divaei.of|-by9l.and2i-bjr^     «»o».^«.d 

^^.  .J    11.-     3     ^2        ,3.9       ^^o^       jl3 
9.BivMJe-by^of-,andyby-.    Quot^m^-. 

10.  Divide  ^  by  12 1-,  and  4-i  by  S-?-.     Qw>t.  -^  and  — . 
14  7  2  4  4o4  23 

M,  Divide  8^  by  £,  and  y  by  1-|.    ««o*.  U-i-  aid  ^. 
12.  Diwde  g  by  -1  of  -i  of  i-.    Quo*.  S^. 

905.  When  the  numerator  of  the  divisor  w%U  divide  the  itttme- 
fo^  of  the  dividend,  and  the  denominator  divide  the  denominator, 
hoth  without  remainder;  then  (without  inverting  the  divisor) 
divide  numerator  by  numerator,  aod  denominator  by  denomina- 
tor, and  the  quotients  will  form  a  fraction^  which  (reduced  if 
ttcessary)  will  be  the  answer^. 

12        4 
13.  Divide  ^  by  -f. 
35         5 

OpERATIOlf*  EapUmaUon. 

1043  I  put  the  sign  of  diTision  be* 

.  ThuSy  —  -f-  —  =  •—  quotient,  tween  the  fnu^aaa,  then  divide 

35        5         7  12  by  4,  and  35  by  5. 


The  troth  of  this  process  will  appear  by  working  the  examples  included 
I  (Bider  tfatt  nde  by  the  former  mle,  as  in  both  oases  the  same  retslt  will  be  pro- 
' '  ^*<Keid;  and  it  if  rccmmnended  to  prove  every  opeiMtioB  In  this  by  tlia  former 


900  .-     ARTTHMEna  Pa&tI^ 

14.  Divide  -^^  by  — . 

^^        120         3        40  7 

^^"*'l2r^TT=u=^^4o^*^*- 

15.  Divide  12;^  by  l4-. 

20    -^      2 

Thusy  12—-  =  ^- — ,  andl--=---:  then—- — -* =  — ; 

20         20  '  2         2  '  20  2       10 

3 

.  ^  8 —  the  quotient, 

8  111  2  1 

16.  Divide  —  by  —,  and  —  by  — .     Quot.  2—  and  — . 

17.  Divide  --  by  — ,  and  —  by  — .     Quot,  -—  and  I—-. 

o«)        7  21        7  o  3 

9         3  3         2  3 

18.  Divide  3—  by  — ,  and  4-^  by  — .     Quot.  5 —  and  ^ 

40  u  9  o  o       '  3       1 

\    19.  Divide  25—  by  —  of  4.     Quo^.  Sl-I- 

25         5  5 

206.  To  divide  a  whole  number  by  a  fraction. 

Rule.  Invert  the  fraction^  and  multiply  the  numerator  of  the 
inverted  fraction  by  the  whole  number^  under  the  product  [Jaoe  . 
the  denominator^  and  reduce  this  fraction  (if  necessary)  for  the  i 
answer  *. 

20.  Divide  12  by  ~. 

•^    8  i 

The  divisor  inverted  is  — :  then  12  x  —  =  —  =  13—  the 

7'  7        7  7 

quotient  required. 

21.  Divide  20  by  ~. 

^    3 

Thus,  20  X  ---  =  —  =  30  *^  quotient. 

5  12 

22.  Divide  4  by  —-,  and  2  by  —-.     Quot.  6---  and  6. 

8  3  5 


*  If  I  be  put  for  a  deauminator  to  the  whole  nainber,  it  will  become  a  frac- 
tion, and  the  divisor  being  inverted,  this  rule  will  coincide  with  the  first  ndi 
in  Division  of  Fractions^  and  is  consequently  founded  on  the  same  principlM. 
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13.  I>ivide  9  by  —.  and  10  by  — .     Quot  IS^-  ond  17—. 

19  3 

',4,   Divide  1  by  — ,  and  3  by  --.     Quot,  2  and  4—. 

«  JLo  IS 

9  9  1 

15.  Divide  9  by  ---,  and  11  by  — .     Quot.  10  and  27-:r- 

•^  10  "^    5  2 

207*  7b  divide  a  fraction  by  a  whole  number, 
luLE.  Maltiply  the  denominator  of  the  fraction  by  the  whole 
aber^  and  over  it  set  the  numerator  ^, 

3 

6.  Divide  —  by  5. 

4 

3  3 

ThuSj  — ^ z^-^  the  quotient, 

4x5       20        ^ 

7 
{7.  Divide  ■— -  by  14. 

y  . 

7  71 

7%t&8, =  — --  =  — r  the  quotient. 

'  8  X  14       112        16        ^ 

4  1  4  1 
18.  Divide  —-  by  3,  and  -—  by  4.     Quot.  --  and  --. 

5  3  15  12 

11  40  11 

t9.  Divide  --  by  10,  and  —  by  4.     Quot,—----  and  2. 

J  4  O  Lm\J 


K)8.  When  the  whole  number  will  divide  the  numerator  of  the 
etion  without  remainder,  then  divide  the  numerator  by  it^ 
1  under  the  quotient  set  the  denominator  K 

30.  Divide  —  by  4. 

12-5-4        3 

Thta, ^^ —  =  -—•  the  quotient. 

13  13        ^ 


Place  1  as  a  denominator  to  the  whole  number,  and  this  rule  will  coincide 
)i  the  first,  in  the  same  manner  as  the  preceding  rule  has  been  shewn  to  co- 
AftwHhit. 

The  tmth  of  this  rule  is  evident  from  ex.  30 ;  for  the  one  fourth  part  of 
1m  thirteenths  is  evidently  three  thirteenths :  and  the  like  will  appear  from 
er  examples. 


i 

4        9B             25-9-5        5 
Thus,  3 —  =  — :  then =  —  ikt  qmaiiaU. 

7        7  7  7         ' 

33.  Diride  ^  br  54. 

©i      75  75  75 

10  21  3  3 

33.  Divide  — by  5,  and  — by  7.     Qiiof .  —  djuj  — . 

11  23  11  x3 

34.  Dinde  6^  by  11,  and  -~  of  7-^  *^  ®-     *»*•  "o  •^J 

35.  Divide  A  of  —  of  S-l  by  «.    *»<.  1^- 

3         5  2'  15 


209.  Promiscuous  Examples  for  practice. 

4  11 

1.  What  is  the  sum  and  the  difference  of  —  and  —  ?   A 

38    ._  25 
iwer,  sum  1 — ,  diff,  — . 
'  91      -^   91 

7         7 

2.  Required  the  product  and  quotient  of  3—  by  •— •  rf  i 

Answer,  prod.  10--,  quot.  1 — . 

64  21 

5  11 

3.  Which  b  greatest,  the  sum  of  —  and  --« or  the  difibvai 

7  12 

7         29  377 

of  1—^  and  — ,  and  how  much  ?    Answer t  the  sum,  by  -t^* 

2         7 

4.  Which  is  the  greater,  the  product  of  —  by  — ,  or  th 

5         9 

64 

quotient,  and  how  much  ?    Answer,  the  quotient,  by 


315 


5. '  How  much  is  —  greater  than  —  ?     Answer  — . 

9  ^  10  90 

3         6 

6.  Which  is  greatest,  the  quotient  of  —  by —,  or  thit  of - 

3  19 

by  — ,  and  how  much  ?    Answer,  the  latter,  by  — . 
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9  7 

7.  If  —  be  multiplied  and  divided  by  -~,  which  is  the  grcat- 

ti  the  prodnct  or  the  quotient,  and  how  niuch  ?    Jnsvoer.,  th$ 

27 

lotient,  by . 

^  112 

7  4 

8.  If  2—  be  added  to  ---,  and  also  divided  by  it,  which  is 

o  5 

•eatest,  the  sum  or  the  quotient,  and  how  much  ?    Answer^  the 

'  ^  160 

9.  What  sum  will  arise  by  adding  the  sum  and  difference  of 

2 
-  of  3  guineas  and  —  of  4  pounds  together  ?    Ans,  5Z.  6s,  Sd. 

o 

3         4 

10.  If  the  quotient  of  2—  by  ---  of  2  be  multiplied  by  the 

im,  what  is  the  product  ?    Answer  7 


128 


210,  PROPORTION,  OR,  THE  RULE  OF  THREE 
IN  VULGAR  FRACTIONS. 

EvjL£  I.  Examine  the  question  so  as  to  be  able  to  determine 
nv  the  stating  is  to  be  made,  then  reduce  the  first  and  third 
nns  to  fractions  of  the  si^me  denomination,  if  they  are  not  so 
tady,  and  the  second  to  a  fraction  of  the  greatest  denomina- 
MH  contained  in  it,  or  of  a  greater  denomination  if  convenient. 
II.  With  the  fractions  to  which  the  given  numbers  are  re- 
ned  state  the  question,  and  examine  whether  the  answer  will 
greater  or  less  than  the  second  term  3  if  greater,  mark  the 
t  extreme  for  a  divisor,  but  if  less,  mark  the  greater, 
ni.  Invert  the  marked  term,  and  then  multiply  the  three 
rms  continually  together  5  the  pf oduct  will  be  a  fraction  of 
e  same  denomination  with  that  which  the  second  term  was 
duced  Xq^  and  must  be  reduced  to  its  proper  quantity  for  the 
iBwer  ■. 


^  Has  rnk  U  fonoded  00  the  lame  piiaciples  with  the  Rale  of  Three  in 
lAi  amben,  (Art.  12^,)  and  under  it  «re  indnded  both  the  direct  and  in- 
■e  rolesy  which  in  effed  are  only  branches  of  one  and  the  lame  general 


90*'. 
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« 


■     .  Examples. 

1.  If  ^-^cwi.  of  cheese  cost  10/.  2^.  6(L  what  cost  tcwt,  lor«: 

14Z6.  ? 

Reduction  of  the  terms. 


2---cu?f.  =  —-CIO*. 
5  5 


lOZ.  25.  6d.  =  lO—L.  =  — L. 

o  o 


3  H 

Icwt,  lor.  14/6.  =  1 — cwi.  =  — etc*. 
^  8  8 

Stating, 

* — cic*.  :  — L.  : :  — act,  : 
5  8  8 

Operation. 

81       11        5         405  ,       ■    ,  ^    ^^ 
—  X  —  X  —-■  =  -^T-L.  =  6/.  (5«.  6a4  answer, 
8         8        11  o4 

I  first  reduce  the  terms  which  will  be  the  first  and  third  to  fractions  of  aa 

hundred  weight,  viz.  2 —  to  — cwt.,  and  Icwt,  \gr,  I  Alb,  to  — :  next  I  rednoe 

5  5  8 

81 
*  10/.  2s,  6d.f  the  second,  to  — L,:  I  then  state  the  question,  from  the  mtm 

o 
of  which  I  find  that  the  answer  ought  to  be  less  than  the  tecond  term ;  I  tlMfi*^ 

11  II  a 

fore  mark  the  greater  extreme  —  for  a  divisor ;  having  inverted  — ,  I  pntfli  I 

5  5  j' 

three  terms  down  with  signs  of  multiplication  between,  and  multiply  them  to> 

405  * 

gether ;  the  product is  next  reduced  to  its  proper  terms,  which  gives  the 

64 
answer.     In  the  multiplication,  the  elevens  cancel  each  other. 

4  3  7 

2.  If  —  of  a  yard  of  lace  cost  —  of  a  pounds  what  cost  —  of  • 


a  yard 


16 


5" 


Stating. 

*4  3  7 

— yd.  :  — L.  : :  — yd, 
9  ^  5  16^ 

Operation. 

7        9         189  , 
X  -—  X  —  =  L,  =  lis.  9a4  answer. 


Explanation. 

Here  as  the  terms  require  no  reducing,  I  first  state  the  question,  and  fni 
that  the  answer  will  be  less  than  the  second  term ;  I  therefore  mark  the  greita 

term  —  for  a  divisor,  which  being  inverted,  and  multiplied  by  the  two  othtr 
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189 
AS,  prodacet  the  fraction  —JL. ;  this  reduced  to  itt  proper  quantity  it  the 

iver. 

I.  If  my  friend  lends  me  10  guineas  for  10  weeks  and  3  days, 
w  lon^  ought  1  to  lend  him  5/.  4<.  6d,  to  acqvut  myself  of  the 

igation  ? 

Reduction, 

21  73 

lO  guineas  =  lO^-L.  =  -—L.         lOw?.  3d.  =  lOf  w.  =  — w, 

2  7  ■ 

209 
5/.  As.  ed.  =  SV^jL.  =  — ^L. 

.40      •  :  , 

Stating. 
21^       73  209*,^   " 

2  7  "^'40  ' 

Opebation*, 
'73         40        '^30660*'     ,       ■^  ,     ^   '         146' 

Explanation, ' 

(Aid  that  tbe  answer  trill  he.  grater  thtm  the  *  second 'term,  consequently  I 

dk  tiie  less  extreme^  and  proceed  aa  befun^. «     J 

i..M  by  Walking  24  miles  an  >  hour  I  can  perform  a  journey 

8f<Lday8^  how  many  days  will  another  who- can  walk  3^-  miles 

hour  require  to  go  the  same  distance,  allowing  12  hours  td 

I  day?.'-:  •       .  • 

11  62  16 

TkiUj  24m,  =  — m,        S4d.  =  — d,        Sim,  =  -—m. 

4  7  5  • 

^      11  62    •        16*  11       m        5        I7O6, 

Then  -—m,  :  -— d.  —  —  ^-  •  "T  ><  "^T  ^  T^  =  "SST^*  ^ 
47  ^  4         7        16        224 

19 

7d.  7h,  —  the  answer. 
56 

3  3 

6»  If  —  of  a  cwt .  of  iron  cost  —  of  a  pounds  what  is  the  value 
7  10         *^ 

6 

•:-  of  a  cwt.  ?     Ans.  lis.  8d, 

6  . 

8.  If —  of  a  yard  of  cambric  cost  —  of  a  pounds  what  cost 

of  a  yard?     -^n*.  16s.  lOd.4..'     '  . 

f.  If  34  ounces  of  gold  cost  17i^.  15s.  6d,  what  sum  will  pur- 
4fe  44  ounces?     Ans.  ^IL  lis.  Sd.^,  , 


206  ABITHMETIC.  FaitL 

8.  If  —  lb.  of  indigo  cost  — L.  what  qinadty  will  91.  Sf.M  f 

buy  ?     Ans.  14i6.  2o2.  I4dr,^. 

9.  Paid  2/.  2«.  8d.  for  tiie  carriage  of  Ictoi.  Sgr.  \4Xk. ;  iHtit 
sum  will  pay  for  244.  cwt  carried  the  same  distance  \    Au,  9L 

5  6 

10.  If  T:r  of  a  calf  be  worth  —-  of  a  pounds  what  is  the  whok 

12  7 

calf  worth?     Jns.  ^l.  Is,  Id.^, 

11.  If  7  men  can  mow  a  hay-field  in  4}-  days^  how  hof 

would  4  men  require  to  mow  the  same  ?     Ans.  8^  days. 

3 

12.  Paid  1 1  shillings  for  —  of  a  gallon  of  brandy ;  what  most 

be  given  for  4f  gallons  at  the  same  rate  ?    Ans.  '4 1, 2s.  5d.j-. 

2 

13.  If  —  of  a  block  of  mahogany  cost  2lL.  what  sum  iril 

9 
purchase  the  remaining  —  ?     Ans.  III.  l€s.  3d* 


14.  Suppose  15  £eet  of  plank  9  indies  wide  SHftfitfint  to  Bab 
a  side-board,  how  many  feet  of  plank  14-  foot  wide  will  be  reqoini 
to  Biake  another  of  equal  dimensions  ?     Ans.  1  fui  %  incte. 

15.  If  9  £ng^  ells  of  linen  cost  \l.  Yft.  6d.  what  ooit  M 
Flemish  ells  ?    Ans.  IL  Ss. 

16.  What  is  the  value  of  5^  fother  of  lead,  at  I6s.  44.  fa 
cwt.  ?     Ans.  41,  lis.  6d.4^ 

17.  A  corn-chandler  charges  9^  Bs.  6d.  for  a  load  of  bariej; 
what  must  be  given  for  3f  bushels  at  that  jnice  ?  An$.  15f .  ^kUf 

18.  Suppose  120  men  can  build  a  ship  in  15{-  weeks,  hoi 
long  will  it  be  building  if  87  men  only  are  employed  ?  Ans.%i% 

5d.VSA-. 

19.  If  52.  6s.  8d.  be  paid  for  the  use  of  173^  2s.  6d.  what  lOii 
must  be  paid  for  tke  use  of  310tU^.  for  the  same  tkae  ?    ^ 

8^  I9s.  6d.-^. 

2  t 

20.  After  using  —  of  a  Cheshire  cheese,  -~-  of  the  remaivfcr 

soM  for  134.  54.4-}  what  was  the  whole  cheese  wwth?    isfc 
II.  2«.  5d.4..  1 

21.  If  3f  yards  of  cloth  If  yard  wide  will  make  a  nit «( 

dothesj  what  quantity  of  doth  ~  yard  wide  will  bt  uUdWT 
to  make  a  similar  suit  ?    Am.  10yd.  Iqr.  Ofn.  ^ 
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7  1 

1%.  If  —  of  3  guweas  will  purchase  —  of  a  lottery-ticket, 

V  iBany  tickets  can  be  had  for  a  thousand  poimdB  ?     Am. 
fg.  tickets. 

ft:  Bought  —  of  a  privateer,  —  of  which  part  I  presented  to 
9  7 

brother,  and  afterward  sold  —  of  my  remainijig  share  for 

ti,  109. ;  what  is  the  privateer  worth  ? 

yi.  How  many  yards  of  carpet  1^  yard  wide  will  be  required 

Bover  a  floor  8i  yards  long,  and  6f  yards  wide  ? 


211.  COMPOUND  PROPORTION  IN  VULGAR 

FRACTIONS  ». 

Examples. 

.*  K  — -L*  wMl  pay  the  interest  of  ^I..  for  -^  of  a  year,  what 
10  12         "^ 

5 

pi  wiU  pay  the  iAterest  of  lOL.  for  —  of  a  yeai*. 


\i        •: 


First,  2^L.  =  — jL. 

5 

Stating, 

*14  1 

5  10 


*1                           5 

5 
X  lOX  — 

7 

14        1         "- 
5  ^  12 

Operation. 
5 

7           300         150 

14    ■"    98    ""    49  ^•"■ 

60 

•TB- 


'  Hus  nde  depends  on  the  aame  reasons  as  Componnd  Propoction  in  wkoit 
aiberi,  and  its  operations  are  performed  in  the  same  manner,  as  far  as  re- 
« to  the  general  principle,  differing  only  as  a  fractional  differs  from  an  inte> 
I  process. 

It  will  be  ftmnd  more  convenient  to  place  the  fractions  all  in  one  line,  with 

$viiorft  inverted;  thus, 

1         10  5  "i  12 

J.X  —  X  —  X  —  X  —  (j^ich  by  cancelling,  Art.  203,  becomes)  = 

10        1  7        14         1    ' 

'^L.  «  3/.  1*.  2<f4|^  as  above. 
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Exflanatum, 

Hariog  stated  the  question,  and  marked  the  dhriaon,  ftc  Hhtccmfkifa^ 
tioo  which  arises  from  the  operatioo  is  reduced  to  a  simple  ooe,  by  aidtif^ 
ing  5  by  60,  and  14  by  7  ;  the  result  is  next  reduced  to  its  loircstUmf,  iii 
then  to  its  proper  quantity,  which  is  the  answer. 

2.  If  12  men  earn  24^L.  in  4^  days,  what  sum  willSOinai 

earn  in  \2\  days  ? 

Reduction: 

7  9  49 

First,  2|L.  =  — L.        44-  <kfy«  =-^-         1^  dnjfi  =  -^ 

O  %  4 

7 
Tlim  12*m.  :  — L.  : :  20W. 

*9  J  49 

-—-a.  ; 


2  4 
Operation. 

7        ^^      49        1         i        3430 

i 

3  4  «, 
3.  If  34^  yards  of  cloth  -—  yard  wide  cost  —  L,  what  somvi 

4  5 

4 
4|-  yards  of  ---  yard  wide^  and  equal  in  quality^  cost  ? 
5 

7  15 

34.  yd.  =  —yd.         A^yd.  =  —yd. 

—  yd.  :  yi-.  : :  -jyd. 
3*    .  4 


—  yd.  :  : :  —yd. 


3 


4       Xi       ^        2         4        32^        ,^    ^-      ^ 
-^x-7X---x---X  —  =  -r-L.  =  18*.  3d.f  Answer. 

4.  If  9  students  spend  10|.L.  in  18  days,  how  much  wittff 
students  spend  in  30  days  ?     Ans.  391.  18s.  4d.-^j.' 

5.  If  lOOL.  gain  44L.  interest  in  a  year^  what  sum  wifrgdl 

5 

5^L.  interest  in  -7-  of  a  year  ?     Ans,  1381.  IBs.  lld.-iV. 

6 

6.  A  trench  is  required  to  be  dug  100  feet  in  length,  and  10 
men  have  been  employed  6^  days  in  digging  49^  feet  of  it  ^  bov 
long  will  12  men  require  to  finish  the  remainder  ?  Am,  5i 
S-rl^h.  at  12  hours  to  the  day.  -     -M 
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r*  If  134-  feet  of  deal  9  inches  wide  cost  3^.  4(2.  what  sum  will 
r  tor  tke  floor  of  a  room  154-  feet  long  and  12^.  wide  ?  Ans. 
3m.  Sd^ 


DECIMAL  FRACTIONS. 

11^  If  unity  he  supposed  to  be  divided  into  10^  100,  1000, 
m  equal  parts  indefinitely,  that  is^  into  ten  parts,  or  any  mul- 
jb  cif  ten>  that  which  expresses  any  number  of  such  parts  less 
n  that  the  unit  is  divided  into^  is  called  a  Decimal  Fraction. 


NOTATION  OF  DECIMALS. 

113.  It  IS  well  known,  that  the  value  of  any  figure  is  in* 
tenfold  by  removing  it  one  place  to  the  left  hand  of  the 
it  occupies  3  thus  1  removed  one  place  to  the  left  (by 
(iag  a  cipher  to  the  right  of  it)  becomes  10,  or  ten  times  1 ; 
pov»  it  one  plac^  farther,  and  it  becomes  100>  or  ten  time^ 
\  remove  it  one  place  farther,  and  it  becomes  1000,  or  ten 
fs  HOC  i  and  so  on  without  end.  Hence  likevdse  it  follows, 
tif  any  figure  be  repnoved  in  a  contrary  direction  from  the 
Jmxid  towards  the  rights  its  value  will  be  decreased  tenfold  at 

ff  step  of  such  removal ;  thus,  by  removin^^  1  one  place  to  the  right, 
I  becomes  100,  or  one  tenth  of  1000;  100  becomes  10,  or  one  tenth  pf 
\  10  becomes  1,  or  <Mie  tenth  of  10 ;  and,  since  1  is  the  least  whole 
llfi;  this  is  as  far  as  if€  can  go  in  whole  numbers. 

il4.  But  it  is  plain,  that  1  may  be  removed  step  by  step  in* 
faiitdy  towards  the  right  -,  if  therefore  we  put  a  point  to  the 
|lt  hand  of  the  place  of  units  to  distinguish  it,  and  then  place 
*1  to  the  right  hand  of  the  point,  thus  .1,  it  is  evident  from 
ft  )ias  been  said  that  it  will  express  one  tenth  of  an  unjlt,  or 

1  if  we  remove  the  1  a  place  farther  to  the  right,  by  inter- 

ilga  cipber  between  the  point  and  the  1,  thus  .Ol>  this  will 

iNtts  one  tenth  of — ,  or  one  hundredth  part  of  unity  j  if  two 


* 


t  interposed; 
.  I. 


«tf 
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r 
1  / 

,  or  one  thousandth  part  of  unity  y  if  three  ciphers  be  in- 

1  T* 

terposed*  it  will  express  one  tenth  of ,  or  one  ten  thooc . 

'^  '^  1000 

sandth  part  of  unity ;  and  so  on  without  end  >*. 

215.  The  point  which  is  employed  to  mark  the  place  of  units 
is  called  the  decimal  mark;  it  separates  between  whole  num- 
bei^s  and  decimals  >  that  part  of  any  number  which  is  to  the  left 
of  the  decimal  mark  being*  the  whole  number^  and  that  to  the 
right  the  decimal. 

216.  We  have  chosen  the  number  1  on  account  of  its  simplU 
city  for  the  ]llusti*ation  of  this  doctrine  -,  but  the  same  equal^ 
holds  true  of  all  the  other  figures  3  thus,  .2  expresses  two  tenths, 

— ;  .03,  three  hundredths,  or :  .004,  four  thousandths,  or ,  &c. 

10  100  1000 

217'  Hence  it  appears,  that  a  decimal  fraction  is  expressed 
by  the  numerator  only;  the  denominator,  (being  understooi 
to  consist  of  an  unit  with  as  many  ciphers  subj(»ned  as 

decimal  has  places,)  is  always  omitted  j   thus,  .5  denotes  -i, 

10 

denotes ,  .0009  expresses  — r — ,  &c. ;  by  this  simple  artifice; 

100  10000 

'whole  numbers  are  exhibited  under  one  and  the  same  form;  a  whole 

and  a  decimal  constituting  together  but  one  number,  in  all  respects  ^e  1 

mal  mark  excepted)  similar  to  a  whole  number;  so  that  if  a  whole  numl 

a  decimal  be  connected,  they  constitute  one  uniform  scale,  the  steps  of  ^ 

beginning  at  the  right  hand  figure,  regularly  increase  through  both,  up  Ui 

left  hand  figure  in  a  tenfold  proportion  at  each  step,  and  decrease  in  the 

proportion  at  erery  step  through  both,  from  the  left  hand  figure  to  the  nght;| 

21s.  Another  advant£^e  follows  from  the  similarity  of  ( 
mals  to  whole  numbe]*s,  namely,  that  the  modes  of  epen^omR 


P  Hence  it  follows,  that  every  cipher  on  the  left  hand  in  any  decimal 
sion  decreases  the  value  of  the  decimal  tenfold,  and  therefore  such  di- 
when  they  occur  must  always  be  put  down,  otherwise  the  value  of  the  decoMl 
will,  for  every  cipher  omitted,  be  increased  tenfold,  &c.  more  than  its 
value. 

It  appears  also  that  ciphers  on  the  right  hand  of  a  decimal  do  nti  alter  ilj 

ralue,  for  .5  «  .50  =  .500,  &c.  that  is,  ^,  -^,  .52?.,  are  e«ual  toeach  otfccr| 

10   100  1000 


this  is  evident,  for  each  is  equal  to  — ;  and  the  same  is  true  io  g6BCi*l&« 


t< 


K 
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X  in  both ;  the  only  peculiarity  in  decimals  relates  to  the 
lit  placing  of  the  decimal  mark,  which  will  easily  be  under- 
)d  from  tlie  rules  and  explanations,  which  follow. 
:19.  In  addition  to  the  Foregoing  observations,  it  has  been 
aght  necessary  to  subjoin  the  following  table,  whereby  the 
de  system  of  notation  ia  whole  numbers  and  decimals  will  be 
i&ctorily  shewn. 


WHOLE  NUMBERS. 


DECIMALS. 


iiJ^i,   «  iiUM 
^illiUl^lilhilli^ 

&c.  968472S31.  35274869  &c. 

.  appears,  hy  inspection  of  this  table,  that  the  figure  on  each 
of  the  units  place,  and  equally  distant  from  it,  is  of  like  de- 
lation, one  in  parts,  and  the  other  in  wholet;  but  as  in 
bog  laige  whole  numbers  we  make  use  of  an  abbreviated 
(I  of  expression,  the  same  is  found  convenient  in  reading  de- 
ft. Tbe  above  table  is  thus  read  -,  Nin^  hundred  and  sixty- 
l  mnlions,  four  hundred  and  seventy-two  thousands,  fire 
bed  and  thirty-one,  and  tkirty-Jive  miltiom,  two  hundred 
tteenty-four  thousands,  eight  hundred  and  iixty-nine,  hundred 
mthi :  this,  as  far  as  it  refates  to  the  whole  numbers,  is  suf- 
Itly  obvious.  With  respect  to  the  decimals,  this  latter  mode 
Ipressing  them,  and  that  in  the  table,  may  at  first  sight 
W  to  be  different ;  we  will  shew  that  they  are  exactly  of  the 
{import. 


n  TknJ,  3  tenth*  '. . 


7  Wns  of  thoQsandtlis, . . . 
4  hond.  of  thcmsandths  .. 
emillioathi 


301  ■ 

-  >  millioi 

200  ■» 

.  10  >  thoDia 


fihiuulredsofmillioatba 9  -J 

I,  the  dedmab  as  expressed  in  the  table  are  toother  eqaal 
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to  35  millions,  274  thousands^  869  hundred  miilionthsj  as  w^ 
expressed  their  value  above  -,  which  was  to  be  shewn. 

220.  There  is  another  method  of  reading  decioialsj  which  i 
very  convenient  for  practice,  as  follows : 

The  first  place  of  decimals  next  to  unity  is  called  the  place  of 
primes ;  the  next  place  is  called  the  place  of  seconds,  &c*  and  ths 
figures  occupying  those  places  are  called  respectively  prim^^ 
seconds,  thirds,  fourths,  &c. 

Thus  the  number  5 .  27  >&  read  ^ve,  two  primes,  and  seven  seameU :  and  nine 
thirds,  eight  fourths,  and  six  sevenths,  is  thus  expressed  in  figures,  .0098006. 

221.  Examples  in  Decimal  Notation  and  NuAiERATios. 

Write  in  words  the  following  decimals. 

.8  .03  12.008 

.25  .002  2.^32 

.752  .1013  .00001 

1.234  .2002  .12345 

Write  in  figures  the  following  decimals. 

Six  tenths.  Thirty-nine  hundredths.  Four  hundred  «^J 
fifty-six  thousandths.  One  millionth.  Five,  and  twenty-threft 
hund^redths.  Three  thousand  three  hundred  and  thirty^thiw 
ten  thousandths,  One,  and  twenty-four  ten  thousandths.  SeveiV  '• 
and  eight  primes.  Two,  and  two  seconds.  Nine  thirds^  el^- 
fourths,  seven  fifths,*and  six  sixths.  Seven  sixths>  eigM  niate 
and  nine  tenths. 


222.  ADDITION  OF  DECIMALS. 

HuLE.  Place  the  numbers  so  that  the  decimal  marlis  nof 
stand  in  a  line  under  each  other  -,  then  will  units  stand  under, 
units^  tens  under  tens^  tenths  under  tenths^  hundredths  under 
hundredths^  &c.  then,  beginning  at  the  right  hand,  add  the  nfflD- 
bers  together  like  whole  numbers  -,  and  from  the  right  hand  rf 
the  sum  cut  ■.  ofif  as  many  figures  by  the  decimal  mark  as  art 
equal  to  the  greatest  number  of  decimal  places  in  any  of  ths 
given  numbers  **. 

4  The  rule  for  placing  the  numbers  to  be  added  is  extremely  obrioiii;  f^i 
since  %ure8  of  different  denominatioBs  canopt  be  addfid  tog^tket^  it  i»lk'^ 
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Examples. 
1.  Add  2.34  +  35.2  +  .7831  +  1.2481  4-  8.0379  together. 
Operation. 
2.34 

35^2  Explanation, 

•7831  Having  placed  the  numbers  so  that  like  places  may 

1  2481  ^^^*^^  under  like,  I  add  up  exactly  as  whole  numbers  are 

ftVv^'TO  ****** »  ******  ^  count  four  (equal  to  the  greatest  number 

o.QjyJ  of  decimal  places)  from  the  right  hand  of  the  sum,  and 

Sum  47.6091  place  the  decimal  mark  to  the  left  of  the  fourth  figure. 

The  proof  is  the  same  as  in  simple  Addition. 

"^roof  47.6091 

■       '  •  ■■'% 

2.  Add    12.9  -f  7.38  -f  8.2  +  .945  +  1.805   together.     Sum 
a.23. 

3.  Add    7239  -f  10.0046  +  3.27  +  .89  +  .0073    together. 
>ttTO  21.4109. 

4.  Add  942.64  +  2.301  -f  71.5  +  8.457  +  3091.9  together. 
?«w  41 16.798. 

5.  Add  .4937  +  .008  +  .37042 +  .89 139 +1.290037  together, 
bun  3.053547. 

a.  Add  3748.2  +  9.8073  +  120.965  +  1374.7  +  48.  together. 


223.  SUBTRACTION  OF  DECIMALS. 

Rule.  Place  the  less  number  below  the  greater,  with  the  de- 
hnal  marks  under  each  other,  so  that  units  may  stand  under 
Auts,  tenths  under  tenths,  &c.  as  in  Addition }  then  subtract  as 
h  Whole  numbers,  and  cut  off  from  the  rigiA'  hand  of  the  re- 
Dainder  as  many  figures  for  decimals  as  there  are  decimal  places 

n other  of  the  two  given  numbers'. 

» 

?p<    ■  I  - ...  Mi  II. ,       , 

bt  those  of  the  same  denomination  must  be  placed  under  each  other,  as  they 
hat  are  capable  of  being  added. 

LWitfa  respect  to  the  operation,  it  is  plain  that  10  hundredths  make  I  tenth, 
Ituths  make  1  unit,  10  units  1  ten,  and  so  on  in  every  denomination,  whe- 
ker  it  be  above  or  below  unity ;  wherefore,  since  the  same  law  obtains  in  both 
MbmI  parts  and  whole  numbers,  both  must  evidently  be  added  by  the  same 
tie,  namely,  by  simple  Addition. 

*  The  observations  contained  in  the  preceding  note  apply  equally  to  this 
^fe,  which  is  obvious  from  the  nature  of  simple  Subtraction* 
When  ciphers  occur  in  one  or  more  of  the  left  hand  decimal  places,  they 

P3 
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1. 

2. 

3. 

From  13.745 

.470349 

3.617 

Take  10.123 

.46712 

1.71438 

Diff.    3.622  .003229  1.90262 

Proof   13. 745  .470349  3.617 

4.  From  .740352  take  .214091.     Diff.  .526261. 

5.  From  4.21304  take  1.20037.     Diff.  3.01267. 

6.  From  12.3456  take  .78095.     Diff.  11.56465. 
.7.  From  .081059  take  .0003741.     Diff.  .0806849. 

8.  From  987.6  take  .05432.     Diff.  987.54568. 

9.  From  .638176  take  .03749.    Diff.  600686. 


224.  MULTIPLICATION  OF  DECIMALS. 

Rule  I.  Place  the  factors  so  that  the  right  hand  figure  of  the 
multiplier  may  stand  under  the  right  hand  figure  of  the  multi- 
plicand>  and  multiply  as  in  whole  numbers. 

II.  Count  the  decimal  places  in  both  factors,  and  fromtlie 
right  hand  of  the  product  mark  ofif  as  many  figures  for  deciinali 
as  there  are  decimals  in  both  factors  together. 

To  f)rove  the  operation,  multiply  the  multiplier  by  the  multi- . 
plicand,  and  proceed  as  before ;  or  cast  out  the  nines,  as  ia 
simple  multiplication. 

III.  When  the  number  of  decimals  in  both  fectors  exceeds  the 
number  of  figures  in  the  product,  prefix  as  many  ciphers  to  tin 
left  of  the  producfifOs  will  make  up  the  number,  and  to  the  kft 
of  them  place  the  decimal  mark '. 


mast  always  be  put  down,  but  ciphers  occupying  the  right  hand  decimal  fltf^ 
may  be  omitted ;  thus  in  ex.  2,  the  two  ciphers  at  the  left  of  the  differosoe  tn 
put  down,  and  in  ex.  3,  the  two  that  arise  at  the  right  hand  of  the  proof  ■* 
omitted :  likewise  when  any  of  th»  right  hand  places  of  decimals  are  waa^ 
as  in  ex.  2  and  3,  the  operation  is  to  be  performed  as  though  there  were  dpbas  gi^ 
in  those  vacant  places. 

*  To  make  the  truth  of  this  rule  plain,  recourse  must  be  had  to  an  easy  a* 
ample ;  thus,  let  .5  be  multiplied  by  .3 ;  these  numbers  are  eqairslentd 

—  and  — ,  as  appears  from  the  nature  of  decimal  notation ;  now  —  X  r: 
JO  10         *^*^  '  10     w 


\ 
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To  prove  the  operation^  multiply  the  multiplier  by  the  multi- 
and>  and  mark  off  decimals  in  the  product, a9  befo^j  or  cast 
,  the  nines^  as  m  simple  multiplication. 


E&AMFLES. 

L  Multiply  12.34567  by  3.5847. 

Operation. 

Tlius,  12.34567 
3.5847 


Proof. 

3.5847  multiplier, 
12.34567  multipliccmd. 


8641969 
4938268 
9876536 
6172835 
3703701 
Prod.  44.255523249 


250929 
215082 
1 79235 
143388 
107541 
71694 
35847 

44.255523249  Prod. 


Explanation, 

are  5  decimals  in  one  factor,  and  4  in  the  other,  that  is,  9  in  hoth ;  I 
irelbre  count  9  places  from  the  right  of  the  product^  and  put  the  decim^ 
i^  to  the  left  of  the  ninth  place. 


«.  Multiply  7.38142  by  .000078. 

Operation. 

Tfms,  7.38142 
.000078 

^       5905136 
f.  5166994 

ffod.  .00057575076 


Proof. 


J^aplanatton. 
Here  the  foctors  contain  1 1  deci* 


H 


)f*- 


15                                                                                                     15 
«—  by  Vulgar  Fractions ;  also  .5  X  .3  =  .1 5  by  the  rule :  but as  .  IS 

100  .100 

Decimal  Notation ;  that  is,  the  result  obtained  by  this  rule,  and  that  ob- 

by  Vulgar  Fractions,  are  the  same :  the  rule  is  therefore  true, 
'any  doubt  should  remain  respecting  the  truth  of  the  rule  when  there  are 
J^le  numbers  concerned,  let  the  factors  in  ex.  1 .  be  turned  into  vulgar  frao- 


t 


and   multiplied;    thus    12.34567  =" 


i^^l^fl.   and  3.5847  =  !^ ; 
100000  10000 


Ifeefore  by  multiplication  'J^^  X  gggJ2^-^255523249^  ^^  255523249 
I  100000 

••44.255523249,.a»  ia  ««•  !• 


10000      lOOiX)00000' 


lOOOOOOOOO 


p4 


k?. 
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3.  Multiply  4.82  by  S.5S.     Pr&i..  170146. 

4.  Multiply  47.35  by  3.74.     Prod,  1770890. 

5.  Multiply  3.1305  l^  .748.     Pr^d,  1.5936140. 

6.  Multiply  .056047  by  9.23.     Prod.  .51731381. 

7.  Multiply  .3365  by  .002435.     Prod,  .0005758775. 

8.  Multiply  9.0087  by  .0000395. 

225.  When  the  multiplier  is  a  whole  number,  consisting  of  an 

unit- with  ciphers  subjoined, 

KuLE.  Remove  the  decimal  mark  as  many  places  to  the  right 
as  there  are  ciphers  in  the  multi[dier  \ 

9.  Multiply  123.4567  by  10.     Prod,  1234.567. 

10.  Multiply  .98765  by  100.     Prod.  98.765. 

11.  Multiply  .00001  by  J  00000.     Prod.  1. 

226.  To  cohtr^t  the  operation,  so  as  to  retain  in  the  product 
as  many  decimals  only  as  may  be  thought  necessary. 

Rule  I.  Count  oflF  froiH  the  left  hatod  6f  the  decUnnis  in  the 
fnultiplicand,  as  tnany  figures  as  are  intended  to  be  Reserved  Hi 
the  product ;  and  put  a  point  over  the  last  of  these. 

II.  Place  the  units  figure  of  the  multiplier  under  the  poinCed 
figure^  then  write  down  the  rest  of  the  multiplier  80>  that  tbe 
whole  may  stand  in  an  inverted  order,  viz.  the  last  fig^ire  fin^ 
and  the  first  last. 

III.  In  multiplying,  always  begin  at  that  figure  in  the  multi-  i 
plicaiid  which  stands  one  place  to  the  right  of  the  multiplying  i 
figure,  and  carry  1  for  all  numbe]*s  from  5  to  15,  2  ttoax  16  to 
25,  3  from  25  to  35,  &c.  3  but  this  mode  of  cari-^ng  is  to  be 
observed  only  in  the  first  place,  namely,  to  the  figure  over  tlie 
multiplying  figure,  the  product  of  which  is  the  first  you  set 
down  3  for  the  rest,  you  are  to  set  down  and  carry  hi  the  ttsml 
way. 

IV.  Place  the  several  products  so  that  all  the  right  hand 
figures  may  stand  under  each  other  in  a  line ;  add  up  the  pro- 


*  The  value  of  any  figure  is  increased  tenfold,  an  hundredfold,  a  thousaiMi* 
Ibid,  &c.  by  its  being  removed  one,  two,  three,  &c.  places  to  the  left,  or  (wbM^ 
is  the  same  thing)  by  removing  the  decimal  mark  so  many  places  to  the  n^t 
as  appears  from  Art.  18  j  wherefore  the  rule  is  plaih. 
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ts,  £ind  Inftrk  otf  firdtn  the  right  hand  ad  miu^  decimals  as 

e  proposed  to  be  reserved  ■. 

Operations  in  this  rule  are  proved  by  eommon  Diultiplica- 

1.  Art.  224. 

2.  Multiply  25.374856  by  ^.35647,  reserving  only  five  dc- 


al  places  in  the  prddUct. 

Operation. 

Proof. 

25.374856 
74653.5 

25.374856 
5.85647 

12687428 

761246 

126874 

15224 

1015 

177 

17Z 
1014 

15224 

126874 

761245 

12687428 

623992 

99424 

9136 

280 

68 

0 

r 

135.91964 

135.91965  49183^ 

Explcuiation, 

eginning  at  the  decimal  mark,  1  count  5  decimals ;  over  the  fifth  I  put  a  dot, 
place  the  units  figure  5  t>f  the  multiplier  under  the  dotted  figure,  and  dis- 
\  of  the  other  figures  so  that  the  multiplier  may  stand  bdckwarda,  I  then 
id,  5  times  6  are  30;  put  nothing  down,  but  carry  3 ;  then  5  times  5  are  25 
3  are  28 ;  put  down  8,  and,  carrying  the  2,  proceed  through  the  whole  line 
isual.  For  the  second  line,  1  begin  3  times  5  are  15  ;  put  nothing  down, 
carry  ^  ;  then  I  multiply  the  8,  carry  2,  and  set  down  throughout  this  line 
D  the  first  line.  In  the  third  line,  I  begin  by  multiplying  the  8  for  carry- 
but  set  down  the  product  of  the  4 ;  in  the  fourth,  I  begin  at  the  4,  and  set 
teat  the  7  ;  in  the  fifth,  I  begin  at  the  7,  and  set  dotvn  at  the  3  ;  ini  the 
h  line,  I  begin  with  the  3,  and  set  down  the  product  of  the  5. 

When  the  factors  contain  a  great  number  oi  decimal  places,  and  but  few 
required  in  the  product,  much  labour  and  time  will  be  saved  by  the  appli- 
Ml  of  this  rule ;  but  care  shotlld  be  taken  to  W^drk  for  one  or  two  figures 
tttftan  aic  wanting,  as  the  right  hand  decimal  arrsing  ft-om  tiCte  contlracted 
aition  will  sometimes  unavoi^bly  be  wrong. 

the  reason  of  placing  the  units  figure  of  the  multiplier  under  the  figure  to 
Rierved  is  this,  namely,  that  the  right  hand  figure  in  every  product  is  of 
same  denomination  with  that  under  which  the  said  units  figure  of  the  mul- 
lerstatids. 

^  reason  for  reversing  the  multiplier  will  appear  by  consulting  the  opera. 
H)  and  comparing  it  with  the  proof;  it  will  be  seen  that  the  first,  second, 
nl,  &c.  lines  from  the  top  in  the  former,  are  respectively  equal  to  the  first, 
end,  third,  &c.  from  the  bottom  in  the  latter. 

the  reason  for  the  increase  in  carrying  to  the  first  figure  in  each  line  is. 
It  the  deficiency  arising  from  the  loss  of  what  would  be  can'ied  in  the  mvl- 
lication  and  addition  of  the  figures  omitted  may  be  compensated  as  aearly 
possible. 
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13.  Multiply  1234^6789  by  3697428,  leaving 

of  decimals  in  the  product. 
Operation. 


1234.56789 
8247963. 

3703703 

740740 

111110 

8642 

494 

25 

10 


EsplanatUm. 
The  units  place  of  the  mnhjplier  tboold  £dl 
Qoder  the  8>  and  therefore  the   highest  figui 
being  the  first  place  of  decimals  most  fell  nnler 
the  7. 


0 


Product  4b6A7^4 

14.  Multiply  2.38645  by  8.2175,  retaining  only  4  decimal 
places  in  the  product.     Prod,  19.6107. 

15.  Multiply  128.678  by  38.24,  retaining  one  decimal  place 
only  in  the  product.    Prod,  4920.5. 

16.  Multiply  325.1234567   by  23.987654,  with  three  ded- 
xnals  only  in  the  product.     Prod.  7798.948. 

17.  Multiply  .374853  by  .0031245,  with  7  decimals  in  the 
product.     Prod,  .0011713. 

227.  DIVISION  OF  DECIMALS. 

Rule  I.  Divide  as  in  whole  numbers,  then  count  the  decimal 
places  in  the  dividend,  and  also  in  the  divisor^  and  mark  off  as 
many  decimals  from  the  right  hand  of  the  quotient  as  the 
former  exceeds  the  latter. 

II.  If  there  are  not  figures  enough  in  the  quotient*  add  la 
many  ciphers  to  the  left  hand  as  wiU  make  up  the  difference. 

UI.  When  there  is  a  remainder^  the  quotient  may  be  carridi 
to  any  length,  by  bringing  down  ciphers,  and  continuing  the  di- 
vision 'j  but  the  ciphers  brought  down  must  be  considered  as  de- 
cimals belonging  to  the  dividend^  and  must  be  counted  ivith 
those  which  actually  stand  in  the  dividend,  in  oi*der  to  estimate 
the  number  of  decimals  to  be  marked  off  in  the  quotient*. 


*  The  truth  of  this  rule  may  be  shewn  by  Division  of  Vulgar  mcuuwf 

thus,  let  .  2464  be  divided  by  .4 ;  these  numbers  reduced  to  fractions  are 

3464  4 

and  —  y  therefore,  inverting  the  divisor,  and  multiplying,  we  shall  haft 
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Examples. 

.  Divide  44.80515  by  3.45. 

Operation. 

3.45)44.80515(12.987  quotient. 
34  5 

1030 
690 

3405 
3105 

3001 

2415 
2415 

hoof  44.80515 

.  Divide  .000064  by  .01234. 

Operation. 

)1234).00006400(. 00518638  &c.  quotient. 
6170 


JSxplanation. 

The  division  being  performed  in  the  same 
manner  as  in  whole  numbers,  I  find  there  are  5 
decimak  in  the  dividend  and  2  in  the  divisor  ; 
5  exceeds  2  by  3, 1  therefore  mark  o£f  3  from 
the  right  of  the  quotient  for  decimals. 


2300 
1234 

10660 

9872 


7880 
7404 

4760 

3702 


105S0 
9872 


£jrplanation. 

Beginning  at  the  first  significant  figure 
6, 1  find  that  two  ciphers  must  be  added 
on  to  the  dividend;  I  afterwards  bring 
down  ciphers,  and  continue  the  operation 
as  far  as  is  thought  necessary.  Then  5 
ciphers  brought  down  added  to  8  decimals 
in  the  dividend  make  1 3  :  now  there  are 
5  decimals  in  the  divisor,  therefore  5  from 
13  and  8  remains  to  be  marked  off  in  the 
quotient ;  but  there  are  only  G'  figures  ;  I 
therefore  add  on  2  ciphers  to  the  left^  and 
prefix  the  decimal  mark. 


Remainder  708 


10 

T 


24640         616 


=  .616,  by  Art.  217;  but.  2464  divided  by 


40000         1000 

•Gcording  to  the  rule,  gives  also  .616  ;  wherefore  this  rule  agreeing  with 
yflie  truth  of  which  is  established,  is  shewn  to  be  right. 
Ittt  it  is  not  necessary  to  have  recourse  to  Vulgar  Fractions ;  the  rule  is 
infieom  the  nature  of  simple  Division,  except  the  right  placing  of  the  deci« 
r  mark  in  the  quotient,  which  may  be  thus  explained :  if  the  quotient  be 
itiplied  by  the  divisor,  with  the  remainder  added  in,  the  result  will  be  the 
Bend;  whence,  by  multiplication,  the  dividend  will  have  as  many  decimal 
ecs  as  there  are  in  the  divisor  and  quotient  together  ;  wherefore  the  quo- 
It  must  contain  as  many  decimal  places  as  the  number  of  decijnals  in  the 
ufend  exceeds  that  in  the  divisor ;  which  was  to  be  shewn. 


«20  ARTtfiMEtlC.  ^«i=: 

3.  Divide  17.0146  by  3.53.     Quot.  4.82. 

4.  Divide  .51731381  by  9.23.     QuOt,  .05^047. 

5.  Divide  123.4531579  by  2.5728.     QuOt.  47.9B^96,  &C. 

6.  Divide  .0089  by  .09876.     Quot  .09011745,  &c. 

7.  Divide  2508.928065051  by  92.41035. 

228.  To  contract  the  operation* 

Hute.  Take  as  mtiny  of  the  left  hand  figures  of  the  divisor  i» 
the  quotient  is  intended  to  condst  of  ^  divide  by  these  only,  at  thfr 
first  step  of  the  operation,  and  at  each  succeeding  step  cut  off  onej 
figure  (or  more  figures  if  necessary  y)  from  the  divisor,  instead  of 
bringing  down  fi*om  the  dividend,  using  only  the  figures  not  cut 
off  5  in  multiplying  these  by  the  quotient  figure,  you  must  ob- 
serve to  carry  from  the  product  of  the  preceding  figure  cut  oi^ 
in  the  same  manner  you  did  in  contracted  multiplication,  viz.  1 
from  5  to  15,  2  from  15  to  25,  &c.  but  carry  as  usual  after  you 
begin  to  set  down. 

To  determine  the  place  of  the  decimal  mark  in  the  quotieo^i 
observe  under  what  figure  of  the  dividend  the  units  place  of  tbi 
pi^udt  of  the  divisor  by  the  quotient  figure  stands^  and  tiMt^ 
Will  be  the  Value  of  the  first  figure  in  the  quotient ;  if  it  staii  j 
Under  units»  the  first  figure  only  will  be  a  whole  number;  H 
ttnder  tens,  two  figures  will  be  whole  numbers  5  if  under  primes  1 
the  first  figure  will  be  primes  ^  if  under  seconds,  a  cipher  mast 
be  prefixed  to  the  quotient,  &c.* 


y  Observiog  to  put  a  cipher  in  the  quotient  Whenever  a  figure  is  cut  oS,  nl 
the  remaining  figures  will  not  go  in  the  number  to  be  divided. 

>  The  place  of  the  decimal  mar^E  in  the  quotient  may  be  known  two  nvih 
viz.  eitli^r  from  the  decimals,  or  from  the  whole  numbers ;  the  former  Im 
been  explained,  and  the  latter  may  be  shewn  as  follows.     Let  10.9  ^^ 
1234.^6 ;  now  if'  is  plain  that  if  we  had  only  the  integers  to  operate  witbi 
(namely,  1234  to  divide  by  10,)  the  quotient  would  be  123,  that  is,  the  higbot 
denomination  1  is  of  the  same  denomination  with  the  figure  2  of  the  dividend 
under  which  the  Units  figure  0  of  the  divisor  stands,  namely,  (in  this  instance,) 
hundreds ;  wherefore,  in  the  above  example,  seeing  the  units  place  (Oj  is 
actual  division  stands  under  the  hundreds  place  (2),  the  highest  place  in  the  . 
quotient  will  evidently  be  hundreds.    Again,  let  99.9  divide  1.1000;  now 99 
will  not  divide  1  (unit),  and  therefore  will  not  produce  units  in  the  qaotieot; 
it  will  not  divide  1 1  tenths,  and  therefore  will  not  produce  tenths;  botitwiO 
divide  110  hundredths,  and  therefore  will  produce  hundredths,  or,  tbe  first  or 
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Qivide  89.19543  by  12.34567>  resening  only  5  figure9  in 
^otient. 

Operation.  Common  method. 

45|67)89.12543(7.2192       12.34667)89.125  43(7.2191  &c. 
86  419  86419  69 

2706 
2469 


2705  740 
2469  134 

236  6060 
123  4567 

113  14930 
111  11103 

2  038270 
1234567 

Rem.   1 

803703 

Explanatum,  ^ 

tiXy  1  cat  off  3  ttpati  fram  the  divisor,  leaTiog  5  on  the  left  band  to  di'> 
\j  ;  this  divisor  goes  7  times  in  the  5  left  hand  figures  of  the  dividend  ; 
scfiore  begin,  7  times  6  are  42 ;  carry  4  ;  then  7  times  5  are  35  and  4  arc 
fat  down  9,  carry  3,  and  proceed  to  multiply  and  set  down  in  the  usual 
»  Next  I  subtract,  and  370^  remains ;  then  1  cut  off  one  more  figure,  viz. 
I»tb0  4msor,  leaving  1^34  to  divide  by ;  this  goes  twice  in  2706 ;  then 
ii  are  10 ;  carry  1 ;  twice  4  are  8  and  1  are  9 ;  put  down  9,  and  proceed 
lasnmoD  division.  Ne3ct  I  cat  off  the  4t  then  the  3,  and  so  on  cutting  off 
■n  at  every  step,  and  carrying  from  the  figure  cut  off,  1  from  5  to  15,  &c. 
£d  in  contracted  maltiplication.  The  units  place  of  the  product  of  the 
•r  multiplied  by  ?>  ^ling  under  the  9  (or  units  place),  shews  that  7  mnst 
aridered  as  standing  in  the  place  of  units. 

i'l I  III. 

■tfljgure  of  the  quotient  will  be  hundredths,  that  is,  of  the  same  name  with 
^bce  aoder  which  the  units  place  of  the  divisor  stands ;  and  the  same  im 
feiMtanfies. 


»  ■ 
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9.  Divide  357-6543218   by  27.12345(57;   let  dicre  be  7  fi-  "^ 
gurts  in  the  quotient. 

27.12345;67)357.6543  218(13.18616  quotient.  *'' 
2712346 

864197 
813704 

"50493 
27123 


23370 
21698 

1672 

1627 

45 

27 


18 
16 

2  rem. 

10.  Divide  23.41005  by  79863.     Quot, 2i^I2. 

11.  Dinde  .019876843  by  .012345678.     Quot.  1.6100244. 

12.  Divide  721.17562  by  2.257432.     Qw^t,  319.467. 

13.  Divide  165.6994  by  52.7438.     Quot,  3.14159. 

14.  Divide  3576543  by  13.18616.     Q:iMt.  27.1234T. 

229.  In  division,  the  products  of  the  divisor  into  the  scfenl 
quotient  figures  need  not  be  set  down  y  each  figure  of  any  pro- 
duct as  it  arises  may  be  subtracted  from  the  figure  under  wiu<^ 
it  should  standi  (if  set  down,)  and  the  remainder  set  under- 
neath, bringing  down  successively  the  figures  of  the  dividend  in 
order,  or  cutting  off  those  of  the  divisor ;  observing  to  carry  for 
the  mult iphcatioi^  and  subtraction  both  in  one,  whenever  the 
carrying  for  both  occurs '. 


•  This  is  Qsaally  called  the  ftatian  method,  and  differs  from  the  commoQ 
method  only  as  this  is  a  mental  and  that  a  visible  operation.  Let  no  one  sap- 
pose  himself  master  of  division  until  he  can  readily  work  examples  in  this  rale, 
both  by  the  common  and  contracted  way,  as  is  shewn  in  ex.  16. 
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K  Divide  123.456789  by  .432. 

Operation. 

4)123.4^89(285.779604  &c.  quotient. 
3705 

2496  Esplanation. 

3367  I  first  find  that  433  goes  twice  in  1234  ;  I  then 

3438  *^y»  twice  2  are  4  ;  4  ^m  4  and  0 ;  put  down  0, 

4140  *"**^  carry  1  ;  twice  3  are  6;  6  from  13  and  7; 

oJir\  P^*  down  7,  and  carry  1  for  the  borrowing ;  twice 

2610  4  are  8  and  1  are  9 ;  9  from  12  and  3  remain. 

1800  To  this  second  line  bring  down  5 ;  then  432  in 

Rem,  72  ^705  will  go  8  times  ;  then  8  times  2  are  16 ;  6 
from  1 5  and  9  ;  carry  2,'  (viz.  1  for  multiplying 
1  fbr  subtracting)  ;  S'times  3  are  24  and  2  are  26 ;  6  from  10,  and  4  ;  carry 
ns.  3  for  multiplying  and  1  for  subtracting)  ;  8  times  4  are  32  and  3  are 
labtract  this  from  37  and  2  remain ;  to  the  remainder  249  bring  down  6, 
proceed  as  before. 

6.  Divide  7^1.0312345  by  35481.7. 

Common  metJiocL  Contracted  method. 

81.7)791.0312345(.022294  3548 1.7)791 .03 12345  (.022294 

813972  81397 

10433^3  10434 

3337494  3338 

1441415  145 

22147  rem.  3  rem. 

7.  Divide  17.0146  by  4.82.  Quot.  3.53. 

8.  Divide  4.5172834  by  12.34.  Quot  .366068  &c. 
f  Divide  .0064  by  .51863.  Quot.  .01234  &c. 

10.  Divide  2508.928065051  by  27.1498.  Quot.  92.41035. 


10.  When  the  divisor  is  a  whole  number,  consisting  of  an  unit, 

with  ciphers  subjoined. 

loLE.  Remove  the  decimal  mark  as  many  places  to  the  left 
H  as  there  are  ciphers  in  the  divisor  •*.        ^ 

iHi  Divide  123.45  by  10.     Quot.  12.345. 

K  Divide  9876.54  by  10000.     Quoti  .987654. 

8.  Divide  1  by  one  million.     Quot.  .000001. 


9le  truth  of  this  appears  from  decimal  notation ;.  it  may  likewise  be  proved 
ctittlly  dividing,  and  marking  off  for  decimals  in  the  quotient,  according  to 
■ommon  method,  Art.  227. 


n^  ARITIIMEriC.  Part  I 

REDUCTION  OF  DECIMALS. 

231.  Reduction  of  decim^iU  teaches  to  change  d^oiraal  fine* 
tions  from  one  form  to  another^  without  altering  their  value. 

232.  To  reduce  a  decimal  to  a  vulgar  fraction. 

Rule  1.  Under  the  given  decimal  write  1,  with  as  many  ci- 
phers subjoined  as  the  decimal  has  places  for  a  denominator. 
IL  Reduce  this  fraction  to  its  lowest  terms  for  the  answer'. 

Examples. 

1.  Reduce  .  24  to  a  vulgar  fraction. 
Thus,  100  the  denominator. 

Then =  —  the  vulgar  fraction  required, 

2.  Reduce  .5  to  a  vulgar  fraction.     Am.  — . 

^  2 

5 

3.  Reduce  .625  to  a  vulgar  fraction.     Am.  — . 

4.  Reduce  .02525  to  a  vulgar  fraction.     Am, 


4000 


233.  To  reduce  a  vulgar  fraction  to  a  decimal. 

Rule  I.  Subjoin  as  many  ciphers  as  are  necessary  to  the  no- 
merator^  and  place  the  decimal  mark  between  the  numentor 
and  those  ciphers. 

II.  Divide  this  number  by  the  denominator^  and  the  quodenty 
with  the  decimal  mark  prefixed^  will  be  the  answer. 

7 

6.  Reduce  —  to  a  decimal. 
S 

Operation.  Explanation. 

8)7*000  '  ^^  ^  ciphers  as  decimals  to  the  ntnncrator  7» 

'--' and  divide  by  the  denominator  8,  marking  off  de- 

.875  the  answer.       cim^ls  by  the  rale.  Art.  227. 


«  This  raU  will  be  easily  and«rs(ood|  as  it  it  a  qatural  cooseqaeafe  of  tk 
d«ciiiuU  modt  of  ooiation. 


itI.  decimals,  S25 

s 

6.  Reduce  —  to  a  decimal. 
9 

Thus,  9)8.000 

.888  &e.  Ans. 


^  Reduce  t^  to  a  decimal. 

Thus,  13)1.00(.076923  &c.  Answer. 
*90 
120 
30 
40 
I 

.  Reduce  ---  to  a  decimal.    Ans,  .5. 
.  Reduce  -~  to  a  decimal.    Ans,  .25. 

4 

3 
0.  Reduce  -—  to  a  decimal.    Ans,  .75. 
4 

7 

I  Reduce  ~:r  to  a  decimal.    Ans,  .5833  &c. 
12 

2.  Reduce    ■  ^  to  a  decimal.    Ans,  .990196  &c. 
102 

234.  To  reduce  money,  weights^  and  measures,  to  decimals, 

ULE  I.  Reduce  the  given  number  to  a  fraction  of  the  inte^ 
of  which  it  is  to  be  made  a  decimal^  by  Art,  185. 
.  Reduce  this  fraction  to  a  decimal  by  the  last  rule  ^. 

)*  Reduce  2^.  6d.  to  the  decimal  of  a  pound. 

»»  1 

Thus,  Sis.  6d.  =  —I.  Then  8)  1 .000 

8  « ■  I' 

.1251..  the  answejr. 


i.  Reduce  l^r.  14Z&.  to  the  decimal  of  a  cwt. 

3 
Thus,  Iqr,  14Z6.  :;=  —  =  .375c«;^  Answer, 

'.  Reduce  5hu,  3pks,  to  the  decimal  of  a  chaldron. 

Shu,  56tt.  ^pks,  =  —  ==  .152777  &c.  chald.  Ans, 

72 

the  fonndation  of  this  rale  is  sufficiently  obvious  imtlvout  e:if  lanation. 
)L.   I.  Q 
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16.  Reduce  5s.  to  the  decimal  of  a  pound.    Ans.  .251. 

17.  Reduce  Bs.  6d.  to  the  decimal  of  a  guinea.  Ans,  .1666 
guinea, 

18.  Reduce  3oz.  bdwts.  to  the  decimal  of  a  lb.  troy.  . 
.^7083  &c.  lb. 

19.  Reduce  2r.  20p.  to  the  decimal  of  an  acre.  jins. . 
acre, 

235.  ^fTien  ^^  given  quantity  is  f^f  several  denominations. 

Rule  I.  Write  all  the  given  denominations  in  a  line  nil 
each  other^  beginning  with  the  leasts  and  proceeding  in  Qi 
up  to  the  greatest. 

II.  On  the  left  of  each^  place  that  number  for  a  divisor  ivl 
will  reduce  it  to  a  decimal  of  the  next  superior  denomination 

III.  Divide  each  of  the  debominations^  together  with  the 
cimals  which  arise,  by  its  proper  divisor^  and  the  last  quoti 
will  be  the  decimal  required  *. 

20.  Reduce  45.  6d.4  to  the  decimal  of  a  pound. 
Operation.  ExpUmatwn. 

I  put  down  3  farthings  first,  Bd,  nezt|  uA 
last;  opposite  these  on  the  left  I  place 4ylSf 
20,  being  respectively  the  diirisoTS  which  wD 
dnce  eacii  to  decimals  of  a  stiperior  ieaBfaauA 
I  then  divide  each  line,  ciphers  being  iuljli 
.^28  I25i.  Ans,       where  they  are  required. 

21.  Reduce  5§  45  29  \gr,  to  the  decimal  of  a  lb. 


4 

3.00 

12 

6-75 

20 

4.5625 

20 
3 
8 

12 


1.00 


2.05 


4.68333333 


5.,5854i  666 
.465451  8  Ih.  Answer. 


*  By  this  process  the  least  denomination  is  reduced  to  a  decimal  of  the  i 
superior  denomination,  as  is  obvious  from  the  foregoing  rule  ;  this  latter  di 
mination,  with  the  said  decimal  subjoined,  is  reduced  to  a  decimal  of  the  i 
superior  denomination ;  this  again  with  its  decimal  to  a  decimal  of  the  m 
and  so  on  to  the  highest :  fur  instance,  in  ex.  20,  4  is  reduced  to  the  dcd 
of  a  penny,  by  dividing  the  .3  by  the  4  j  then  Qd.,  with  this  decimal,  {y\i*  ^ 
is  reduced  to  the  decimal  of  a  shilling,  by  dividing  it  by  12  >  lastly,  the  ^ 
nuoiber,  with  this  decimal,  (viz.  'L50'2o,)  is  reduced  to  the  decimal  of  apM 
which  reductions  are  true,  according  to  Art.  233  5  and  the  same  of  other 
dxnples :  wherefore  the  rale  is  manifest. 
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22.  Reduce  3^.  ^d.i  to  the  decimal  of  a  pound.    Answer 

59375^. 

23.  Reduce  7^4  to  the  decimal  of  a  shilling.     Ans,  .625*. 

24.  Reduce  I*.  2(i.4-  to  the  decimal  of  a  crown.  Answer 
45833cr. 

25.  Reduce  2f  r.  3n.  to  the  decimal  of  a  yard.     Ans,  .6875yd. 

26.  Reduce  Ir.  14/>.  to  the  decimal  of  an  acre.     Ans,  .3375a. 

27.  Reduce  4bu.  ^pks,  Igcd.  to  the  decimal  of  a  quarter.  Ans, 
rSl2Bqr. 

28.  Reduce  Iqr,  2lb,  3oz,  4dr.  to  the  decimal  of  a  cwt.  Ans. 
596707  &c.  cwt. 

29.  Reduce  3w.  4'd.  5h.  6m,  7"  to  the  decimal  of  a  month. 
IS.  .9004493  &c.  month. 

m 

236.  To  reduce  a  decimal  to  its  proper  quantity. 

Rl7LS,I.  Multiply  the  given  decimal  by  that  number  which 
U  reduce  it  to  the  next  lower  denomination,  and  mark  off  as 
any  decimals  from  the  product  as  there  are  decimal  places  in 
le  given  number. 

II.  Multiply  these  decimals  by  the  number  which  will  reduce 
em  to  the  next  lower  denomination^  and  mark  off  decimals  as 
;fi>re. 

III.  Proceed  in  this  manner  until  you  have  reduced  the  deci- 
sis to  the  lowest  denomination  possible ;  then  all  the  whole 
unbers  being  collected,  and  placed  in  order,  will  be  the  an- 
'er^. 

30.  Reduce  .228125  of  a  pound  to  its  proper  quantity. 

PERATXON. 


.228125  L. 
20 


Ejrplanation, 

1  multiply  the  given  decimal  (of  a  pound)  by  20,  and 

L562500  S.  mark  off  6"  places;  these  I  multiply  by  12,  and  mark  off 

j^  C  places ;  these  I  multiply  by  4,  and  again  mark  off  6 

^^v^  places.     Then  of  the  whole  numbers,  the  4  will  evidently 

.750000  d,  be  shillings,  the  6  pence,  and  the  3  farthings,  which 

4  together  are  the  answer. 

.000000  qrs,  ^^^  4^  g^^ 


'  This  rule  has  its  origin  in  the  nature  of  Compound  Division ;  for  if  the 
en  decimal  be  considered  as  a  remainder,  the  successive  multiplications, 
imarlaqg  off  decimals,  are  equivalent  to  the  successive  jeducing  and  dividing 
that  rule. 
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31.  Reduce  .7583  of  a  lb.  troy  to  its  proper  ^[uantlty. 

.7583  lb. 
12 


9.0996  oz. 
20 

« 

1.9920  dwts. 
24 

39680 
19840 

.^715.  9o2.  Idwt.  23gr. 

23.8080  grains. 

32.  Reduce  .159375  of  a  pound  to  its  proper  quantity.    Ant. 

33.  Reduce  .625  of  a  shilling  to  its  proper  quantity.    Am. 

7d.4-. 

34.  Reduce  .05854  of  a  guinea  to  its  proper  quantity.    Ant. 
Is.  2d.4. 

35.  Reduce  .6875  of  a  yard  to  its  proper  quantity.    Am. 
2qr.  3n. 

36.  What  is  the  value  of  .625  cwt.  ?     Jns.  2gr.  14^. 

37.  Reduce  .3375  of  an  acre  to  its  proper  quantity.    Am. 
Ir.  I4p, 

38.  What    is  the  value  of   .461   of  a  chaldron?    JtuiMr 
166m.  *ipks, 

39.  What  is  the  value  of  .85714  of  ^month  ?     Jns.  3».  IM. 
23^.  59w.  53". 

237.  Promiscuous  Examples  for  fracticb. 

1.  What  is  the  value  of  .135  -f  243  x  .312  ?     Ans.  .210816. 

2.  What    is  the  value   of  .0098  —  .00098  x  .54  ?     Antuxr 
.0092708. 

3.  Required  the  value  of  3.74  x  2.35  —  1.23.     Ans,  7-559. 

4.  Required  the  value  of  1.35  x  3.8  +  .019.     Ans.  5.15565. 

5.  What  is  2.04  x  4.5  —  2.95  equal  to  ?     Ans,  3.162. 

6.  What  is  1.23  +  .94  x  2.12  —  .89  equal  to?     Ans.3.7lOi. 

7.  What  is  1.23  +  .94  x  2.12  —  ,89  equal  to  ?     Ans,  2.6691. 

8.  Find  the  value  of  3.4  —  2.5  x  .12  +  5.1  —  .12.     Am. 
4.578. 
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.  End  47.5  -  3.7  X  .23  -  .017  -  1.0734.    Jns.  45,6385. 
P.  Find  ^^-^^f/^^^-^^.    ^/w.  .7277134  &c. 


123.4 
l.  Bequired --— .    Ans.  .7009951  &c. 

I  To  determine  2.473  +  ^'^^  ^  '^^^.    Am.  2.474255  &c. 

36.5 

1  End  2H:^ip-^.    ^r,,.  7.380361  &c. 

4  «       .,   1.6  X  4.2  —  1.01  X  2.13  ,    .       ,.      ,    .      ,    ^ 
I.  Required — -— — being  the  decimal  of 

)und^  to  be  reduced  to  its  proper  quantity.    Ans,  132. 19«. 
.006. 


288.  PROPORTION,  or,  THE  RULE  OF  THREE 

IN  DECIMALS. 

IvLE.  Reduce  the  first  and  third  terms  to  decimals  of  the 
K  denomination,  and  the  second  to  a  decimal  of  the  greatest 
KXnination  mentioned  ^  then  state  the  'question,  and  proceed 
B  the  Rule  of  Three  in  Vulgar  Fractions :  the  result  will  be 
he  same  denomination  with  the  second  term,  and  (if  a  deci- 
I)  must  be  reduced  to  its  proper  quantity*. 

Examples. 

_.  3 
.  If  -~-  of  a  cwt.  of  pimento  cost  Zl,  2*.  6d.  what  is  the  value 

o 
M.  ^r.  \Uh,  ? 

Reductiori  of  the  terms, 

»*.=  .375c«j^.  3Z.25.6d.=3.125Z.  Icu7^2gr.  14Z6.=1.625cM7^. 

Stating,  Operation. 

ft    .       0,0.,         .  ^n.     .       3.125x1.625       5.078125 

l^cwt,  :  3.125Z.  :  :  1.625cM?^.  ;  = 

.375  .375 

=  13.54166  =  ISL  105.  9d.^  .99  &c.  Answer. 

Explanation, 

MTing  reduced  the  6rst  and  third  terms  to  decimals  of  a  cwt.  and  the  second 
•te  decimal  of  a  pound,  I  state  the  question,  and,  finding  that  the  answer 

Tile  rules  of  Proportion  in  whole  numbers,  vulgar  and  decimal  fraokions, 
*od  all  on  the  same  principles ;  they  di£fer  only  in  the  dilferent  modes  of 
^ion  peculiar  to  each  of  these  three  kinds  of  nmnbers. 
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oogfat  to  be  greater  than  the  scoood  term,  I  mark  the  less  exticae  for  i  diri- 
sor;  I  multiply  the  two  nnmarked  terms  together,  and  diride  the  prodact  by 
the  marked  tcnn,  the  qaoticot  13.54166  &c.  redaced  to  its  proper  tenu  ii 
the  answer. 

2.  If  2yds,  3qrs,xf(  cloth  —  pud  wide  will  make  a  coat^  how 

Viach  shalloon  half  yard  wide  will  be  required  to  line  it  through- 
out? 

Thus,  2yds,  3qrs.  =  2,7byd.      —yd.  =  .STSjfd.      -5-^^-  =  .5fi 

o^^  .*        .875x2.75      2.40625       ^    ,^^  , 

.875y.  :  2.75y.  : :  .5*y.  : =  — - —  =  4.81t5|A 

.5  .5 

=^  4yds.  3qrs,  In,  Answer . 

3.  Sold  a  barrel  of  ale  for  3/.  7s.  6d,;  what  sum  will  pay  for 
35.264  barrels  ?     Ans.  1191,  Os,  Sd.^  .36. 

4.  If  502.  will  pay  for  IScwt.  Iqr,  161b,  of  raisins,  what  is  the 

price  per  cwt.  ?     Arts.  31,  Is.  .00218. 

3 

5.  Boi^ht  —  of  a  levant  trader  for  357^^  5«.  what  sum  wiU 

o 

4 
purchase  -—  of  the  remainder  ?     Ans,  4761.  6s,  8d. 
5 

6.  Paid  9.87^  for  6.54  cwt.  of  stock-'fish  -,  what  quantity  can 
be  had  for  32.1Z.  at  that  rate  ?     Ans.  2lcwt,  Iqr,  2lb.  .2297S56. 

7.  If  a  lumj)  of  ore,  weighing  15.253  lb.,  be  valued  at  3s.  9d. 
what  is  the  cargo  of  a  ship,  carrying  180  tons  of  the  same, 
worth  ?     Ans.  49562.  85.  Od.4.  .939. 

8.  A  piece  of  cloth  was  cut  into  two  parts,  one  of  which  mea- 
eured  54  English  elb^  and  the  other  Sf  Flemish  ells  5  what » 
the  value  of  the  whole^  at  8*.  4d.^  per  yard  ? 
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39.  COMPOUND  PROPORTION  IN  DECIMALS. 

LE.  Prepare  the  numbers  (if  they  require  it)  as  in  the  pre- 
g  rule,  and  work  as  in  Compound  Proportion  in  whole 
icrs*. 

Examples. 
If  7  men  earn  9^  109.  6d.  in  10^  day8>  what  sum  will  2S 
earn  in  314-  d&ys- 

Reduction  of  the  terms, 
1. 10s.  6<l.=9.525i.        104-<l.=  10.5d.        3l4^.=3l.5d. 

Stating. 

*7m.  :  9.525Z.  : :  28m. 

*10.5d. : : :  31.5(1, 

Operation. 
4  3 

-i — ^    ^^    ^  =  £.  114.3  =  114Z.  68.  Ans. 

If  30Z.  in  20  months  gain  lOZ.  5^.  what  sum  will  202.  gain 
)  months  ? 

Thus,  *30Z.    :  10.25Z.  :  :  20Z. 
*20m.  : :  :  10m. 

_^      10.25  X  20  X  10       ^,  o     ,  ,    . 

Then =  3Z.  S«.  4a.  2f«*. 

30  X  20 

If  3^d.  2^r.  In.  of  cloth  that  is  4-  yard  wide  cost  9s.  Gcf.^ 
t  cost  4^(2.  S^r.  2n.  of  4  yard  wide,  and  of  equal  goodness  ? 
19«.  6d. 

Paid  32.  7^.  4d.  for  the  carriage  of  5cu?f.  Zqrs,  150  miles ; 
:sum  will  pay  for  the  carriage  of  7cm?  2.  29r.  2526.  64  miles 
e  same  rate  ?     Ans,  12.  18s.  7^2.  .0525. 


Iiis  rule  depends  on  the  same  principles  witb  Compoond  Proportion  in 
pnmbers. 


e* 
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CIRCULATING  DECIMALS. 

240.  Circulating^  repeating,  or  recurring  decimals  are  tbose 
in  which  one  or  more  of  the  figures  continually  recur,  and  may ; 
be  carried  on  indefinitely ;    the  figures  that  recur  are  called : 
repetends, 

241.  A  pure  repetend  is  a  decimal  in  which  all  the  figaics 
recur ;  as  .222  &c.  .012012  &c.  .153153  &c. 

242.  A  mixed  repetend  is  a  decimal  in  which  some  of  the 
figures  do,  and  some  do  not,  recur  5  as  .5333  &c.  .341212  &c. 
•419375375  &c. 

243.  A  single  repetend  is  that  in  which  only  one  figure  re- 
peats, as  .333  &c  and  is  denoted  by  a  point  placed  over  the 
circulating  figure,  as  .3. 

244.  A  compound  repetend  is  that  in  which  the  same  figures 

repeat  alternately,  as  .1212  &c.  .345345  &c.  and  is  expressed  bf 

•  •      •   • 

a  point  over  the  first  and  last  repeating  figure,  as  12.. ..345  &e. 

245.  Similar  repetends  are  those  which  begin  at  equal  dis- 
tances from  the  decimal  mark ;  thus  .2357,  .471,  and  .49S857i 
are  similar. 

246.  Dissimilar  repetends  are  those  which  do  not  begin  it 

equal  distances  from  the  decimal  mark  j  thus  .23123  and  .4531  (fft 
dissimilar. 

247.  Conterminous  repetends  are  siich  as  end  at  equal  dis- 
tances from  the  decimal  mark  j  thus  .232323  and  .315315  art 

•  •  •        • 

conterminous,  as  are  .34517  and  .82413. 

248.  Similar  and  conterminous  repetends  are  such  as  begin 
at  the  same  distance  from  the  decimal  mark,  and  end  at  the 
same  distance  5  thus  .785343434  and  .000789789  are  sinulair  Ofii 
conterminous,  as  are  .12345  and  .54321. 
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REDUCTION  OF  CIRCULATING  DECIMALS. 

849.  To  reduce  a  pure  repetend  to  its  equivalent  vulgar 

fraction. 

ris  I.  Under  the  given  repetend  as  a  numerator  write  as 
nines  as  the  repetend  has  figures  for  a  denominator. 
Reduce  this  fraction  to  its  lowest  terms^  which  will  be 

action  required*. 

• 

Examples. 


•• 


Required  the  values  of  .3  and  .36  in  vulgar  fractions  ? 

-«       •        3        1     ^  ,    ••       36       4    ^ 

Thus  .3  =  -—  =  -—  Jns.     and  .36  =  —  =  — -  Ans. 
9        3  99      11 


•    • 


Reduce  .234  and  .341231  to  equal  vulgar  fractions. 

^   .  .   234    26  ^     .  „•  ^«:   341231 

Thus   .234  =  -—-  =  — -T  ^^'    ««^  .341231  =  rrrrrr 

999    111  999999 

'^Ans, 

•      ^    ••  2  5 

Reduce  .6  and  .45  to  vulgar  fractions.    Ans.  —  and  — . 

%j  xx 


•   • 


Reduce  .213  and  .7286  to  equal  vulgar  fractions.    Answer 
7286 


c^d 


9999 


•   • 


-  •  •  5  370 

Reduce  .135  and  .769230  to  fi-actions.    Ans.  --  and 

37         481 


Qnify,  with  ciphers  subjoined^  be  divided  by  9,  in  infinitum,  the  quotient 

1  •  2  •     3  •     4 

e  1  continually ;  thus  —  =  .1 ;  whence  also  —  =  ,2,  —  =  .3,  — =* 

9  9  9  9 

Q 

',  io "»  1  >  wherefore  every  single  repetend  is  equal  to  a  vulgar  frac- 

9 

he  numerator  of  which  is  the  repeating  figure^  and  the  denominator  9. 

1  **  2  **3**  1 

lie  same  manner  —  =  .01 ;  whence  —  =  ,02,  —  =  .03)  &c.  also 

99  99  99  999 

2  .    .     3 

1 ;  whence  —-  =  002,  —  =  003 ;  and  the  same  holds  tme  universally. 

ifbre  every  pure  repetend  is  equal  to  a  vulgar  fraction,  the  numerator  of 
consists  of  the  repeating  figures,  and  its  denominator  of  as  many  nines 
re  are  repeating  figures ;  which  was  to  be  shewn. 
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250.  When  any  part  of  tJie  repetend  is  a  whole  number. 
KuLE.  Subjoin  as  many  ciphers  to  the  numerator  as  tlie 
highest  place  of  the  repetend  is  distant  from  the  decimal 
^la^k^ 

6.  Reduce  i.Ol  and  12.78  to  fractions.     , 

^        .     •        1010   ^  .  •       .        127900       14200  ^ 

Thus,  1.01  =  — — -  Ans.     and  12.78  = =  -77--  JfU. 

'  999  9999  1111 

7.  Reduce  2.46,  is.24,  and  i234.8  to  Tulgar  fr^usdons.    A- 

820      60800        ^  41 160000 

swer ,  —r and  — ■ . 

333        3333  33333 

8.  Reduce  i.3,  21.7,  and  312.4  to  equal  vulgar  fractktts. 

130     21700        ,284000 

Ans. , and . 

99         999  909 

251.  To  reduce  a  mixed  repetend  to  its  equivalent  vulgar 

fraction. 

Rule  I.  Prefix  as  many  nines  as  there  are  places  in  the  ^ep^ 
tend,  to  as  many  ciphers  as  there  are  places  in  the  finite  part, 
for  a  denominator. 

IT.  From  the  given  mixed  repetend  subtract  the  fimte  put 
for  a  numerator,  and  reduce  the  fraction  to  its  lowest  terms  fti 
the  answer. 


^  This  rale  may  be  explained  by  example  6 ;  where  if  we  suppose  101  to  It 

wholly  a  decimal,  its  equivalent  vulgar  fraction  will  be ,  by  the  preedta| 

999 

rule;  but  I.Ol  is  ten  times  101,  whence  the  foregoing  fraction  muhipGedlf 

1 m  1010  **  ** 

10,  rthus  .        .  X  10,)  or  ,  will  be  the  value  of  1.01.    Again,  if  \Vt% 

^  999  999 

be  considered  as  a  decimal,  its  equivalent  vulgar  fraction  will  be ;  M 

9999 

12.78  is  100  times  .1278  ;  wherefore  the  vulgar  fraction,  equal  to  the  fbniMr» 

1 27800 

ynSL  be  100  times  as  great  as  that  equal  to  the  latter,  that  is,  12.78  =s i 

9999 

which  is  the  rule. 
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Leduce  .123  to  an  equal  vulgar  fraction. 

Exfdttnation, 

Operation.  ^^  j^^^^  j^^^^  ^^^  repeating  fi- 

^rst  900  denominator,  gnre,  and  two  in  the  finite  part ; 

23  -  12  =  1 1 1  numerator.     ^!*\«f«''«  ^.°°M^*^1°»°  *^^ 

ciphers,  making  900  for  the  deno> 

111    37        ,       >.  minator.  Then  from  123  the  given 

'^*    900  "*    300  J'"'^^'     mixed  repetend,  I  subtract  12  the 

finite  part,  which  gives  111  for  the 
required,  numerator;    the  fraction  is  then 

reduced  to  its  lowest  terms. 


•    • 


Reduce  .5955  to  an  equivalent  vulgar  fraction. 

hui  9990  denominator,  and  5925  —  5  =  5920  numerator. 

ft 

,       .       5920       16    . 

herefore =  —  the  answer, 

•^        9990      27 

5  8 

Reduce  .27  and  .53  to  vulgar  fractions.    Ans.  —  and  — . 

^  18         15 

Reduce  .345,  .1234,  and  .43210  to  vulgar  fractions, 

,  To  make  dissimilar  repetends  similar  mid  conterminous. 

X  I.  Consider  which  of  the  given  repetends  begins  the 
t  fi:om  unity,  and  continue  each  of  the  other  repetends 
oany  places  from  unity,  putting  a  dot  over  the  right  hand 
of  each  3  this  will  make  them  similar. 
Continue  all  the  repetends  to  as  many  more  figiu'es  as  are 
o  the  least  common  multiple  of  the  several  numbers  of 
in  all  the  repetends,  and  place  a  dot  over  the  last,  or 

land  figure  j  this  will  make  the  repetends  conterminous. 

•    •  • 

Giten  the  following  dissimilar  repetends  .321,  5.47,  3.2^ 

ind  2.39,  to  make  them  similar  and  conterminous. 

Explanation. 

Here  .123  is  the  repetend  which  begins 
farthest  from  unity;  I  therefore  continue 
all  the  other  repetends  to  the  third  place, 
over  which  I  put  a  dot.  Now  one  of  the 
repetends  contains  3  places,  one  contains 
S,  and  two  contain  each  1 ,  and  the  least 
common  multiple  of  3,  2,  and  I,  is  6  ; 
wherefore  I  continue  the  repeating  figures 
in  each  repetend  to  6  places  farther,  and 
place  a  dot  over  the  last. 


Operation. 

•Oar. 

sim.  and  conterm. 

321 

= 

.32132132 

.47 

r= 

hA7h^7^T 

.S 

= 

3.22222222 

.123 

= 

.12312312 

•  • 
^9 

-^ 

2.39393939 
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14.  Given  123.45^  3.912^  .3012^  and  9.385^  to  make    % 
similar  and  conterminous. 

dissimilar,  tim,  and  ctrnterm, 

123.45^  =  123.4655555555555 

3.9i2  =  3,9121212121212 

.^12  =  .3012301230123 

0.385     =         9.3853853853863 

•   •  • 

15.  Make  12.384  and  2.34  similar  and  conterminous. 
12.3843  and  2.3444*. 

16.  Make  .1234  and  5.043219*  similar  and  conterminous. 
12344444  and  5.04321943. 

17^  Make  3.5,  45,  and  1.084,  similar  and  conterminous. 


253.  To  find  whether  the  decimal  equivalent  to  any  given  vt 
fraction  be  finite  or  infinite ;  and  if  infinite,  to  find  how 
places  the  repetend  will  consist  of. 

Rule  I.  Reduce  the  ^ven  fraction  to  its  lowest  terms, 
divide  the  denominator  of  the  new  fraction  by  10,  5,  or  Sitfj 
long  as  division  by  either  can  be  made. 

II.  If  by  this  division  the  denominator  be  reduced  to  uni^u 
the  decimal  will  be  finite,  consisting  of  as  many  places  as 
performed  divisions. 

III.  But  if  after  such  division  the  denominator,  viz.  the! 
quotient,  be  greater  than  unity,  divide  9999,  &c.  by  the 
quotient  till  nothing  remains  j  the  number  of  nines  made  uflci 
will  be  equal  to  the  number  of  figures  in  the  repetend,  whkk] 
will  begin  after  as  many  places  of  figures  as  there  were  divkktfj 
by  10,  5,  or  2. 

18.  Is  the  decimal  equivalent  to  — —  finite  or  infinite?  if j 

infinite,  how  many  places  does  the  repetend  consist  of? 

~        210  3 

Hrsty reduced  to  its  lowest  terms  is  — -. 

1  PiO  16 

Then,  16  ...  8  ...  4  ...  2  ...  1 ;    therefore  the  given  jt^ 

tion  produces  a  finite   decimal^    consisting  of  four  placeSf  tift 
210       3 

1125=  r6=-'''^- 

19.  Is  the  decimal  equivalent  to  - —  finite  or  infinite?  if^ 

7700 


■•i: 


^i; 


:  I  CIRCULATING  DECIMALS.  «3T 

),  where  does  the  repetend  begin^  and  how  many  places  docs 
Dsist  of? 

rsL reduced  to  its  lowest  terms  is 

^V  ^i  ■■■■ 


7700  700 

(10)  (5)  (2) 

ten,  700 ...  70  ...  14  ...  7}  wherefore  7)999999  in  which 

142857* 
hies  are  used  before  the  work  terminates.     Now  since  3  divi" 

(by  10^  5,  and  2)  have  taken  place,  there  will  be  3  finite 

8 ;  and  since  there  are  six  nines  employed  in  the  division  by  the 

juotient  7>  there  will  be  six  circulating  figures^  beginning  at 

^ourth  place  of  decimals.    Thus, = =  .144285714. 

.    A  ^  *!.    ^    •      1         .    ,     ^,     23    11     113         ,975 

\.  Ar6  the  decimals  equivalent  to  — ,  — , ,  and , 

^  60    12'   114'  1050' 

3  or  infinite^  how  many  places  does  each  consist  of,  and 
t  are  the  particulars? 


«54.  ADDITION  OF  CIRCULATING  DECIMALS. 

ULE  I.  Make  the  repetends  which  are  to  be  added  together 

larand  conterminous,  {Art,  252.) 

\  Oh  the  right  hand  of  each  repetend  place  two  or  three  of 

repeating  figures,  and  add  them  together  for  the  purpose 

irrying. 

!I.  Carry  the  tens  from  the  left  of  the  sum  of  these  figures  to 

right  hand  row  of  figures  in  the  repetends,  and  add  up  the 

ile  as  in  finite  decimals  3  then  mark  as  many  figures  of  the 

I'fDr  a  repetend  as  there  are  in  each  repetend  added  \ 


Fbe  reason  of  this  itile  is  sufficiently  plain  ;  for  it  is  evident,  that  all  the 
tends  to  be  added  must  be  made  similar  and  conterminous  (if  they  are  not 
ready)  before  the  operation  commences  :  and  since  these  repetends  may  be 
inned  indefinitely,  and  that  the  sum  of  the  right  hand  figures  of  the  first 
bmd  would,  in  that  case,  be  increased  by  the  number  carried  from  the  left 
i  figures  of  the  second,  and  the  sum  of  the  right  hand  figures  of  the  second 
be  number  carried  from  the  right  hand  figures  of  the  third,  and  so  on ;  and 
ttese  carryings  would  be  always  the  same,  as  each  arises  from  the  dddition 
ktsame  figures;  it  follows,  that,  in  order  to  have  the  true  repetend  in  the 
atJie  right  hand  figure  of  that  repetend  must  be  increased  by  the  number 
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Examples. 


•     • 


1.  Add  2.7  +  12.3456  +  .45  +  456.7  +  987.  +  .123 
ther. 

Operation. 


similar  and 

dissimilar. 

conterminous. 

fig- 

2.7 

= 

2.7777777 

777 

12.3456 

= 

12.3456456 

456 

•  • 
.45 

= 

.4545454 

545 

456.7 

= 

456.7777777 

777 

087. 

== 

987.0000000 

000 

.1234 

^^^ 

.1234234 

234 

Sum  1459.4791700  carry  2  to  the  4. 

JEsrplanation, 

The  repetends  being  made  similar  and  contenninoas,  tbe  namber 
^g-,  on  tbe  right  are  a  few  of  the  first  figures  of  each  repetend,  and  ai 

only  to  find  what  is  to  be  carried  to  the  4. 

2.  Add  78.3476  +  18.6  +  735.2  +  375.1  -f  187.4  +  5 
gether. 


similar  and 

dissimilar. 

contenninous. 

fig- 

78.3476    = 

78.3476476 

ure 

18.6            = 

isseeeees 

666 

735.2           = 

735.2222222 

222 

375.1           = 

375.1000000 

000 

187.4           = 

187.4444444 

444 

3.27         = 

3.2727272 

727 

Suvi  13980537082  carry  2  to  the  2. 

3.  Add  1.2  +  .35  +  12.3  +  123.4  +  4.32  together. 
141.675. 

4.  Add  17.64  +  2.8  +  4.23  +  1.83  +  54.9  together 
81.604. 


carried  from  the  left ;  or,  (which  is  the  same,)  by  carrying  from  the 
marked  /^.  (as  in  the  1st  and  2d  examples)  to  the  said  right  baud 
'the  repetend. 
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•  • 


5.  Add  87.12  +  9.7^28  +  2.3  +  4.5  +  8.08  together.   Sum 

1.7873145. 

5.  Acld.i23  +  4.05  +  71.6  +  12.91  +  3.123456  together. 

m  91.8799125. 

55.  SUBTRACTION  OF  CIRCULATING  DECIMALS. 

« 
duLB  I.  Make  the  given  repetends  similar  and  contermi- 
us,  and  place  the  less  number  under  the  greater. 
11.  Subtract  as  in  finite  decimals  j  observing,  that  if  the  lower 
letend  be  greater  than  the  upper,  the  right  hand  figure  of 
;  remainder  must  be  made  less  by  1  than  it  would  be  were  the 
pressions  finite  ". 

Examples. 
1.  From  123.45  take  21.532. 


Operation. 

similar  and 
dissimilar,  conterminous, 

123.45     =   123.4555555 

21.532  =     21.532532.5 


Difference   1O1.923023O 


•   • 


e.  From  374.123  take  40.379. 
Operation. 

stmUar  and  Explanation, 

dissimilar.  conterminous,  ,,        .,  .     ,  ^     ,.        • 

.    •  •    •  Here  the  repeteod  to  be  sub* 

374.123  .=    374.123123  tracted  is  the  greater,  the  right 

40.379  =     40.379699  ^hTrtforfa^rledV  k"""  " 

Diff.  333.743123 


3.  From  39.2178  take  17.68.     Biff.  21.5309491. 

4.  From  1.3  take  1.0047.     Biff.  .2952. 

6*  From  85.62  take  13.86432.     Diff.  71.86193. 
6.  From  10.0413  take  .264.     Diff.  9.7766948. 


"  The  reason  of  this  rule  will  be  plain  from  the  preceding  note. 
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256.  MULTIPLICATION  OF  CIRCULATING  DBODIAU 

Rule  I.  Turn  both  terms  into  their  equivalent  vulgar  fa^ 
tioDS>  and  multiply  those  fractions  leather. 

II.  Reduce  the  product  to  its  equivalent  decimal,  and  ktte 
work  be  continued  until  the  decimal  figures  repeat ;  then  uA 
the  tirst  and  last  repeating  figures,  and  it  will  be  the  prodnct 
required". 

Examples. 

1,  Multiply  .12  by  .34. 

Operation. 

.K  =  i?  =  4     .34=?i. 
99      33  90 

,^       4       31         124  62  •  .    ,  . 

Then  —  x  —  = =  =  .0417508  the  product, 

33       90       2970         1485         ^^'^^^     icj,juuuLi. 

Explanation. 

I  first  turn  the  decimals  into  their  equivalent  yulgar  fractions ;  I  then  ad* 
tiply  the  fractions  together,  and  reduce  the  product  to  a  decimal,  c(Hitiii]iif| 
the  quotient  until  the  figures  recur. 

2.  Multiply  12.3  and  .456  together. 

^3    111   37  •  •    456    152 

12.3  =  12--  =  — —  =  4-  .456  = 


9    9    3       999    333 
37   152   5624 

y  ^  33?  =  ^99- =  ^-^^  ^"^"^'- 

3.  Multiply  .25  by  36.     Prod.  .0929. 

4.  Multiply  37.23  by  .26.     Prod.  9.928. 

5.  Multiply  .3,  1.2,  and  .67  together.     Prod.  .27613168  &c 

6.  Multiply  .52,  3.1  and  .235  together.   Prod.  .38440235  &c 

7.  Multiply  .23,  2.34,  and  1.2  together.  Prod.  1.14435839  &c 

8.  Multiply  .4,  .4,  and  .0004  together.  Prod.  .0000790123456. 


"  The  reason  of  this  operation  will  he  plain;  for  if  two  quantities  be  i^ 
spectively  equal  to  other  two,  the  product  of  the  first  two  will  equal  the 
product  of  the  last  two ;  wherefore,  in  the  present  case,  the  product  of  the 
given  decimals  is  evidently  found  when  the  product  of  their  equivalent  Ttdgw 
fractions  is  found* 
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«57.  DIVISION  OF  CIRCULATING  DECIMALS. 

tuLB  I.  Change  the  divisor  and  dividend  into  their  equiva- 
:  vulgar  fhMlions^  (Art.  249,  250,  or  251.)  and  divide  the 
BT  by  the  former,  by  Art.  204. 

L  Reduce  the  ^otient  to  its  equivalent  decimal^  and  it  will 
he  answer*. 

Examples. 

.  Divide  .54  by  .3. 

Operation.  Ejtplaimtim, 

,,         5^         Q  I  First  reduce  both  repe* 

First  .54  =  —  =  —  tend*  to  the  equal  vnlgarftic- 

99        11  .61 

o  I  tions  —  and  — ;  then,  after 

yj  9  IQ  •  inverting   the    divisor  — , 

*  YX  X  Y  =  YT  '^    ^  "^  9«0^ie«i.        I  ^„,tip,y  ^^th  fractions^to- 

18 
gether,  and  the  result  —  is 


reduced  to  a  decimal,  which  is  the  quotient. 

Divide  .48  i)y  1.23. 

.\       44       22      ,   ..  -23         122 

Thus  .48  =  —  =  —      1.23  =  1  —  = 


90       45  99  99 

11         11 

ii         0^  121 

Then  55  x  -^  =  - —  =  .3967213  quotient. 

5  61 

Divide  .2*4  by  .7.     Quot,  .311688 

Divide  234.6  by  1.3.     Quot.  176. 

Divide  9928  by  .26.     Quot.  3723, 

Divide  13.5169533  by  4.297.     Qi^ot.  3.145. 

Divide  12.3456*  by  .00*8*1.     Quot.  1508.91. 

Divide  .'3*6  by  2*5.     Quot.  l.*42292490 11 85770760988*1. 


^hat  has  been  said  of  the  product  (in  the  foregoing  note)  is  equally  true 
quotient,  as  is  suihclently  /evident  from  Act.  204. 


5L.  I.  R 
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DUODECIMALS. 

258.  If  an  unit  be  (divided  into  12  ^qual  parts>  each  of  these 
parts  into  12>  each  of  those  latter  into  12,  and  80  on  inthoot 
end  'y  such  fractions  are  called  Duodecimal  EractUmi. 

259.  The  parts  into  which  the  unit  is  divided  are  caOed 
primes,  and  marked  thus  ' ;  those  into  which  the  prime  is  (fi* 
vided,  are  called  seconds,  and  are  marked  thus  ** }  thoM  iilo 
which  the  second  is  divided  are  called  thirds,  and  marked  thm'^i 
and  so  on  for  the  sucQeeding  divisions^  viz.  fourths  *'}  fifihi'-, 
sixths'"',  &c. 

260.  Duodecimals  ^  or  Cross  Multijdication,  is  a  method  of 
(nding  the  content  of  any  rectangular  sur&qe^  the  length  and 
breadth  being  given  in  feet>  inches,  andduodeeimal  parts»aiii 
is  employed  by  ailificers  in  computing  their  work. 

Rule  I.  Under  the  multiplicand  write  the  multiplier^  so  tkll 
feet  may  stand  under  feet,  primes  under  primes^  &e. 

II.  Multiply  each  term  in  the  multiplicand  (beginning  at  tk 
lowest)  by  the  feet  in  the  multiplier^  and  write  the  result  otetA 
under  its  respective  term }  that  is,  carry  one  for  every  18  M 
arises,  and  set  down  the  remainder. 

III.  Multiply  in  the  same  manner  by  the  primes,  and  let  the 
result  of  each  term  stand  one  place  to  the  right  of  that  tenn  ii 
the  multiplicand. 

IV.  Multiply  in  like  manner  by  the  seconds,  and  set  eacb  I^ 


-•*.*- 


p  The  nan^e  U  derived  from  the  l<atin  duodeckn,  twelve,  mid  it  txpnwnd 
the  nature  of  the  division  and  subdivision  of  unity,  which  take  place  in  tki> 
operations.  The  term  Crojts  Multiplication  arises  from  the  cross  method  d 
operating,  or  multiplying  cro^s-ways.  This  rule  is  much  in  use  amoofArtifi* 
cers,  as  it  supplies  them  with  a  ready  method  of  determining  the  dimensioos<f 
their  work  and  materials. 

Brick-layers,  n^sons,  glaziers,  and  otherf,  measure  their  work  by  the  sqiMt 
foot ;  painters,  paviors,  plasterers.  Sec,  by  the  sqqare  yard ;  tiling,  sbtiqfi 
and  flooring,  are  usually  measured  by  the  square  of  100  feet,  and  brick>woikil 
^equently  measured  b^  the  rod  of  1 6-3-  feet. 


Hi  THfomcmAiA.  ms 

t  two  places  to  the  rigtit :  by  t&e  thirds^  and  set  each  result 
ee  places  to  the  right  j  and  so  on  to  thcr  e'nd, 
/.  Add  aE  tbe  products  together,  (observing  continually  to 
ry  tfpe  tot  tvtry  19,  aiid  to  s^  down  the  pemalnder  J  the  sum 
t  la  tbe  answer  ^ 


•«te 


Wt  rfte  nay  Iw  pTOV«d  by  tuI^  fractions ;  tbas,  ex.  3.  ^.  8' »  5  -f> 

tod  15^  5'  -  2  +  TT,  wherefore  5-fAx24--i=.J3H + 

'2  12  H8  13 

.  or  fSjf!  ^  4*\  as  itf  the  example ;  and  the  same  may  be  shewn  is-  ail 
3 

h 

will  be  usefal  to  remember  the  foHowing  {MrtktilaHi  namely^  that 

Feet  multiplied  into  feet  produce  feet-. 

Feet  multiplied  into  inches  produce  inches. 

Feet  multiplied  into  seconds  produce  seconds'. 

&c.  &c. 

Inches  multiplied  into  indies  produce  seeoadf . 

Inches  multiplied  into  seconds  produce  thirds; 

&C.  ,   &c. 

Seconds  multiplied  into  seconds  produce  fourths. 
Seeoods  multiplied  into  thirds  produce  fiftite. 

Sec:  &C. 

in  general,  the  product  of  any  two  terms  will  be  of  that  denom&aatrotf^ 
It  ir  denoted  by  the- sum  of  the  numbert^  which  express  the  denominations 
Btfie' terms-. 

ms  seconds  multiplied  by  thirdt  produce  fifths,  for  2  -f  3  ^s  S;  and  the 
'utftvektaOy. 
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FaitL 


Examples. 
1.  r  Multiply  9/  3'  1"  by  bf.  f  9". 


Opebation. 

2    3     1  Multiplicand. 
5    7    9  MuUipliar. 

11     :i     5 
13     9     7"' 
18    3      9iv 

12/  8'    10"lO'"9iv  Prorf. 


2.  Multiply  4/  3'  2".  1 
By  1/.  2^   3"  4 


Espltmaiiofu 
I  first  multiply  tbe  multipUeaiid  I9 1^ 
cariying     1    for  every    19,    and  piStii| 
down  the  remaiaders  aoder  tbcir  hkt  it 
the  first  line.     I  next  multiply  by  tbs  7 
primes,  puttings  the  results  one  ptaee  it  Hi 
right  of  the  last,  and  carrying  as  befonftr  i 
the  second  line.    I  thea  multiply  by'tkf  ] 
seconds,  putting  the  results  two  plao«4li  J 
tbe  right,  and  carrying  as  before  fo  111 
third  line.     1  lastly  add  these  three 
together  (carrying  as  before)  for  the 
duct. 


4     3     2     1 

8     6     4     2iv. 
1     0     9     6     3v. 


1     5     0     8     4vi« 

Product  "5    0  10     7     8  11     4 

3.  Multiply  5/  8'  by  2/.  5'.     Prod,  13/  8'  4". 

4.  Multiply  3/  e'  by  J/.  9'.     Prod.  ^^f.  1'  6^. 

5.  JVlultiply  7/  5'  9"  and  3/  5'  3"  together.     Prod.  25/  8f 
2'"  3iv. 


'  These  examples  may  be  proved  by  Practice,  and  by  Decimals;  tbiis,£lii 


By  Practice. 
2/.  3' 


6' 

1 

1 

I 

ff" 

1 
T 

3 

1 
T 

1" 

5 


J5y  DecimaU. 
S.9569  &c.  «  «/:  8' 
5.6458  &c.  a:  5     7 


9 


11 
1 


3 
1 
3 
1 


5 
H 
3 
1 
6 


6 
1 

9 


6 
3 


IS   8  10  10  9 


180552 
112845 
90276^ 
135414 
112845 

12.74200602 
12 

8.90407224 
12_ 

10.848866*88 
12 


It  may  be  remarked,  that  the  opera- 
tion by  practice  gives  the  exact  answer, 
while  that  by  decimals  is  7   fourths  (or 

y 

of  a  square  foot)  short   of  the 

S0736 

truth,  in  consequence  of  both  factors  be- 
ing infinite,  and  too  few  figures  taken 
for  the  operation  :  if  the  factors  had  been 
continued,  they  wonid  have  been  respec- 

tively  2.2569416,  and  5.64593  ;  whence  (by  proceeding  according  to  irtickl 
S56  and  251.)  tbe  exact  answer  would  have  been  obtained. 


10.18640256 
12 

2.236R3072 
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.  Multiply  lOf.  4'  5"  and  7/  8'  6"  together.     Prod.  79/.  11' 

r  6iv. 

.  Multiply  5/  4'  8"  by  9/.  8'  6".     Prod.  5«/.  3'  9"  8". 

:  Mtdliply  311/.  Y  5''  by  36/  4'  11".     Prod.  11345/  11'  1" 

.  What  will  a  mahogany  side-board  cost,  which  is  5  feet 

inches  long,  and  3  feet  7  inches  wide  throughout^  at  4s,  6d, 

•qnare  fbot  ?    Ans.  41.  15«.  4d.^. 

1  What  sum  will  pay  for  new  glazing  a  hall  window  con- 

11^  60  squares^  each  1/  2'  3''  longi  and  11'  5"  wide,  at  3*.  Sd. 

icjuare  foot  ?     Ans.  121.  8s.  Sd.^-. 

I.  What  is  the  price  of  a  marble  slab,  the  length  of  which 

feet  7  inches,  and  breadth  3  feet  8  inches,  at  9s.  per  square 

}     Ans.  91.  4s.  3d. 

I.  A  room  which  is  66  feet  10  inches  about,  was  wainscotted 

it  11  inches  upwards  from  the  floor;  what  did  it  come  to  at 

d.i'.  per  square  fbot  ?     Ans.  34/.  7s.  1  d.^.. 

I.  A  drawing-room  which  is  32  feet  8  inches  long,  and  25 

9  inches  wide,  is  surrounded  with  a  cornice  34-  inches  wide, 

Riding  of  which  cost  3/.  6s.  6d.  required  what  sum  was 

ged  per  square  foot  ?     Ans.  Is.  lid.  VAV- 

i.  The  paving  of  a  brew-house,  24  feet  1 1  inches  long,  and 

eet  6  inches  broad,  cost  7s.  9d.  per  square  yard  -,  what  did 

irhole  amount  to?     Ans,  37/*  Os.  2d. 

L  The    expense   of  digging,   planting,   and    manuring  a 

len-garden  amounted  to  141.  Is.  Sd.  how  much  is  that  per 

re  yard,  supposing  the  length  to  be  109  feet  6  inches,  and 

>readth  58  feet  6  inches  ?     Ans.  4d.^. 

>.  What  sum  must  I  pay  for  painting  a  room  48  feet  10 

es  about,  and  9  feet  10  inches  high^  at  2«.  Sd.-^  per  square 

}    Am.  71*  5«.  7d.i. 
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INVOLUTION 


£61.  The  power  of  an^  number  is  the  product  that  ariiesby 
multiplying  that  number  into  itself  3  and  the  jnroduct  (if  ji^efeB- 
sary)  into  the  given  number )  and  this  product  (if  fudcpmrj) 
into  the  given  number,  and  30  on  continually. 

262.  The  product  arising  from  one  multii^icatioa^kadledtk 
square,  or  second  power  of  the  given  number)  the  pradnct  m- 
ing  from  two  successive  multiplications,  is  called  the  eob^  ir 
third  power  3  the  product  of  three  multiplications,  the  fiNVdi 
power  i  of  four  multiplications,  the  fifth  power,  and  ^o  on. 

^63.  The  power  of  any  nim^ber  is  denoted  by  a  small  figuRi 
called  the  index  or  exponent  of  the  power^  placed  over,  an4 1 
little  to  the  right  of,  the  givejji  number. 

Thw  3^  denotes  the  ^egoud  pwfor,  or  sqpiare  of  ^  the  naall  S  beiiifthf 
index  or  exponent  of  the  secon4  pover ;  7^  denote^  ibf  tUrd  power  oi  T f  «ki|> 
3  is  tbe  index ;  2\f  denotes  the /i/jth  poirer  of  21,  wliere  5  is  the  iadeK,  £|pe. 

264.  Involution  teaches  to  finfl  the  powers  of  any  given  auffi- 

265,  To  involve  whole  number*  or  decimals  to  any  power. 

RuLS  1.  Multiply  the  giveij^  nugiber  ipto  itself  for  the  sqiwre, 
^d  this  product  into  the  given  num^r  for  the  cube,  and  so  m 
continually  for  the  higher  powers  5  .observing,  that  to  obtain  aflf 
power,  the  number  of  successive  multiplications  wUl  always  be 
one  less  than  the  index  of  the  required  power. 

II.  If  there  are  decimals  in  the  number  given  to  be  involvedi 
mark  ofif  the  decimals  in  each  product,  ac^rding  to  the  rul^  fiv 
inultiplying  decimals.  Art.  224. 

■  The  name  Involution  is  derived  from  the  Lattn  vwoho,  to  wmp  or  isM  is. 
The  number  to  be  involved  is  called  the  root  of  the  proposed  power ;  the  dw 
ber  arising  from  the  involution  is  called  the  power  of  the  given  root.  The  teisH 
^uare  and  cube  are  applied  to  certain  numbers,  because  they  arise  by  procesitf 
^milar  to  the  known  method  of  computing  the  capacity  of  those  figures:  ui 
because  the  second  power  is  called  a  square,  and  the  third  power  a  cube,  the  l^ 
cond  root  is  named  the  square  root,  and  the  third  root  the  cube  root ;  the  fooitk 
power  is  sometimes  called  the  biquadrate,  (bis  quadratusy)  and  the  fourth  m^ 
the  biq;uadrate  root.  Particular  names  for  other  powers  and  roots  are  ts  bt 
found  in  old  bookf«,  but  they  are  now  seldom  used  ;  see  the  note  oo  Ait  52> 
part  3. 
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EXAMPLXS. 

.  What  is  the  fourth  power  of  12 } 

Opbratiok. 
12  =:  1st  power. 

**,  Hen  tbe  index  of  tbe  re<iiiired  |»otrcf  beio^  4^ 

44  =  2lld  power •  three  BHihipiicatioDt  ar«  neccasary:  the  first  pro- 

12  duces  the  square,  or  second  power ;  the  tecond  pro- 

— >  duces  the  cttfte^  or  fA«rtf  powtr;  and  the  third  pro- 

88  =  Sd  power,  duces  the  biquttdraUf  ot  fourth  power^  ai  was  re- 

12  quired. 

S6  s=  4th  power. 

.  Involve  2.8  and  .103  each  to  the  fifth  power. 


2.3  =  lit  power  or  root  =      .103 
2.3                     .103 

6^ 
45 

309 
103 

5.29  =5  2d  power  ss 
2.3 

.010609 
.103 

1587 
1058 

31827 
10609 

12.167  =:3c^jM>to<r=£ 
2.3 

.001092727 
.103 

36501 
24334 

3278181 
1092727 

27.9841  =  ^th  power  =s: 
2.3 

.000112550881 
.103 

839523 
559682 

337652643 
112550881 

64.36343  =  5*^  power  = 

000011592740743 

'.  Involve  234  to  the  square.    Square  .6475^. 

r.  What  is  the  cube  of  54  ?     Cufte  157464. 

••  Involve  100.2  to  the^third  power.  T^hsrdpoto^r  1006012.008. 

».  Involve    94.75    to    the    fourth    power.      Fourth   power 

196628.44140625. 


266.  To  involve  a  simple  fraction  to  any  power, 

luLB.  Involve  the  numerator  and  denominator  each  s^a« 
ely  to  the  given  power,  and  the  results  will  be  the  respective 
ms  of  a  new  fraction^  which  will  he  thepoiwer  xsqfiired, 

B  4 
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2  4 

7.  Involve  —  to  the  square,  and  -~  to  the  cube. 
o  5 


3 


"21*      2X2        4  5[ 

=  — ,  which  IS  the  sqtiare  oj-^^. 


3x3        9  ^  -"   3 


^«d  — I  =  -- — - — -  ==  ------;  the  cube  of  -— . 

51         5x5x5         125  J> 

8.  Involve  —  to  the  s<|uarc.     Square  — . 

9.  Involve  4r  to  the  cube.     Cube 


6  216 

3  81 

10.  Required  the  biquadrate  of  — .  Biquadrate 


4         '  256 

267.  To  involve  a  mvced  number  to  any  power. 

Rule  I.  Either  reduce  the  given  mixed  number  to  an  impto* 
per  fi*action,  by  Art.  172 ;  involve  both  terms  of  this  fraction  by 
the  last  rule  -,  reduce  the  resulting  improper  fi'action  to  its  pro- 
per terms,  by  Art.  173,  and  the  result  will  be  the  power.    Or, 

II.  Reduce  the  fractional  part  of  the  given  number  to  a  deci« 
xnal.  Art.  233.  subjoin  this  to  the  whole  number,  and  involTe 
the  result  to  the  given  power,  by  Art.  265. 

11.  Involve  24  to  the  second  power. 

Thus,  Art.  172.  24  =  ^  "^  "^  "^  ^  =  — . 

4  4 

fT]2        11  X  11  121 

Then  — j  =     ^^^     =  "Y^  =  (Art.  173.)  7A  the  power 

requiredy  or. 

Secondly,  24  =  2.75  by  Art,  233. 

Then  275?^=  2-75  x  2.75  =  7.5625,  the  poicer,  as  before; 
for  this  decimal  .5625  being  reduced  to  a  vulgar  fractiM, 

{Art  232.)  will  =  ^  as  above, 

2* 

12.  Involve  —  to  the  cube. 


4» 


2*       35 
Thus,  Art.  178.  7^  =  ^. 

44-       ot> 


rr..  35 

Then  — 
66 


42S75         .        7      ^     ^-w 
=  the  cube  required. 


287496 

13.  Required  the  square  of  l-J-.     Square  2,^. 

14.  What  is  the  cube  of  24  ?     Cube  ^(X^.  ^ 

15.  To  fipd  the  biquadrate  of  10^.     Biquad.  11401|4- 
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EVOLUTION*. 

8.  The  root  of  any  number  is  that  Tvhich  being  multiplied 
,  or  oftener  continually  into  itself^  will  produce  the  said 
ber. 

'9.  A  number  which  being  multiplied  once  into  itself  pro- 
9  the  given  number,  is  called  the  square  root  of  that  num- 
a  number  which  multiplied  successively  twicCj  produces  the 
I  number,  is  called  the  cube  root  of  that  number ;  if  it  pro- 
i  the  given  number  by  three  successive  multiplications,  it  is 
1  the  fourth,  or  biquadrate  root  of  that  number,  and  so  on. 
0.  The  root  of  any  number  is  denoted  either  by  a  radical 
^,  with  a  small  figure  expressive  of  the  number  of  the  root 


he  name  Evolution  it  derived  from  the  Latin  evolvo,  to  anfold.  WiUi  re- 
to  the  operation,  the  evolution  of  roots  consisting  of  only  one  figure  is 
r  a  simple  mechanical  process,  the  reason  of  which  immediately  appears : 
len  the  root  consists  of  several  figures,  the  grounds  of  the  rule  by  which  it 
racted  are  by  no  means  obvious.  A  respectable  writer,  whose  name  would 
Qour  to  these  pages,  observes,  that  <'  any  person  who  can  extract  the 
ire  and  cube  root  in  Algebra,  will  not  be  at  a  loss  to  demonstrate  the 
s  of  square  and  cube  root"  in  Arithmetic  ;  "  and  to  those  who  cannot, 
monstration  would  be  of  little  or  no  use."  The  truth  is,  that  the  com- 
Dies  for  the  extraction  of  roots,  either  in  Algebra  or  Arithmetic,  as  far  as 
been  able  to  learn,  kave  never  yet  been  demonatrated  independently,  and 
tt  supposing  that  both  the  root  and  its  power  are  previously  known : 
\  the  root  given,  its  power,  although  unknown,  is  easily  obtained  by  mol- 
tkm  ;  but  the  root  being  unknown,  cannot  be  obtained  from  the  power  by 
averse  operation  of  division,  because  the  divisor  is  not  known  :  hence 
ears,  that  the  rules  for  Evolution  were  first  discovered  mechanically,  or 
t  of  trial ;  and  the  only  proof  that  ihey  are  true  is,  that  the  number 
\  from  their  operation,  being  involved^  produces  the  given  power.  See 
te  on  Art.  57.  part  3.  Mr.  Wood  has  shewn  very  clearly  in  the  extraction 
eabe  root,  how  the  several  steps  in  the  Arithmetical  and  Algebraic  ope- 
f  respectively  coincide  with  each  other.  Elan,  qfAlgeb,  pp.  6t,  63.  Third 


'.  square  root  of  any  number,  is  a  mean  proportional  between  unity  and 
limber ;  the  cube  root  is  the  first  of  two  mean  proportionals  between 
and  the  given  number ;  the  biquadrate  root  is  the  first  of  three  mean  pro- 
oals  between  unity  and  the  given  number ;  and  in  general,  if  between 
and  any  power  there  be  taken  mean  proportionals  in  number  one  lesft 
he  index  of  that  power,  the  first  of  these  will  be  the  root  required. 


t 

k. 


850  ARITHMETIC.  tMl 

over  it^  and  the  whole  placed  before  the  given  number;  othjt, 
fractional  index  or  exponent^  ];daced  over,,  and  a  little  to  the 
right  of  the  given  number. 

Thus  ^3  or  3t  denotes  the  square  root  of  3 ;  '  ^7  or  7"^  denotes  the  cube 
root  of  7  ;  ^V^l  or  21}^  denotes  the  fifth  root  of  31,  &c. 

271.  Evolution  teaches  to  find  the  roots  of  any  ^veamun- 
ber. 

Thus  to  extract  the  square  root  of  a  number,  is  to  find  each  a  aamber  vhkk 
being  multiplied  once  into  itself^  prtdu«es  the  giT«n  namber :  ta  extract  tke 
eube  root,  is  to  find  a  number  which  being  multiplied  into  itself,  and  that  fi^* 
duct  into  the  same  number,  produces  the  given  number;  and  so  for  other  tvto, 

EXTRACTION  OF  THE  SQUARE  ROOT. 

27^'  The  following  table  contains  the  first  nine  whole  num- 
bers which  are  exact  squares,  with  the  square  root  of  each  plaoed 
tinder  its  respective  number. 

SQUARES 1.    4.    9.     16.    25.    36.    49.    64.    81. 

SQUARE  ROOTS.  1.    2.    3.      4.      5.      6.      7.      8.     % 

From  this  table  the  root  of  any  exact  square^  being  a  sio^ 
.%ure>  may  be  obtained  by  inspection,  as  is  plain. 

273.  To  extract  the  square  rootj  when  it  comisU  of  two  or 
more  figures y  from  any  number. 

Rule  I.  Make  a  point  over  the  units*  place  of  the  given  num* 
ber»  another  over  the  hundreds,  and  so  on,  putting  a  point  over 
every  second  figure ;  wherel^  the  given  number  wiU  be  difided 
into  periods  of  two  figures  each,  except  the  left  hand  periodi 
which  will  be  either  one  or  two,  according  as  the  number  of 
$gures  in  the  whole  is  odd  or  even. 

II.  Find  in  the  table  the  greatest  square  number  not  greater 
than  the  left  hand  period>  set  it  under  that  period^  and  its  root 
in  the  quotient. 

III.  Subtract  the  said  square  from  the  figures  above  it,  and 
to  the  remainder  bring  down  the  next  period  for  a  dividend. 

IV.  Double  the  root,  (or  quotient  figure,)  and  place  it  fbr  a 
divisor  on  the  left  of  the  dividend. 

V.  Find  how  often  the  divisor  is  contained  in  the  divideod, 
omitting  the  place  of  units,  and  place  the  number  (dieflotiiii^ 
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many)  both  in  the  quotient,  and  on  the  right  of  the  di- 
r. 

I.  Multiply  the  divisor  (thus  augmented)  by  the  figure  last 
in  the  quotieat,  and  set  the  product  under  the  dividend. 

II.  Subtract,  and  bring  down  the  next  period  to  the  re- 
nder for  a  dividend  3  and  to  the  left  of  this  bring  down  the 
divisor  with  its  right  hand  figure  doubled,  for  a  divisor. 
HI.  Find  how  often  the  divisor  is  contained  in  the  dividend, 
tting  the  units  as  before  3  put  the  number  denotii^  how 
p  in  the  quotient,  and  also  on  the  right  of  the  divisor, 
dlply,  subti«ct;  bring  down  the  next  period,  and  also  the 
sor  with  its  right  hand  figure  doubled,  &c.  as  before,  and 
2eed  in  this  manner  till  the  work  is  finished. 

» 

K.  If  there  is  a  remainder,  periods  of  ciphers  may  be  succes- 
ly  brought  down,  and  the  work  continued  as  before,  observ- 
that  the  quotient  figures  which  arise  will  be  decimals  3  and 
lere  be  an  odd  decimal  figure  in  the  given  number,  a  cipher 
It  be  subjoined,  to  make  the  right  hand  period  complete. 
>  for  every  period  of  superfluous  ciphers,  either  on  the  left  or 
it  of  the  given  number,  a  cipher  must  be  placed  in  the  quo* 
tt.  The  operations  may  be  proved  by  involving  the  root  to 
square,  (Ait.  265.)  and  adding  in  the  remainder,  if  any. 

EXAIIFLES. 

.  Extract  the^square  root  of  54756. 

Operation.  ^jpk^tmiUn, 

•     •    •  1  first  plae«  a  point  over  the  units,  then  over 

64756(234  =  root     the  buadreds,  then  over  the  ten  thousands  ;  5 

4  being  the  first  period,  I  find  from  the  table  the 

IM4T  greatest  square  4,  contained  in  it ;   this  4  I 

''1^^  place  under  the  5,  and  its  root  ^  is  tiie  quo- 

^*^  tient,  and  having  subtracted,  I  brii^  4ofwn  to 

4)    1856  ^^^^  remainder  1  the  next  period  47,  making 

IQ^Q  147  for  the  dividend;  1  double  the  quotient 

_  figure  2,  and  place  the  double,  vii .  4,  for  a  di- 

Tisor,  to  the  left.    Omitting  the  units  7, 1  ask 
Proofs  ^^^  often  4  is  contained  in  14,  «^4  ^04- it  g«es 

^-     .  3  times;  this  3  I  put  both  in  the  quotient  9pd 

834  —  root  divisor,  making  the  latter  43 ;  this  I  multiply  by 

^4  =  root  the  quotient  figure  3,  and  anbtrad  the  product 

gog  1 29  from  the  dividend.    To  tbe  remainder  191 

« -^  bring  down  the  next  period  56,  making  th^  new 

'  ^^  dividend  1 856 ;  to  the  left  of  this  I  bring  down 

468  the  divisor  with  its  last  figure  3  doubled,  mak- 

54756  =  square.        >ag  46 :  I  then  ask  how  often  46  goes  ia  185, 

.    .R r-  (omitting  the  6,)  it  i;qi»  4  tiq»es»  I  theureC^rft 

put  the  4  both  in  the  quotient  fyid  on  the  ri^^t 
fte  divisor,  and  multiply  as  before :  there  being  neither  a  remainder,  nor 
!  more  figures  to  bring  down,  the  operation  b  finished. 
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2.  Extract  the  square  root  of  X)00064aor' 

Operation". 


.0000648070)  .008050279  root. 
64 


ieo5) 


8070 
8025 


161002)  450000 
322004 


1610047)  1^799600 
11270329 


16100549)  152927100 
144904941 


Remainder       8022159 


Here,  in  order  to  eompleU  te 
right  band  period,  1  tobloui  act- 
pber ;  and  there  being  2  periods  d 
ciphers  to  the  left,  I  prefix  a  cipher 
for  each  period  to  the  rooL  In  tk 
seconc  step,  baTing  braogbtdomi 
tbe8C',I  find  that  16  wiD  not  go  in 
8  ;  I  therefore  pat  a  dpbcr  hoUiiB 
the  qaotient  and  divisor,  and  dial 
bring  down  the  next  period  70 ;  aol 
the  like  in  the  next  step.  I  briif 
down  a  period  of  ciphers  both  tfacfl 
and  in  oich  following  step. 


3.  Extract  the  square  root  of  95.801234. 

95.801234(9.78781  root. 
81 

187)1480 
1309 


1948)  17112 
15584 


19567)   152834 
136969 


195748)  1586.500 
1565984 


1957561)    2051600 
1957561 


Remainder         94039 

4.  Requu-ed  the  square  root  of  529.     Root  23. 

5.  To  find  the  square  root  of  104976.     Root  324. 

6.  What  is  the  square  root  of  298116  ?     Root  546. 


*  These  operations  may  be  proved  three  wa3r8.  First,  by  inrolring  the  root 
to  the  square  as  in  ex.  I.  and  adding  the  remainder  to  the  square :  the  resnH* 
if  the  work  be  right,  will  equal  the  given  number.  Secondly,  by  casting  out  the 
nines :  thus,  cast  ont  the  nines  from  the  root,  and  multiply  the  excess  into  itsdf ; 
cast  the  nines  out  of  the  product,  reserving  the  excess ;  cast  the  nines  ont  of  tbt 
reminder,  subtract  the  excess  from  the  dividend,  and  cast  the  nines  ont  of  ^shA 
remains  :  if  this  excess  equals  the  former,  the  work  may  (with  the  lestrictioa 
mentioned  in  the  note  on  Art.  41 .)  be  presumed  to  be  right.  Thirdly,  by 
tion,  similar  to  the  proof  of  long  dirision.  Art.  4 1 . 
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7.  Extract  the  square  rofot  of  9T4169.    Root  987. 

8.  What  is  the  square  root  of  1046529  ?     Root  1023. 

9.  Extract  the  square  root  of  8678916.     Root  29.46. 

0.  Required  the  square  root  of  32.72869681.     Root  5.7209. 

1.  Find  the  square  root  of  70.     Root  8.3666,  &c. 

2.  What  is  the  square  root  of  .000294  ?    Root  .0171464^  &c. 
.3.  What  is  the  square  root  of  989  ?    Root  31.44837,  &c. 

4.  Find  the  square  root  of  6.27.     Root  2.503996S05,  &c. 

5.  Required  v'.00Oi524i57875O19O521.  i^oot  .0123456789. 

'4.  To  extract  the  square  root  of  a  vulgar  fraction^  both  terms 

of  which  are  exact  squares. 

luLB.  Extract  the  root  of  the  numerator,  and  likewise  of 
denominator  5  these  two  roots  will  be  respectively  the  terms 

I  new  fraction,  which  will  be  the  root  required. 

4 
.6.  Extract  the  square  root  of  — . 

£splanation. 

Operation.  jj^^  ^^^  root  of  4  is  2,  and  the  root  of 

4        2  2 

—  =  — the  root  reaiiired.     9  i*  8>  therefore  -r-  will  be  the  rqjJt  0/ 
9  3  ^  3  . 

the  given  fraction. 

^  ^     9      25        36  , 

17.  What    are   the    square    roots   of  — , ,     ^ ,  and 

^  16    144     169 

381  ^         3     5     6         ,41 

?     Roots  — ,  -—,  — ,  and  ^^  ■-. 

176  4     12    13  276 

75.  To  extract  the  square  root  of  a  vulgar  fraction,  the  terms^ 

of  which  are  not  both  squares, 

RuxE.  Reduce  the  given  fraction  tp  a  decimal,  (Art.  233.) 
i  extract  the  root  of  this  decimal  for  the  answer. 

18.  What  is  the  square  root  of  ---  ? 

First  -1  =  .5  6y  Art.  233.    Then  ^.6  =  .70710678119,  *c. 

rt.  273.)  the  root  required. 

3 

19.  To  find  the  square  root  of—.     Root  .8660264,  &c. 

7 

20.  What  IS  the  square  root  of  -~-  ?     Root  .295803989,  Ac. 


L 
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S7^.  To  exlract  lAtf  tquare  root  of  a  miieed  mtm^. 

Rule.  Redtieie  the  fractkm  to  a  dedmaJ,  (Art.  2SS.)  to  which 
prefix  the  whole  number^  extract  the  squnre  root  of  the  fesolt 
by  Art.  97S,  and  it  wilJ  be  the  root  required. 

21.  To  find  the  square  root  of  8  — . 

First  (Jrt.  233.)  8  —  =  8.75, 

4 

Then  (Art  ^S.)  ^8.75  =  2.958039W,  the  root  r^ukil 

1* 
S2.  What  is  the  square  root  of  -j  ? 

If       30       10 

Thus  (Art  178.)  —  =  _  =  —  =  .344827586206,  &c. 

4tj-       o/        -^S 

Therefore  ^.344827586206,    &c.  =  .5872202,   &c  (Jrt, 
273.)  =  <^  root  required, 

23.  Required  the  square  root  of  l^-.     Root  1.22474487>  &c. 

24.  What  is  the  square  root  of  7^  ?     Root  2.792848,  &c. 

Qi 

25.  What  is  the  square  root  of  -~  ?     Root  .81^4065,  &c. 

34 


277.  Sometimes  it  happens,  that  the  given  miaed  number 
being  reduced  to  its  equivalent  improper  fraction,  both  the 
terms  will  be  rational.  In  this  case  it  will  be  best  to  extract 
the  roots  of  the  numerator  and  denominator  separately,  and 
they  will  form  an  improper  fraction,  which  must  be  leduced  to 
its  proper  terms,  (Art.  173.) 

26.  Extract  the  square  root  of  24^. 

Thus  (Art    172.)   2:i^  =  ~.     Then  (Art  274.)^—  =  - 

4  4        » 

s  14.  (Art.  173.),  the  root  reqtdred. 

27.  What  is  the  square  root  of  2}  >     Root  I4. 

28.  What  is  the  square  root  of  30^  ?  Root  54-. 
29;  What  is  the  square  root  of  1 14.  >  Root  ^. 
30.  Required  the  square  root  of  1564-.     Root  124-. 

278.  Promiscuous.  Examples  for  Practicb. 

1.  The  side  of  a  square-kitchen  garden  is  63  yards  -,  how  miny 
square  yards  does  the  garden  contain  ?   Ans,  3969  square  jferds. 
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2.  Ad  army  ccmsktiog  of  87616  men^  is  tt»  be  arranged  in  the 
form  of  a  square  $  how  many  will  a  side  contain  ?  Ans,  296  men, 

3.  What  will  the  paling  of  a  square  garden  consisting  of  2909 
square  yards  cost^  at  35.  6d.  per  yard  ?     Am,  322.  18s. 

4.  Required  the  length  of  a  ladder,  the  foot  of  which  being 
pitched  12  feet  from  the  wall,  its  top  will  reach  a  window  18 
feet  from  the  ground*?     Ans.  9.1  feet,  759969,  ^c.  inches, 

5.  A  rope  120  fathoms  long  is  extended  from  the  top  of  a 
clifT,  to  a  boat  moored  at  SO  fathoms  from  its  base;  required  the 
perpendicular  height  of  the  cliffy  ?  Ans.  89.4427,  8^c.  fathoms, 

6.  Required  a  m^n  proportional  between  36  and  2401 '  ? 
Am,  294. 

7*  A  rectangular  field  has  its  sides  equal  to  210  and  300 
yards  respectively  3  what  length  must  the  side  of  a  square  be  to 
contain  an  equal  area  ?     Ans,  250.9979,  8fc,  yards, 

8.  The  diagonal  (or  straight  line  joining  the  opposite  cor- 
ners) of  a  chess-^board,  measures  30  inches;  required  th^ 
length  of  the  side  ?     Ans.  21.213203,  ^c.  inches, 

9.  A  wall  is  supported  IS  feet  from  the  ground  by  a  shoar  16 
feet  long ;  how  for  is  the  foot  of  the  shoar  distant  from  the  base 
of  the  building  ?    Ans,  9  feet,  3.9285,  ^c.  inches, 

10.  A  gentleman  has  a  table  5  feet  wide,  and  14  feet  long, 
and  wants  three  others  to  be  made,  each  sqnare,  and  all  together 
of  equal  dimensions  with  the  former  5  required  the  side  of 
each  ?     Ans,  4  feet,  9.9654,  8fc,  inches. 

Extraction  of  the  Cube-Root. 
279-  The  following  table  contains  the  first  nine  whole  num- 


>^  Tbe  length  of  the  ladder,  the  perpendicular  distance  of  its  top  from  the 
ground,  and  the  distance  of  its  foot  from  the  wail,  together  form  a  right  angled 
triangle;  and  it  is  demonstrated  in  the  47th  proposition  of  the  first  book  of 
Buclid's  Elements,  that  the  square  of  the  longest  side  of  such  triangle  is  equal 
to  the  sum  of  the  squares  of  the  two  remaining  sides ;  wherefore  in  the  present 

HMtance,  ^Ti\*  +  Tsf  =  21.633,  &c.  feet,  =  the  length  required. 

J  From  the  foregoing  note  it  follows,  that  the  difference  of  the  squares  of  the 
l^t^eA  aad  of  either  of  the  remaining  sides,  is  equal  to  the  square  of  the  other 

tide  ;  whence  Vfso)^— 8^^  =  89.44,  &c.  fothoms. 

•  The  square  root  of  the  prodoct  of  any  two  oyumhert  is  a  mean  propor* 
tiooM  between  tbem« 
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bers  which  are  exact  cubes,  together  with  their  cube  rootSi 
where  each  root  is  placed  exactly  under  the  number  of  which  it     j 
is  the  root^  whereby  the  cube  root  of  any  cube  number  within     \ 
its  limits  may  be  found. 

CUBES  ...:...!.     8.     27.     64.     125.  216.  343.  512.  7^9. 
CUBE-ROOTS.  1.    2.      3.       4.        5.       6.       7.       8.      9. 

280.  To  extract  the  cube  root,  consisting  of  several  figures, 

from  any  number. 

Rule  I.  Put  a  point  over  the  units*  place^  and  also  one  over 
every  third  figure,  counting  from  the  units  5  whereby  the  given 
number  will  be  divided  into  periods  of  three  figures  each,  except 
the  left  hand  period,  which  may  be  either  one>  two,  or  three 
figures. 

II.  Find  by  the  table  the  greatest  cube  in  the  left  hand 
period,  set  the  said  cube  under  that  periods  and  its  root  in  the 
quotient. 

III.  Subtract  the  cube  from  the  period  above  it,  and  to  the 
remainder  bring  down  the  next  period  for  a  dividend. 

IV.  Multiply  the  square  of  the  root  by  300,  and  place  the 
product  to  the  left  of  the  dividend  for  a  divisor. 

V.  Find  how  often  the  divisor  is  contained  in  the  dividend, 
and  place  the  number  in  the  quotient  for  the  next  figure  of  the  | 
root. 

VI.  Multiply  the  divisor  by  the  last  figure  of  the  root.  Multi- 
ply all  the  figures  in  the  root,  except  the  last,  by  30,  and  that 
product  by  the  square  of  the  last.  Cube  the  last  figure  of  the 
root.  Add  these  three  together,  and  call  their  sum  the  subtra- 
hend. 

Vir.  Subtract  the  subtrahend  from  the  dividend,  and  bring 
down  the  next  period  for  a  new  dividend. 

VJII.  Find  a  new  divisor  by  proceeding  as  before,  viz.  multi- 
plying the  square  of  the  whole  of  the  root  found  by  300.  Di- 
vide. Find  a  new  subtrahend  as  before,  and  proceed  in  this 
manner  until  the  work  is  finished. 

IX.  Decimals  must  likewise  be  pointed  over  every  thiitl 
figure  from  the  units*  place,  and  if  there  are  not  decimals 
enough  to  complete  the  right  hand  period,  the  deficiency  must 
be  supplied  by  ciphers.     If  the  given  number  consists  of  whole 
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nambers  and  dediuals^  tile  root  will  conaitt  of  m  many  pkces  of 
whole  numbers^  as  there  are  periods  of  whole  numbers ;  and  as 
many  decimals^  as  there  are  periods  of  dednuils.  If  there  is  a 
renudnder  after  all  the  figures  are  brought  down«  the  work  may 
be  continued ,  by  bringing  down  periods  of  ciphers  *. 

Examples. 
I .  Extract  the  cube  root  of  3^768. 

OfeRATIOM.  Exptanatum. 

Under  the  first  period  32, 1 
32768(32  root.  pUoe  the  greatest  cabe  con- 

27  tained  in  it,  y\x,  27 ;  and  the 

3l«  X  300  =  8700)-576rdirfafend.  ^^  ^  ^f ^Z  J.?" 
9700  X  2  =  5400  the  reaiainder  5  bring  down 

^  V  <in  NX  ol  2 «i?^  768  for  the  dividend :  to  the 

iJ  X  W  X  2/     —  360  igft  ^  ^^^  1  p,^  ^b^  di^i. 

§)^  =:  8  sor,  nz.  the  sq^iiare  of  3  (or  9) 

twice  in  the  dividend,  I  there- 
fore put  2  in  the  (jnotient.  I  multiply  the  divisor  by  this  quotient  figure,  and 
place  the  product  5400  under  the  dividend ;  I  multiply  ah  the  figures  in  the 

loot,  (viz.  3.)  except  the  last,  by  30,  and  that  product  by  ^^  the  square  of  the 
last,  which  gives  360.  I  then  cube  the  last  figure,  viz.  2,  which  gives  8  :  these 
three  I  add  together  for  the  subtrahend,  whidh  being  the  same  as  the  dividend, 
and  ail  the  periods  being  brought  doim,  the  work  is  finished. 


*  When  the  root  of  a  decimal  onfy,  having  several  places  of  ciphers  on-  its 
left,  u  to  be  extracted,  for  every  complete  period  of  ciphers^  ohserve  to  prefix  a 
cipher  to  the  root. 

This  rule  is  proved  by  involving  the  rpot  found  to  the  cube,  and  adding,  in 
the  renu^nder  (if  any)  to  the  last  line  of  the  work  j  the  sum  m3X  be  equal  t» 
the  given  nnmberi  if  the  operation  is  right. 


VOL.  t. 


f^  AUTHfifBTIC.  tml 

%  V/Ui  is  the  eubt  mot  of  99M^Mr ) 

Operation. 

9?.S5S847(4.63 


64 


4]«  X  300  =  4800)55^55  dividend. 
4800  X  6  =  28800 

4  X  30  X  6P  =  4320 

6)3  =  ?16 


33336  subtrahiui. 
46)*  X  300  =  634800)191^847  geco»d  divid. 
634800  X  3  =r  1904400 

46xS0xS)«=  12420 

3p;=:  27 

1916847  5eQOi?<2  subtr. 

3.  Recjpired  the  cube  root  of  12167.     Root  23. 

4.  Required  the  c«be  root  of  15746^/    Root  54. 

5.  Extract  the  ^be  root  of  9U25.    Root  45. 

6.  What  18  the  cvdie  vopt  of  148869S6 )     Root  946. 

7.  What  is  the  cube  root  of  4361490B  ?     Root  352. 

8.  Extract  th^  cube  ropt  of  128.024064.    Root  5.04. 

9.  Required  the  cube  root  of  1879000.904.     Root  193.4. 

10.  Extract  the  cube  root  of  li)0601200S.     Root  IjOOSL 

11.  Required  the  cube  root  of  27407.028875.     Root  30.1$. 

12.  What  is  the  cube  root  of  ,0001357?     Rogt  .pgl^S.  4c. 

13.  What  is  the  cube  root  of  2  >     Root  1.2599|  ftc. 

281.  To  extract  the  qube  rgot  of  a  vul^giT  fraQtion,  gr  mUfti 

nuwfier. 

Rule.  If  the  terms  of  the  fraction  be  both  ratioiial,  eztnct 
the  root  of  the  numerator  for  a  numerator^  and  of  the  denaoii* 
nator  for  a  denominator  (Art.  280.)  $  but  if  they  are  not  both 
rational^  reduce  the  fraction  to  a  decimal^  (Art.  233.)  and  ex- 
tract the  root  of  the  latter  \  (Art.  280.) 

FoT  a  mixed  number,  reduce  the  fractional  part  to  a  decimal. 


^  The.  former  part  of  the  mle  is  the  most  convenient^  when  it  can  be  •pfu««» 
the  bitter  part  is  general,  and  applies  equally,  whether  the  terms  of  the  gina 
fraction  be  rational  or  irrational.  The  operations  are  prove4  by  InTohitioOy  u 
in  the  preceding  rule. 


ft  9i3.}  to  which  pr^CU  tb^  wbidA  iuwb«r»  9Qd  9Xtw^  the 
3t  as  before. 

81 


14.  Extract  the  cube  root  of 


IVi 


81         27 
This  fracHen  reSnead  $o  its  kmtsi  $irms  is  — -~-  as  — ,  the 

19«       ^ 
nu  of  which  are  both  cubes, 

27        3 
Therqfatre^^-^^  -**  44c  root  r^qutpei. 

o4        4 

15.  Extract  the  cut>e  root  of  — . 

Thus  —  =  .5,  then » ^.5  =?  .79334  &c.  ^A«  ro^^ 

16.  Required  the  cube  root  of  3|-. 

TViiw  *^  Si  =  '^3.5  =  1,519,  &c.  ^Ac  roof. 

W  3 

7.  Required  the  cube  root  of  »    Uoo/  — . 

512  4 

.8.  Required  the  cube  root  of ;:—--:.     jRool  -—. 

2744  7 

4 
9.  Required  the  cube  root  of -^.    Ro9i  .829>  &c. 

5 
!a  What  is  the  cube  root  of  8—  ?     Root  2.0564,  &c. 

7 

289.  Promiscuous  Examplbs  for  Practice. 

.  What  is  the  length,  breadth,  and  height,  of  a  eitbical  room, 
ch  contains  2197  cubic  feet  of  air  ?     Ans.  13  feet. 
:.  Required  the  side  of  a  cubical  box,  which  will  ho^l  2744 
ic  inches  of  flour.    Ans,  14  inches. 

.  A  cubical  box  holds  9261  cubic  inches  of  cori^^  how  many 
fpre  feet  of  4/eal  are  there  yi  it  ?  Ans,  18  f^et,  ^4  inches, 
^  A  c^kal  ^t^rn  qp^tWl?  12$  n;bic  f^^  of  wat^r^  whilst  is 
value  of  the  lead,  at  2d.-^  p^r  lix  aQ^owiog  4i  Vh  tp  ^^  9qH%i:« 
t,  and  12  square  Ibel  for  the  run  ^  Jtns,  6L  ISa.  6d.4  .&. 
r.  The 'solid  content  of  the  earth  is  estraiated  at  2^5404588080 
ic  miles ;  required  the  side  of  a  cube  containing  an  equal 
ll^ty  of  ips^ter^  of  th^  sapiie  density?  A^-  6426.4  mile^  nearly, 
U  Jli?qHir«4^  XMiQ  ¥aew  pi:08<Vtion^  ^tw«e^  2  wd  54*? 

■  '  ■  ■         I.       ■  n  ,  ^  ,     II   I   I 

*Pt>  find  two  mean  proportionals,  divide  tiie  greater  extreme  by  the  less, 
Extract  the  cube  root  of  the  quotient ;  then  multiply  the  less  extreme  by 

S  2 
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7.  Required  the  two  niean  proportionals  between  3  and  375? 
Ans.  15  and  75. 

8.  The  earth  revolves  round  the  sun  in  365^  days,  at  95  mil* 
lions  of  miles  distance  from  him  -,  required  the  distance  of  Jupi- 
ter  from  the  sun^  supposing  he  revolves  about  the  sun  in  433^ 
days  <r  ?     Ans,  494109000  miles  nearly, 

8.  In  the  temple  of  Apollo,  in  the  island  of  Delos,  there  was 
a  cubical  altar^  3  feet  each  way^  made  of  the  horns  of  ammab 
forcibly  bent  and  entwined  together^  said  to  be  the  work  of 
Apollo  in  his  infancy  3  required  the  side  of  a  cube  double,  and 
of  another,  half  of  the  same  ?  Ans,  side  of  the  double,  3.7797^ 
feet :  side  of  the  half  :2.3811  feet, 

283.  BxTaACTioN  ov  Roots  in  o^bnekal. 
By  Approximation  •„ 

Rule  I.  Call  the  given  num&er  whose  root  is  required  to  be 
found,  the  number.    * 

II.  Find  by  trials  a  power  nearly  equal  to  the  number,  and 
call  its  root,  the  assumed  root. 

III.  Add  1  to  the  index  of  the  power,  and  call  the  result,  the 


the  said  root  for  the  first  mean ;  aad  this  product  by  the  root  for  the  second: 

/  54 
tbofl  in  the  example  ^  V  L.  x  2  =  the  first  meiio,  and  this  product  multiplied 

<K    /54 
by  ^  V       =s  the  second  mean. 

'  2 

^  The  cubes  of  the  distances  of  any  two  planets  from  the  sun,  are  as  tbe 

squares  of  the  times  in  which  they  each  revolve  round  him ;  in  this  example 
therefore  36&J)*  :  4332^  :  :  95  millions)'  :  the  cube  of  Jupiter's  distance, 
the  cube  root  of  which  is  the  answer :  in  the  same  manner  the  distances  of  all 
the  other  planets  may  be  found,  their  periodic  times,  with  that  of  the  earth, 
and  its  distance  from  the  son,  being  known. 

*  Approximation,  (from  the  Latin  a<^to,  ajki^  projtimus  nearett,)  is  a  cooti- 
nual  approach,  still  nearer  and  nearer,  to  the  quantity  sought ;  by  this  method 
the  roots  of  numbers  are  found,  not  exactly,  but  to  any  assigned  degree  of  near- 
ness, short  of  absolute  exactness :  the  rule  is  in  substance  the  same  as  that  first 
given  by  Dr.  Ifutton,  in  the  first  volume  of  his  Mathematical  Tracts.    Tliere 
are  rules  by  which  the  roots  of  exact  powers  may  be  accurately  deteraiDed ; 
but  for  the  roots  of  high  powers,  the  operations  require  too  much  time  and  la* 
hour  to  be  of  any  real  tise  in  practice.  An  universal  investigation  of  the  abore 
rule  will  be  jg;iTeni  whe]||  we  treat  of  the  resolution  of  the  higher  f^nfiioui  ifl 
Algebra, 


V 
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Jii  i  sabtract  1  firom  the  index^  and  call  the  result^  the  diffe^ 
nee. 

IV.  Multiply  the  power  by  the  mm,  and  the  number  by  the 
ference,  and  add  both  products  together  for  the  first  term. 

V.  Multiply  the  number  by  the  $um^  and  the  power  by  the  dif^ 
rence,  and  add  both  products  together  for  the  second  term. 
Vi.  Make  a  rule  of  three  stating,  thus ;  say  as  the  first  term :  is 
the  second  term  :  ;  so  is  the  assumed  root ',  to  a  fourth  number^ 
)ond  by  the  rule  of  three*)  which  wiQ  \^  the  root  of  the  given 
umber  nearly. 

VII.  Involve  the  root  found  to  the  given  power^  and  if  the 
wer  and  given  number  are  nearly  equal,  the  work  is  finished ; 
t  if  not,  the  operation  must  be  repeated,  thus ; 

VIII.  Let  the  root  found  be  called  the  assumed  rooty  and  its 
wer  the  power,  and  proceed  with  these  and  the  given  number^ 
*ii,  and  difference,  as  before,  whence  a  root  will  be  obtained 
11  nearer  the  truth.  In  this  manner  the  operation  may  be  re- 
ated  at  pleasure,  observing  always  to  use  the  last  found  root^ 
d  its  power,  for  the  assumed  root  and  power, 

Examples, 
|.  Required  the  cube  root  of  520. 

Here  520  =  the  number.  3^  the  index.  3  -f  1  ==  4  =  ^^« 
w.  3—1  :=z2  :=z  the  difference,  IJind  by  trials  that  8  is  nearly 
lal  to  the  cube  root  of  520 }  therefore  8  =  ^^  assumed  root, 
dlS\^zs  513  =  the  power. 

Then  512  x  4  as  2048  =  the  power  multiplied  by  the  sum. 

520  X  2  =  1040  =  the  number  multiplied  by  the  diffe- 

■  [rence. 

their  sUm  =r  3088  s  the  first  term. 

And  520  X  4  =  2060  =  the  number  nuiUiplieii  by  the  sum, 

512  X  2  s  1024  =s  the  power  multiplied  by  the  diffe- 
—  [rence, 

their  sum  3104  sz  the  second  term. 


s  3 
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Then»68  iSlMiiB 
8 

3068)94833<a0414  as  ike  roi>i  nearli^. 
94704 

12800  ^      - 

12369  Proof, 

'  448Q  8.0414) «  e  519.W,  *<J.  wki^^fc  i» 

3088  very  nearly  equal  to  the  gwen 

13920        number. 
19352 

1568 


2,  Required  the  5th  root  (tf  40. 

Here  40^  the  number,  Btsthe  index.  5  -f  1  s  6  s  (k 
ftrni.  5^  1  =c  4  ss  /^  difference.  Let  the  toot  found  by  trials  he 
2^  the  assumed  root ;  then  2)^  ss  39  ss  t^  poio€r. 

2%^32x6=192  and  40  X  6  3=940 

40x4s  160  32  X  4  =  128 

^  first  term  =  352       the  second  term  as  363 

368  X  2 
^      Then  352  :  368  : :  2  :     ^^_     =2.0909,  ^c.  =  ^^  roo^ nearly, 

352  " 

To  repeat  the  operatipPL 
Here  2.0909  =  the  root  assunied.  2.0909V  =  39^63757,  *c. 
=  the  power. 

Then  6  x  39.963757  =  239.782543 

4x40  =  160. 

First  term  399.782543. 

6x40  =240. 

4  X  39.963757  =  159.855029 
Second  term  399.855029 

Wherefore  399.782543  :  399.855029  :  :  2.0909  : 

399.85.5029x2.0909  ,  , 
^^:^r^aTI^ -•  =  2.091279IO8543  =  the  root  extremeln 

near, 

3.  What  is  the  cube  root  of  17.54  ?     Root  2.5982,  &c. 

4.  What  is  the  4th  root  of  94.75853  ?     Root  3.1196,  &c. 

5.  What  is  the  5th  root  of  3124  ?     -Roof  4.9996,  &c. 

6.  Extract  the  6th  root  of  48.     Root  1.90636,  &c. 

7.  Required  the  7th  root  of  581.     Root  2.4824,  &c. 

6.  Required  the  8th  root  of  72138957.88.    Root  9.5999,  &c. 
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a.  W&aA  k  tlM  9th  fool  of  9 1    ito#ll.«00&9,  Ac 
ia  BatnuA  the  MMXMid^  thifd>  fomrtht  fifth,  tltth,  MVttMh, 
hth,  and  ninth  roots  of  one  husclrad^  itful  ftM  thdr  sUU. 
s.  2784716,  &c. 

i84L  la  all  tht  fbre^aio^  eiadipka  the  index  of  lh«  root  is  a 
elioBj  havAflf  1  for  its  staneratori  caanples  hotrever  tevie- 
itaoteiir>  in  which  the  numerator  of  the  index  k  greater  than 
in  this  case  the  root  is  extracted  by  the  following  t 
ftvLB  I.  Involve  the  given  number  to  that  power  whidb  is 
loted  by  the  numerator  of  the  index^  from  whenee  eatract  the 
it  denoted  by  the  denominator :  or, 

I.  First  ejctract  the  root  denoted  by  the  denominator,  then 
olve  this  root  to  the  power  denoted  by  the  nuonerator  ^, 

1.  Find  the  value  of  8I4. 

Thus  by  Rule  I.  §1*=* M,  dnd  »  ^4  ==  4,  the  ro6t  required. 
RuU  U.  ^  v^8  it%&nd?t*±=i4,  the  root  eU  befot^. 
.8.  Required  th€  TlOue  of  io}^ 

Thus  ioi*  ar  10000  ajud  *  ^^^^^^^  =*  6.3096,  &c.  the  root  : 
»^10=  1.5849,  to.  and  lT&d49]^  a  t'.3096^  the  root  as  be- 

13.  Required  the  value  of  ^4.    Am,  1.68171>>  &c. 
A.  Required  the  value  of.io23li.     Ans,  15.993,  &c. 

15.  Required  the  value  of  10648^*     ^^'^^  ^84. 

16.  Requu^  the  sum  of  the  values  of  il^,  3)4,  "iih  »ttd  5),\ 
$.  10.72196,  &c. 

PROGRESSION. 

285.  When  several  numbers  or  terms  are  placed  in  regular 

icession,  the  whole  is  called  a  series. 

386.  If  the  terms  of  a  series  successively  increase  or  decrease, 

ording  to  some  given  law^  the  series  is  said  to  be  in  progres- 

n. 

WT.  Progression  is  of  twokind^^  Arithmetical  atid  Geomefri- 

In  tlus  rule  both  lavolu^a  aaid  XrolHttoii  ar«  enpleyed;  tbfl  miacKitOT 
:1m  firaitioiMil  iodez  denoting  a  fwer,  and  the  dutaminalu^  a  r«w  i  thtfB  in 
{11.  8r  denotes  either  the  euhe  tw4  (^the  tfimn  o/9,  or  tke  fuar0  of  th^ 
e  roiit  ^  8 :  on  this  princiylo  the  role  depends. 
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ca]»  arising  from  the  manner  in  which  the  suooessive  inCbease  or 
decrease  is  made ;  namdy>  either  by  addition  or  aubtraetion,  or 
by  multiplication  or  dirisioa. 

ARITHMETICAL  PROGRESSION. 

288.  A  series  of  numbers  is  said  to  be  in  Arithmetical  Fro- 
gressiouj  when  the  terms  successively  increase  or  decrease  Iby  the 
constant  addition  or  subtraction  of  a  number^  called  the  eommoa 
difference  * . 

There  are  five  particu^  belonging  to  questions  in  arithme* 
tical  progression ;  viz. 

1.  The  least  term.      i      n  j  ^t 

^   _.  >  called  the  extremes, 

2.  The  greatest  term^  J 

3.  The  number  of  terms. 

4.  The  common  difference. 

5.  The  sum  of  all  the  terms. 

Any  three  of  these  five  being  given,  the  remainii^  twon^ 
be  found,  as  is  shewn  by  the  rules  and  examples  foUowii^. 

289.   The  least  term,  the  greatest  term,  and  the  number  of  term, 
being  given,  to  find  the  sum  of  all  the  terms, 
Rt^LE.  Add  the  least  and  greatest  terms  toother,  multiply 
the  sum  by  half  the  number  of  terms,  and  the  product  will  be 
the  sum  required. 

Examples. 
1.  The  least  term  is  3,  the  greatest  17,  and  the  number  of 
terms  8^  in  an  arithmetical  progression ;  required  the  sum  of  the 
terms. 

Thus  3  4-  17  =  20  =:  sum  of  the  extremes. 
And  4  {or  half  8)  =  half  the  number  of  terms, 
Tfien  20  X  4  =  80  =  <yic  sum  required. 

s  When  the  progression  consists  of  three  or  four  terms  only,  it  is  usually 
called  SM  orithmetical  proportion  i  and  the  middle  terms  are  called  mriikme' 
ticai  means. 

The  essential  property  of  an  arithmetical  progression  is  this ;  naadji 
**  The  sum  of  the  two  extreme  terms  is  equal  to  the  sum  of  every  two  mean 
**  terms  equally  distant  from  the  extremes ;"  from  this  property  many  otbeny 
Mme  of  which  are  the  subject  of  the  following  rules,  are  easily  deduced ;  but 
as  this  cannot  be  conveniently  done  without  Algebra,  it  was  thought  best  to  rt- 
fer  to  the  Algebraic  part  of  the  work  for  proof  of  the  rules  here  given.  Hw 
word  progression  is  derived  from  the  Latin  progrtdior,  to  go  forward. 
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rhe  kaft  term  is  5,  tiie  greatest  906,  and  the  numb^  of 

II,  being  given,  to  find  the  sum  of  the  terms. 

Iktct  5  +  806  as  910  =  mm  of  the  extrema. 

fbo  64.  =s  htdf  the  nwmber  of  terms, 

Hierefore 310  x  H  sa  1156  ss  the sumrequired. 

Hie  extremes  are  4  and  800,  and  the  number  of  terms  40, 
t  the  sum. 

hus  4  -f-  800  X  SO  s  16080,  the  sum  required. 

i  man  paid  a  debt  which  he  owed  at  80  payments  in  arith- 
1  progression  5  the  first  payment  was  SI,  and  the  last  I8Z. 
ras  the  debt  ?    Am.  2102. 

bought  100  p^aches^  and  paid  £Dr  them  in  arithmetical 
ssion>  viz.  for  the  first  id.  and  for  the  last  6d.  what  sum 
I  whole  amount  to  ?  /ins.  12.  79.  Id, 
Vhot  must  be  given  for  120  elm  trees,  the  prices  whereof 
arithmetical  progression,  that  of  the  first  being  5s.  and 
the  last  102.    Ans,  6152. 

The  least  term^  the  greatest  term,  and  the  number  of  terms, 
being  given,  to  find  the  common  difference. 

E.  Subtract  the  least  term  from  the  greatest,  and  divide 
oainder  by  1  less  than  the  number  of  terms  5  the  quotient 
the  common  difference  required. 

1  an  arithmetical  progression,  the  least  term  is  3,  the 
1 17,  and  the  number  of  terms  8  5  required  the  common 
ice  ? 

kus  17—3  =:  14  =  ^^  difference  of  the  extremes. 

sd  8—1  ss7  zs  the  number  lessened  by  1. 

14 
kerefore  —  zs^  szthe  common  difference  sought. 

he  least  term  is  5,  the  greatest  205,  and  the  number  of 
11,  in  an  arithmetical  progression;  required  the  common 
ice? 

206—5       MO 

t  ■    ^^   ,  =    ,^    =  20  =  the  common  difference  required. 

ir— 1       10 

man  had  5  sons,  whose  ages  were  in  arithmetical  pro- 
B,  the  youngest  was  3  years  old,  when  the  eldest  was  13^ 
d  the  conunon  difference  of  their  ages  ? 


we 
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Thus =  —  =4}-  yearsr  the  com,  difference  reqwred, 

5—1         A       •  ■        ■  ■ 

10.  Bought  ISO  Bhe«(^>  uid  gave  a  shilliiig  for  the  fifft,  anil 
five  pounds  for  the  last ;  if  the  (NrkwB  lire  in  arithmetitkd  pro- 
gression^ whftt  is  the  common  difference  ?    Am.  ^H4d« 

11.  Required  the  common  difference  of  40  terms  in  arithme- 
tical progression^  whereof  the  least  is  4,  and  the.  greatest  800? 
Ans.  2044. 

■  19.  A  BEirmer  bought  100  oxen,  for  the  first  he  paid  ZL  aod 
tor  the  last  48^.  supposing  the  prices  in  arithmetical  progresiioD, 
what  was  the  common  differeiice  ?     Ans,  9s.  iVr^. 

291.  The  least  term,  the  greatest  term,  oftd  the  f^tmnum  dif- 
ference being  given,  to  find  tf^  number  of  terms. 

Rule.  Subtract  the  less  term  from  the  greater,  and  divide 
the  remainder  by  the  common  difference }  increase  the  quoticfll 
by  1,  and  it  will  be  the  number  of  terms  required. 

13.  The  least  term  of  an  arithmetical  progression  is  4,  tbe 
gr^test  39>  and  the  eommon  difference  5  $  required  the  number 
of  terms  ? 

39—4      35 


=  -7=7.     Then  7  +  1  =  S>  the  number  rt- 
5 


Thus 

quired, 

14.  A  grazier  sold  a  certain  number  of  oxen,  the  prices  rf 
which  were  in  arithmet  ical  progression  3  for  the  first  he  received 
m  and  for  the  last  60L  how  many  were  there,  supposing  the 
common  difference  of  the  prices  to  be  41,  ? 


50—9  4$ 

Thus +  1=  —  4-1  =  12 -fl 

4  4 


13  =  the  number 


required, 

15.  The  ages  of  a  family  are  in  arithmetical  progression,  the 
youngest  is  5  years  old,  the  eldest  27,  and  the  common  diffe- 
rence 9;  required  the  number  of  persons  ? 


77ii« -i^  +  1  =.  ^  4- 1  =  1 1 +  1 


19  s  the  answer. 


16.  The  two  extremes  of  an  arithmetical  progreasion  are  S7 
and  38,  and  the  common  difference  1  -,  reqniied  the  Bumbo'of 
terms  ?     Ans.  12. 


I* 
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I UU  fvit  paid  bjr  instalmciits  in  trithmfllioU  ptogNisioft, 
t  payment  was  5^  the  greatest  29L  and  the  common  dif« 
4<.  j  how  many  p^rmants  were  made }  An$.  7. 
longbt  a  kt  of  books,  and  paid  It.  M.  for  the  Aral, 
for  the  last,  and  each  (beginning  at  the  fliac)  cost  6d. 
lan  the  preceding  $  how  many  books  were  there  ?  An*^ 
I. 

€rwm  th§  fmtmbtr  of  termi,  the  sum  pf  the  Urnut  oMd 
tkt  coauaofi  differenc§,  to  find  tko  hoMlt  torm* 

I.  Divide  the  sum  of  the  terms  by  the  number  of 

ibtract  1  from  the  nttmbo^  of  teifms,  and  multiply  the 
er  by  half  the  common  difference. 
torn  the  quotient  (found  above)  subtract  this  pt^uct, 
remainder  will  be  the  least  term. 

he  attm  of  on  arithmetical  progression,  consisting  of  11 
( 154,  and  the  cooimott  difference  S  -,  required  the  least 

15i 

u =  14  the  quotient  of  the  sum,  by  the  number  of 


2 


111  — 1  X  —  SB  lOta  the  number  of  terms  minus  1, 

id  by  half  the  common  difference. 

.It  14— 10  =  4,  the  least  term,  as  was  required, 

he  sum  of  the  terms  366,  the  number  of  terms  12, 
conunon  difference  5,  of  an  arithmetical  progression 
ven,  required  the  least  term  ? 
366      61       ^  ,-7S — r      S        11        5       55 

^      61      66       6       ^       ..    ,      ** 
irefore =  —  z=:3  =z  the  least  term, 

he  sum  of  the  ages  of  9  persons  is  162,  and  the  com- 
erence  3  years  -,  required  the  age  of  the  youngest  ? 

IfiQ        3 

^-i^^9— 1  x-:r«l^*^^3«^  thetmswer. 
9  2 

ke  sum  of  6  nmnben  in  ariUwetical  progxession  is  106, 
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and  the  common  di&rence  4$  re<{iiire^'ttae  leart  tenti?    4b^ 
swer,  8. 

23.  Seven  poor  persona  received  among  them  63  sluffiiip^ 
their  shares  were  in  arithmetical  progression,  the  oommoatf- 
ference  being  2  >  required  the  least  share  ?     Ant.  3  skiUmgL 

293.  Given  the  lecut  terrii,  tlte  number  of  terms,  and  the  cos* 
mon  difference,  to  find  the  greatest  term. 

Rule.  Multiply  the  number  of  terms  by  the  common  diiar* 
ence,  to  the  product  add  the  least  term,  and  fWmi  this  sum  sub- 
tract the  common  di£Perence  \  the  remainder  will  be  the  gveafcesT 
term. 

24.  In  an  arithmetical  series  of  10  terms,  the  least  term  » %t 
and  the  common  difiference  3  -,  required  the  greatest  term  ? 

.   ri^uslO  X  3  + 8  — 3ss30-f  8  — 3=:38-^3=sS5=:ttr 

greatest  term, 

25.  The  least  term  of  an  arithmetical  series  is  24- ;  the  oom- 
mon  difference  4^5  and  the  number  of  terms  16  :  required  thi 
greatest  term  ? 

Thus  J6  X  44.  -f  24^  —  44.  =  70  =  e^  greatest  term. 

26.  A  man  has  12  children,  the  youngest  is  three  quartos  of 
a  year  old,  and  each  was  born  when  the  preceding  was  fiftect 
months  old  \  required  the  age  of  the  eldest  ? 

Thm  12  X  14  +  4—  1^  =s  14i,  the  answer. 
27*  The  least  term  is  3,  the  common  difierenoe  2,  and  tk 
number  of  terms  7 ;  to  find  the  greatest  term  ?     Ans.  15. 

28.  The  age  of  the  youngest  of  9  persons  is  6,  and  the  com- 
mon difference  3  j  required  the  age  of  the  eldest  ?     Ans.  30. 

29.  The  least  term  is  2^,  the  common  difference  3^,  and  tlie 
number  of  terms  20,  being  given  to  ffnd  the  greatest  tenn? 
Ans.  64. 

294.  Promiscuous  Examflxs  fox  Fhacticb. 

1.  How  many  times  does  the  hammer  of  a  clock  strike  in  IS 
hours  ?     Ans.  78. 

2.  The  clocks  at  Venice  go  to  24  o'clock  -,  how  many  times 
does  the  hammer  of  one  of  them  strike  the  bell  in  that  sp&x  of 
time  ?     Ans.  300. 

3«  If  1000  stpne^  be  placed  in  a  straight  line,  the  first  a  yird 
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ffatant  from  a  basket,  and  the  rest  in  socoession,  each  a  yard 
&tant  from  the  preceding  -,  what  length  of  ground  must  a  man 
go  over,  to  pick  up  the  stones  one  l^  one,  and  return  with  them 
tb^  to  the  basket  ?     Jru.  500  mUeif  1540  yds. 

4.  Bought  9  books,  the  prices  in  arithmetical  progression, 
that  of  the  least  being  3  shillings,  and  that  of  the  best  19 }  what 
flom  did  I  pay  for  the  whole ;  and  what  is  the  common  differ- 
ence of  the  prices  ?     Ans.  Paid  41.  I9s.    Com.  dig,  2«. 

5.  A  man  travelled  2  miles  the  first  day,  and  53  miles  the  last, 
ttid  increased  every  day's  journey  three  miles  more  than  the 
preceding  \  how  many  days,  and  what  distance,  did  he  travel  ? 
Am,  18  djOLijif  and  travelled  495  miles. 

6.  There  are  64  squares  on  a  chess  board  -,  now  if  I  lay  half  a 
carown  on  the  first  square,  three  shillings  on  the  second,  and  so 
on,  increasing  successively  by  sixpence,  how  much  wiU  there 
be  on  the  last  square,  and  on  the  whole  board  ?  Am.  On  the 
i<ut  square  ll.  I4s.    On  the  whole  board  58/.  Ss. 

7*  A  debt  of  1 5^  is  to  be  discharged  at  12  payments,  each 
WMCff filing  payment  to  exceed  the  former  by  4  shillings  -,  what 
WSH  the  first  and  last  payment  be  ?  Ans.  The  first  payment  3 
mkillmgt.    The  last  22.  79. 

8.  A  poet,  who  had  agreed  with  a  bookseller  to  receive  40^ 
Wat  every  thousand  vei'ses  he  should  write,  set  to  work  on  new 
;3fear*s  day,  and  composed  10  verses  ^  next  day  he  composed  13, 
wad  so  on,  increasing  every  day  by  2 }  now  allowing  70  days  for 
WDidays  and  other  holidays,  what  sum  would  be  due  to  him  at 
^die  year's  end  ? 

GEOMETRICAL  PROGRESSION. 

895.  A  series  of  numbers  is  said  to  be  in  Geometrical  Pro- 
gressiop,  when  the  terms  successively  increase  by  the  constant 
Hmhiplication  by  some  number  called  the  ratio,  or  decrease  by 
esnstantly  dividing  by  the  same  number  or  ratio  ^, 


•pa 


^  The  fandamental  property  of  a  Geometrical  Progression  is  this ;  nameljr, 

^  The  pffodnet  of  the  two  extresM  temit  is  equal  to  tbe  product  of  any  two  in- 

^  tcniMdiatc  terms,  equally  distant  from  the  extremes  ;"  frcan  this  property 

^  test  are  derired,  as  will  be  shewn  when  we  resume  the  subject  in  the  Alge- 


I 
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Tiiere  are  fife  particulan  which  beloog  to  questiooB  mgKh 
metrical  progresaion;  namely^ 

1.  The  least  tena^       1      «  j  ^t       . 

^   rr.1.  ^  _u.  ^  f  called  the  extremes. 

9.  The  greatest  term,  J 

3.  The  numher  of  terms. 

4.  The  ratio. 

5.  The  sum  of  all  the  terms. 

Any  three  of  these  five  being  given,  the  remaining  two  imqrbe 
found,  as  follows. 

296.  The  koii  term,  the  greatest  term^  (mi  the  ratio  Umi 
given,  to  find  the  pun  of  the  e^riee, 

KuiiB  I.  Multiply  the  greatest  term  by  the  ratio,  aad  floi 
the  produet  subtract  the  least  term  lor  a  dividend. 

9.  Subtract  1  from  the  ratio  for  a  divisor. 

3.  Divide  the  dividend  by  the  divisor,  and  the  quotient  id 
be  the  sum  required. 

\.  The  least  term  is  2,  the  greatest  6950a  aiKl  thq  ratio  5^  i| 
a  series  in  geometrical  progression  5  required  tb^  sum  of  tkf 
9«riea? 

Thus  6350  X  5  -r-  S  3x  31950  -^  2  vb  31248  tks  dmd^ 

And  5  — >  1  =3  4  the  divisor, 

31248 
Therefore =  7812  the  sum  required. 

2.  The  least  term  1024,  the  greatest  59049,  and  the  ratio  1^ 
being  given  in  a  geometrical  series,  to  find  the  sum  of  all  the 
terms  ? 

Thus  59049  X  H  —  1024  =  87549-5  dividend. 
And  14-  --  1  =3  4.  s,.  5  divuror. 

Then  — ^  =  175099  the  sum  required. 

3.  Given  in  a  geometrical  progression  the  laast  tenp  10^  (^ 
greatest  term  10000,  and  the  ratio  6,  required  the  sum  ? 


braic  part  of  the  work ;  the  grounds  of  the  several  mles  ki  aritteftiid  tf' 
{^eometrkat  progression,  cannot  be  explained  in  a  satisfeetery  manner  hftm- 
(non  ahthmetic. 


r 
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.      10000x6 -10      69990      „^^o  ^i 

ua — ; = =  11998  the  sum. 

6^1  5 

k^  le«it  term  is  1,  the  gres^tett  91^7,  «q4  thf  ratjq  3, 

d  tbe  sum  of  the  series  ?     4n9.  323a 

be  extremes  are  10  aad  lOO^  and  tbe  ratio  l^,  in  a  geo- 
1  progression ;  required  the  sum  ?     Ans,  550. 

tus  extremes  of  a  geometrical  progresaioo  are  5  aad  320^ 
ratio  8 ;  reqvured  the  swn  ?     -^k^.  635. 


the  greatest  term,  number  of  terms,  and  ratio, 
to  find  the  least  term, 

E.  Involve  the  ratio  to  the  power  whose  index  is  1  less 
le  number  of  terms^  divide  the  greatest  term  by  this 
and  the  quotient  will  be  the  least  term. 

a  geooietrical  series,  the  greatest  term  is  972,  the 
of  terms  6,  and  the  ratio  3,  required  the  least  term  ? 

6  -r-  i  r;;  §.  then  31*  =  243.  tcherefore —^::s>  4,  tte  \e^t 

mired. 

iquired  the  least  term  of  a  geometrical  progretsion,  of 
he  greatest  term  is  1536,  the  rsitio  2,  and  the  number 
8  10? 

10  —  1  ss=  9.  thm  2/9  BB  512.  mhfif^ore  -^^  sp  3,  tht 

m, 

a  geometrical  progression  the  greatest  term  is  10.2487, 

0  1.1,  and  the  number  of  terms  5;  rec^uii'ed  the  least 

102487 
5  —  1  =4,  and  lJ\* »  1.4641,  md  -t^-t  —  7,  the 

I.ao41 

t». 

n  a  geometrical  progression  consisting  of  6  tcnas^i 
lest  term  is  1024>  wi  th^  ra^  4i  reqiiqpod  th«  kist 
Ans.  1. 

iven  the  greatest  term  768,  nuhiber  of  terms  9,  and 
to  find' the  least  term  ?     Ans,  3. 

The  least  term,  rat\p,  and  number  ^  terjfi9  beiuff  ffiv^t 

to  find  the  greatest  term, 
.  Involve  the  ratio  to  that  power  whose  index  is  on« 


i 
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less  than  the  number  of  tenns ;  multiply  the  power  by  ^  least 
term,  and  the  product  wUl  be  the  greatest  term. 

15.  The  least  term  of  a  geometrical  progression  is  S,  the  , 
ratio  2,  and  the  number  of  terms  9  -,  to  find  the  greatest  tenn? 

Thus  9—1  =  8,  then  S^  =  256,  whence  256  x  S  =  768,    ; 
the  greatest  term,  \ 

13.  In  a  geometrical  series  of  5  terms,  the  least  tmn  is  10,  •! 
and  the  ratio  7,  required  the  greatest  term  ? 

Thus  5  —  1  =s  4,  and  7)*  =  2401,  whence  2401  X  10  = 
24010,  the  greatest  term. 

14.  The  least  term  of  a  geometrical  series  is  8,  the  ratio  3« 
and  the  number  of  terms  7  >  to  find  the  greatest  term } 

Thus  sl«  X  8  =  729  X  8  s=  5832,  the  greatest  term. 

15.  In  a  geometrical  progression  there  are  given  the  kMt 
term  2,  the  ratio  3,  and  the  number  of  terms  4 ;  to  find  tte 
greatest  term  ?     Ans,  54. 

16.  Required  the  greatest  term  of  a  geometrical  series,  whose 
least  term  is  5,  ratio  6,  and  number  of  terms  7}     Am.  233980t 

299.  The  two  extremes,  and  the  sum  of  the  series  being  gUm, 

to  find  the  ratio. 

Rule.  Subtract  the  least  term  from  the  sum,  and  also  the 
greatest  from  the  sum ;  then  divide  the  foimer  remainder  by  tk 
latter,  and  the  quotient  will  be  the  ratio  required. 

17'  In  a  geometrical  progression,  the  extremes  are  10  and 
10000,  and  the  sum  is  11998,  required  the  ratio  ? 

Thus  11998  —  10=  11988.  and  11998  —  10000=  1998. 

11988 
Then  ■•      ^q  =  6,  the  ratio  required. 
1998 

18.  The  extremes  are  1024  and  59049,  and  the  sum  175099; 
required  the  ratio  ? 

Thus  175099  —  1024  =  174075,  and  175099  —  59049  s 

174075 

116050,  whence  — =  1t>  the  ratio  required. 

116050         ^  ^ 

19.  To  find  the  ratio  of  a  geometrical  progression,  whose  nm 

is  550,  and  the  extremes  10  and  100  ? 

540 

TThus  550  -  10  =  540,  and  550  —  100  =  450,  wfcence-— -s 

1^,  the  ratio  required. 
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K  The  ektremes  are  1  and  21B7>  and  the  sum  of  the  series 
) }  required  the  ratio  ?     Ans.  3. 

.  llie  sum  of  a  geometrical  series  is  635,  and  the  extremes 
i  and  320,  required  the  ratio  ?     Jns,  % 

DO.   The  leoit  term  and  ratio  being  given,  io  find  any 

proposed  term  of  the  series, 
TLB  I.  Write  down  a  few  of  the  leading  terms  of  the  given 
letrical  series,  and  place  over  them  as  indices  the  terms  of 
creasing  arithmetical  series,  whose  common  difference  is  1, 
ly  1 ,  2,  3,  4,  5,  &c.  when  the  least  term  and  ratio  of  the 
series  are  equal  3  and  O,  1,  2,  3,  4,  5,  &c.  when  they  are 
lal. 

Add  together  such  of  the  indices  as  will  make  the  index 

5  term  required;  if  the  least  term  and  ratio  are  equal,  this 

will  be  equal  to  the  number  denoting  the  pkce  of  that 

but  if  they  are  unequal,  the  index  will  be  1  less. 

Multiply  those  terms  of  the  geometrical  series  .together, 

stand  under  the  indices  added,  axid  4:he  .product  will  be 

Tm  sought,  when  the  first  (or  least)  term  and  ratio  are 

i 

• 

But  if  the  irst  term  be  not  equal  to  the  ratio,  involve 
St  term  to  the  power  whose  index  is  I  less  than  the  num- 

terms  multiplied,  divide  the  above  product  by  this  power, 
e  quotient  will  be  the  term  required. 

The  first  term  of  a  gepQ\et^ical  serjies  i$  2,  Jthe  ratio  2, 
e  number  of  ,tei:ms  14 }  jequired  the  last  or  greatest  Jterm  ? 

Operation. 
Tius     I.     2.     3.     4.     5     indices, 
nd      2.     4.     8.    16.  32     leading  terms, 
hen    2  +  3-f4-f-2-|-3  =  14=:  indexofthe  I4th  term. 


i  property  of  the  indices  is  the  foundation  of  Logarithms;  its  use  in  this 
extremely  obvious :  for  knowing  the  last  term,  we  also  know  what  its 
lU  be ;  and  knowing  the  index,  we  readily  perceive  what  terms  of  the 
ical  series  must  be  added  together  to  produce  it,  and  these  terms  in- 
hat  terms  in  the  geometrical  series  are  to  be  multiplied  together  to 
the  last  term. 

1  to  account  for  this  mutual  correspondence  of  the  two  progressions, 
e  a  vain  attempt ;  like  many  other  properties,  It  follows  from  the  Ji^ 
numbers,  and  this  is  perhaps  all  that  can  be  said  on  the  sul^.c^        ^ 
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And    4x8xl6x4x8s  16384  =  the  I4th  term, ^ 
aniswer. 

The  first  term  and  ratio  bein^  equal,  I  take  the  teries  1 .  8.  3. 4,  &c.  (begin- 
ning witli  1)  for  indices :  under  these  I  place  the  leading  terms  S.  4.  8,  &c.  of 
the  given  geometrical  series  ;  then,  because  the  index  of  the  term  required  b 
evidently  14,  I  choose  any  of  the  indices,  ^ich  added  together  make  14, 
namely,  2.  3. 4.  2  and  S ;  I  then  mnltiply  the  terms  whidb  stand  under  tbcse 
together,  namely,  4.  8.  16.  4  and  8,  and  the  product  is  the  answer  required. 

23.  Required  the  20th  term  of  the  series  1.  3.  9.  27^  &c.  ? 

Operation. 
Thus  O.     1.    2.    3.     4.     5  indices. 
And    1.    3.    9.    27.  81.  243  leading  terms. 
Then  5  +  5  +  4  +  34-^=19  index  of  the  90th  term. 
And  24S  X  243  X  81  X  27  X  9  a  1162358667  the  Wh 
term, 

Esplanaiion. 

The  first  term  and  ratio  not  being  equal,  the  indices  must  begin  wHk  tf, 
and  consequently  19  will  be  the  index  of  the  fiOth  term.  But  by  the  nde,  tk 
first  term  ought  to  have  been  involved  to  the  4th  power,  (one  leas  than  5,  tke 
number  of  terms  multiplied,)  by  which  the  product  of  the  terms  should  knt 
been  divided;  this  is  omitted,  b«ca«se  the  first  term  beiqg  1,  all  its  povtn 
will  be  1,  and  (lividing  by  1  makes  no  attention* 

24.  What  is  the  10th  term  of  the  series  5. 10.  20.  40,  &c.  ? 

Operation. 
Thus  O.  1.  2.  3.  4  indices. 
And    5.     10.   20.  40.  80  leading  terms. 

Then  4  +  3  +  2  =  9  index  of  the  lOth  term. 

Whence  80  x  40  X  20  =  64000  dividend. 

64000 

Aho  5)*  =  25  the  divisor,  wherefore  -— —  =  2560  the  lOrt 

term  required. 

The  first  term  5t  and  ratio  2,  being  unequal,  I  divide  the  product  of  thi 

terms,  via.  64000  by  5)2  or  25 :  that  is,  by  that  power  of  the  first  term  Si 
whose  index  3,  is  less  by  1  than  the  number  of  terms  3,  multiplied  together. 

25.  What  is  the  11th  term  of  the  series  1.  2.  4.  8.  16,  Ac? 
Ans.  1024. 

26.  Required  the  13th  term  of  the  series  2.  4.  8. 16.  32,  ht\ 
Ans.  8192. 
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.  The  first  term  of  a  geometrical  progression  is  5^  and  the 
3j  reipiired  the  13th  term  ?    Jns.  2657205. 

301.- Promiscuous  Examples  fqr  Practicb. 

Nine  sea  officers  divide  a  prize,  the  first  receives  20L  the 
d  60/.  and  so  on  in  triple  proportion  3  what  sum  will  the 
ral  (who  has  the  largest  share)  receive  ?  Ans.  131220^ 
Boi^ht  12  pigs>  and  paid  a  &rthing  for  the  firsts  a  half- 
'  for  the  second^  and  so  on,  doubling  continually  the  price 
i  kst  *y  what  did  they  cost  me  ?  Ans,  41.  bs,  Sd.^. 
fi  servant  agreed  with  his  master  for  12  months^  to  receive 
hing  for  the  first  months'  service^  a  penny  for  the  second, 
r  the  third,  &c.  what  sum  did  his  wages  amount  to  ?  An^ 
S825Z.  8s.  5d.i. 

The  profits  of  a  certain  trading  company,  which  has  been 
dhed  12  years,  have  increased  yearly  in  geometrical  pro- 
>n  i  the  gain  of  the  first  year  was  5/.  and  that  of  the  year 
spired  885735^  required  the  ratio  of  increase^  and  the  smn 

profits  ?     Ans.  the  ratio  3.  the  sum  1328600/. 
.  personof  property  in  Ireland  agreed  with  Government  to 
ids  influence,  to  procure  seamen  for  the  navy  3  the  first 
.  he  sent  over  1  man,  the  second  2  men,  the  third  4,  and 
n  geometrical  progression ;  what  number  did  he  send  over 
nonths,  and  how  many  in  the  last  month  of  that  time  ? 
vit  in  all  32767  wen :  in  the  last  month  16384. 
>uppo6e  a  laoeman  agrees  to  sell  22  yards  of  lace  at  the 
'  2  inns  for  the  first  yard^  6  for  the  second,^and  so  on  in 
proportion  3    what  sum  will  he  receive  for  the  whole, 
ig  the  pins  to  be  worth  a  fiirthing  a  hundred?     An^ 
126886/.  Os.  9d. 
VhBt  sum  would  a  horse  sell  ftir  that  has  4  shoes  on,  with 

in  each  shoe,  at  1  fsirthing  for  the  first  nail,  2  for  the 
r  4  for  the  third,  and  so  on  ?  And  what  would  be  the  price 
her  horse,  having  <mly  two  shoes,  on  the  same  conditicms  ? 
173924/.  55.  3d.i  the  first:  and  68/.  ^s.  3d.4  the  last. 
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PART  II. 

LOGARITHMS. 


HISTORICAL  INTRODUCTION. 

LiOGARITHMS  are  a  series  of  nambers  in  arithmc- 
I  progression,  adapted  to  another  series  in  geometrical 
^ression^  in  such  sort  that  0  in  the  former  series  al- 
s  corresponds  to  1  in  the  latter,  and  the  succeeding 
is  of  the  former  to  the  succeeding  terms  of  the  latter, 
I  to  each. 

.  The  use  of  Logarithms  is  to  lessen  the  labour  and 
3  which  long  calculations  performed  by  common 
ibers  necessarily  require,  addition  and  subtraction  by 
arithms  performing  multiplication  and  division  by 
ibers,  &c.  so  that  an  operation  may  be  performed  in 
.w  minutes  by  Logarithms,  which  would  sometimes 
lire  as  many  hours  by  common  arithmetic. 
.  But  the  advantages  attending  the  use  of  Logarithms 
Id  be  very  limited,  if  these  useful  numbers  were  ex- 
ively  confined  to  a  geometrical  progression  ;  thecom- 
i  numbers  not  being  in  geometrical,  but  in  arithme- 
I  progression:  this  defect  has  been  happily  supplied 
m  admirable  contrivance,  which  will  be  explained  in 
iroper  place,  whereby  Logarithms  are  extended  to  the 
re  algorithm  of  numbers,  every  number,  whether  in* 
*al  or  fractional,  having  its  proper  Logarithm. 

riie  word  Logarithm  is  derived  from  the  Qreek  X«yf,  ratio,  and  m^puti 
ffy  and  implies  either  the  ratio  of  numbers,  or  numbtr  ^  ratiof,  both 
^etatioos. being  descriptive  of  the  nature  of  {logarithms. 
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4.  The  fundamental  property  of  Logarithms  is  this; 
if  an  arithmetical  progression  be  applied  to  a  geometri- 
cal one,  in  the  manner  above  stated,  the  terms  of  the 
former  will  be  indices  to  those  of  the  latter:  now  if  any 
two  of  these  indices  be  added  together,  the  sum  will  be 
the  index  of  the  product  of  the  two  numbers  correspond- 
ing to  those  indices :  if  one  index  be  subtracted  from 
another,  the  remainder  will  be  the  index  of  the  quotient 
which  arises  by  dividing  the  number  corresponding  with 
the  former,  by  that  corresponding  with  the  latter:  if  an 
index  be  multiplied  by  any  number,  the  product  will  be 
the  index  of  the  term  which  is  the  power  denoted  by 
that  number  f  and  if  an  index  be  divided  by  any  number, 
the  quotient  will  be  the  index  of  the  root  denoted  by  that 
number*  This  property  of  the  two  progressions  was 
known  to  the  ancients,  and  treated  of  by  £uclid  and 
Archimedes.  Stifelius  in  his  ArUhmetica  Integra^  printed 
at  Nuremberg  in  1544,  explains  it  at  large,  shewing  its 
use  and  application  in  a  great  variety  of  instances ;  so  that 
it  seems  this  author  was  in  possession  of  the  general  idea 
of  Logarithms,  although  under  another  name :  and  the 
reason  assigned  for  his  not  computing  Tables  is,  that  he 
was  not  under  a  necessity  of  performing  those  loiig  and 
troublesome  calculations,  which  require  the  aid  of  Lo- 
garithms. Justus  Byrgius ^, and  Longomontanus%  are re- 

^  Justus  Byrgius  was  a  French  Mathematical  Instrument  Maker,  aad  as- 
sistant Astronomer  to  the  Landgrave  of  Hessis ;  the  inventivD  of  the  Sector  ii 
ascribed  to  him,  as  wa»  that  of  liOgaritbms,  hot  the  lakfeer  has  never  beca 
proved:  he  flourished  in  the  latter  part  of  the  l6th  century. 

c  Christian  Longomontanns  was  bom  at  a  village  of  the  same  iwine  in  Den* 
mark,  in  1 562 ;  his  father's  name  was  Severing  and  it  is  TcmaAable,  that 
notwithstanding  the  obscurity  of  his  father  and  his  birth-place,  he  bns  contrived 
to  dignify  and  eternize  them  both,  by  stiling  himself  in  the  title-paf^  of  Mme 
of  his  works,  Christianus  LongomontanuSf  Severini  FUius,  His  parantt  baiiy 
very  poor,  obliged  him  to  work  for  his  daily  support,  but  h«  occasionalty  took  h»% 
tons  of  the  parish  priest ;  at  length  he  eloped,  and  went  to  tk«  Cottage  at  IVy* 
burg,  where  he  spent  eleven  years,  being  obliged  to  work  for  his  liviiif  ,  and  ftaijf 
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led  to  have  known  and  constructed  these  numbers ; 
the  person  to  whom  the  world  is  indebted  for  the  first 
lication  of  them  was,  John  Lord  Napier  %  Baron  of 
<diiston,  in  Scotland,  in  a  work  intitled,  Mir^ci 
arithmorum  CanonU  Descripiio,  printed  in  1614.  This 
k  contains  Tables  of  the  Logarithms  of  Numbers,  and 
he  Logarithmic  Sines,  Tangents,  and  Secants,  for 
y  minute  of  the  quadrant,  with  definitions,  description 
le  Tables,  &c.  but  the  Author  chose  to  omit  giving 
method  of  construction,  until  the  opinion  of  the 
led  concerning  his  invention  should  be  ascertained. 
I  discovery  immediately  excited  the  attention  of  ma- 
naticians,  and  a  translation  of  Napier's  Book  into 
lish  was  made  by  Mr.  Edward  Wright',  the  inge- 

alely :  he  afterwards  spent  eight  yean  as  a  very  useful  assistant  to  the  ce- 
ed  Astronomer,  Tyebo  Brahe ;  and  at  length  obtained  the  Professorship 
«be»atics  at  Copenhagen^  where  he  died  in  1647. 
I  principal  work  is  tatiHtd,  Astranomica  ZhnicUf  4to.  1681.  and  fol.  1640. 
ohn  Lord  Napier,  (or  Neper,  as  he  is  sometimes  called,}  was  bom  in 

ited  was  educated  at  the  UniTersity  of  St.  Andrews ;  he  made  the  tour 
rope,  and  after  his  return  applied  himself  closely  to  literature  and  sci- 

Matiiematics,  especially  astronomy,  appear  to  have  been  his  favorite 
;  and  the  numerous  and  intricate  calculations  requisite  in  the  latter 
b,  put  him  upon  various  contrivances  for  shortening  the  work,  which 
i  the  source  of  the  noble  invention  of  Logarithms.  He  was  the  ^nventor 
i  instrument  called  Napier*9  BoneSf  consisting  of  five  rulers  of  bone, 

pasteboard,  or  ivory,  whereby  the  arithmetical  operations  of  multiptica> 
Evasion,  &c.  may  be  performed  mechanteatty  with  great  ease  ;  a  full  de- 
ion  of  which  he  published  in  1617,  in  a  work  entitled  Rabdologiaf  seu 
Totioma  per  Firguhu  libri  duo,  Napier  likewise  invented  the  rule  for 
re  Circular  Farts  in  spherical  Trigonometry ;  he  died  at  Merchiston,  in 

UKmrd  TftTright,  Esq.  lived  at  the  end  of  the  16th,  and  beginning  of  the 
eentnry.  He  was  deeply  skilled  in  mathematics  and  mechanics,  and  is 
eelebrated  as  the  inventor  of  what  is  erroneously  called  Mercator's  Chart, 
g  first  discovered  the  true  method  of  dividing  the  meridian  line,  on  i^ich 
lior^t  projection  is  founded ;  the  principles  of  which  he  clearly  shewed 
ACbrriMfton  of  certain  Errore  in  Navigution;  a  work,  which,  although 
An  many  years  before,  was  not  published  till  1699.  Every  thing  valuabia 
riQelebrated  maps  of  Jodicus  Hoodius  was  derived  fh>m  the.  instruetibtif 
rbbn  on  the  subject  by  Wright ;  ncvertbelesi  ihe  ionBljr  irithunheoom) 
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nious  inventor  of  the  principles  of  Mercator's  SailiDg, 
which  was  published  in  1616,  after  his  death,  by  hi»  Sod, 
Samuel  Wright,  with  a  dedication  to  the  East  India 
Company,  and  a  preface  by  Mr.  Henry  Briggs%  at  that 
tia>e  Professor  of  Geometry  at  Gresham  College.  In 
1619,  two  years  after  Lord  Napier's  death,  a  new  edition 
of  bis  work  was  published  by  his  Son,  Robert  Napier, 
containing  the  construction  of  his  Canon,  and  other 
miscellaneous  pieces  omitted  in  the  first  edition.  Oa 
the  first  publication  of  Lord  Napier*s  invention,  Mr. 
Briggs  paid  him  a  visit,  and  the  result  of  their  comm!i« 
nication  on  the  subject,  was  a  determination  to  change 
the  form  of  the  Logarithms  fbr  oi»e  better  adapted  to 
the  Decimal  scale  of  Numbers;  this  aheration  we  have 
reason  to  believe  was  first  suggested  by  Briggs,  as  he  was 
the  first  who  published  Logarithms  on  the  improved  plan, 
and;  it  seems,  entertained  a  hope,  that  a  Just  acknow- 
ledgment would  be  publicly  made  of  the  part  he  had 
taken  in  the  improvement :  in  this  he  was  disappointed, 

ing  ingratitude  laid  claim  to  the  invention.  Our  author  published  a  work  on 
the  Sphere,  another  on  Dialling,  and  another,  very  useful  to  navigators,  en- 
titled. The  Haven-finding  Art :  he  was  the  inventor  of  several  iostruments  tisf- 
ful  in  their  time,  for  finding  the  altitude,  &c.  of  celestial  objects,  and  thence 
the  true  place  of  a  ship.  He  was  fellow  of  Gonvil  and  Caius  College,  Cam- 
bridge ;  occasionally  read  lectures  on  nautical  and  mathematical  subjects ;  and 
was  Tutor  to  Prince  Henry.  After  a  life  spent  in  the  extension  of  useful  know- 
ledge, he  died  at  London  in  1615. 

*  Henry  Briggs  was  bom  at  Warleywood  in  Yorkshire,  in  1556 :  at  a  propfr 
age  he  was  sent  to  St.  John's  CoUege,  Cambridge,  where  after  taking  the  degree 
of  M.  A.  he  was  chosen  a  Fellow  in  1588  ;  and,  in  consequence  of  bis  great  pro- 
ficiency in  mathematical  learning,  was  appointed  Examiner  and  Lecturer  in 
that  faculty.  In  1 596  he  was  chosen  the  first  Professor  of  Geometry  at  Gresham 
College:  in  1619,  he  was  appointed  the  first  Savilian  Professor  of  Geometry  at 
Oxford ;  in  consequence  of  which,  the  next  year  he  resigned  the  Profiessorship 
at  Gresham  College.    Besides  the  works  above  mentioned,  Mr.  Briggs  was  tke 
author  of  several  others  equally  creditaUe  to  his  memory.    This  truly  grett 
man  terminated  a  laborious  and  useful  life  in  January  16S1  ;  and  was  borird 
in  the  Choir  of  the  Chapel  of  Merton  College ;  at  which  College  he  bad  for  seve- 
ral years  past  been  a  constant  resident. 
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n  the  second  editioa  of  Napier's  work,  although  the 
Btion  is  adverted  to,  no  mention  is  made  of  any 
tance  received  from  Briggs,  either  by  Lord  Napier 
8  Son.  If  Briggs  was  really  the  inventor  of  the  im- 
ement,  as  it  is  generally  believed  he  was,  the  omis- 
was  certainly  an  act  of  gross  injustice. 

An  improved  form  of  Napier's  Logarithms,  by  Mr. 
I  Speidell,  came  out  the  same  year ;  and  the  year 
wing  Justus  Byrgius  published  Tables,  in  which  the 
ral  numbers  and  Logarithms  are  arranged  in  a  con* 
I  order  of  what  they  are  in  our  ordinary  Tables, 
ent  printed  a  copy  of  Napier's  work  at  Lyons,  as 
Jrsihus  at  Cologne  ;  the  latter  being  improved  by 
iddition  of  Tables  of  proportional  parts.  In  1624, 
celebrated  Kepler  published  at  Marpurg  his  Chilias 
iritkmorum^  S^c.  in  which  the  Logarithms  are  more 
eniently  adapted  to  common  numbers  than  those  of 
er;  the  latter  being  principally  accommodated  to 
ines  of  arcs,  8tc. 

The  Logarithms  published  by  these  and  some 
■s  about  the  same  time,  were  of  the  kind  which  has 
:  been  called  hyperbolical ;  a  name  they  received  in 
Hjuence  of  their  expressing  the  spaces  included  be- 
Q  the  asymptote,  and  curve  of  the  hyperbola. 

To  have  an  adequate  idea  of  the  nature  of  Loga* 
is,  we  must  consider  them  as  indices,  denoting  the 
s  of  numbers  to  unity.  Napier's  Logarithm  of  10, 
;  is,  the  index  denoting  the  ratio  of  10  to  1,)  is 
25851,  &c.  this  Mr.  Briggs  found  deficient  in  point 
mplicity  and  convenience,  and  therefore  the  latter 
leman  undertook  the  laborious  task  of  computing 
utire  new  system,  in  which  he  made  "1  the  Loga« 
a  of  10;  whence  it  follows  that  2  will  be  the  Loga- 
a  of  100,  3  of  1000,  Scc.  This  has  been  justly  consi- 
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dered  as  an  improvement  of  the  greatest  valae ;  it  intro- 
duces a  kind  of  similarity  between  the  ^series  of  Log^ 
ritbms  and  that  of  common  numbers,  simplifies  the 
whole  doctrine  amazingly,  and  renders  it  plain  and  intd- 
ligibie  to  the  meanest  capacity. 

8.  The  first  fruit  of  Mr.  Briggs's  labours  in  this  way, 
was  his  Logarithmorum  Chilias  Prima,  which  appeared 
in  ]6l7>  after  Napier's  death,  containing  the  first  thoo- 
sand  Logarithms  to  eight  places  of  figures,  besides  the 
inde^.  Mr.  Edmund  Gunter  ^  adapted  Mr.  Briggs's  Lih 
garithms,  first  of  any,  to  the  Sines  and  tangents;  he  com- 
puted them  for  every  minute  to  seven  places  of  figures 
besides  the  index ;  this  work  appeared  in  1620,  undei 
the  title  of  Jl  Canon  of  Triangles,  which  work  was  re- 
printed  in  1623,  with  the  addition  of  the  Chilias  Prima 
of  Briggs.  The  same  year  Gunter  applied  the  Loga- 
rithms of  Numbers,  Sines,  Tangents,  8cc.  to  a  straight 
ruler,  whereby  computations  may  be  performed  by  a 
pair  of  compasses  only :  this  instrument  is  still  koowB 
by  the  name  of  Gunter's  Scak.  Other  methods  of  pro- 
jecting these  numbers  on  circular,  sliding,  and  spiral 
instruments,  were  afterwards  invented  by  Wingate, 
Oughtred,  Milburne,  and  Partridge. 

'  Edmund  Gunter  was  born  in  1581,  and  received  the  rudiments  of  his  ednca* 
tion  at  Westminster  School,  under  the  famous  Dr.  Busby ;  from  thence  be  went 
to  Christ  Church,  Oxford,  where  in  1615  he  took  the  degree  of  B.  D.  in  1619 
he  succeeded  Mr.  Williams  as  Professor  of  Astronomy  at  Qrcsbam  College, 
where  he  greatly  distinguished  himself  by  h^  eminent  mathematical  takntSf 
displayed  in  his  writings  and  lecture<i ;  he  died  in  1626.  Mr.  Gunter's  inroi* 
tions  and  improvements  in  mixed  mathematics  were  of  the  greatest  value ;  in 
1606,  he  gave  a  new  projection  of  the  sector,  and  in  1618,  a  new  poits^le  fOi- 
drant  for  the  more  easily  finding  the  hour,  azimuth,  &c.  He  4itoovcrtd  is 
16*22  the  changeable  declination  of  the  magnetic  needle,  shew^ing  that  it  bad  al- 
tered 5  degrees  in  42  years ;  which  conclusion  was  verified  by  his  successor, 
Mr.  GcUibrand.  He  introduced  the  scale  and  measuring  chain  known  by  kii 
name,  and  gave  ample  descriptions  of  their  use».  He  introdttced  the  UUH 
cosine,  and  the  use  of  the  arithmetical  complements  of  Lc^arithmt ;  and  tk 
^rst  idea  of  the  logarithmic  curve  is  generally  ascril)cd  to  him.' 
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!a  l6i24|  Mr.  Briggs  published  bis  Jrithmetica  Lo* 
jpitca,  contaioing  the  Logarithms  of  Numbers  from 
OOOOjaod  from  90000  to  100000^  with  ample  direc- 
for  their  use,  and  an  earnest  invitation  to  Mathe- 
ans  to  assist  in  the  completion  of  the  work,  by 
iting  the  intermediate  numbers :  this  was  effected 
fter  by  Adrian  Vlacq,  of  Gouda  in  Holland,  who, 
»  supplying  the  intermediate  chiliads,  added  Tables 
ificial  sines,  tangents,  and  secants,  for  every  mi- 
if  the  quadrant.  This  ingenious  person  printed 
te  at  Gouda,  in  1633,  a  work  entitled  Trigono^ 
Artykialisj  containing  Briggs's  Table  of  the  first  ^ 
LpgarMkms,  with  the  Logarithmic  sines  and  tao- 
and  their  differences,  for  every  ten  seconds  of  the 
nt,  to  ten  places  of  figures,  with  their  description 
ev.  At  the  same  time  and  place  was  printed  Mr* 
^8  Trigonometria  Britannica,  under  the  superin- 
ce  of  Vlacq ;  this  work  contains  the  Logarithms  of 
natural  numbers,  logarithmic  sines,  and  tangents, 
e  hundredth  part  of  every  degree,  all  to  14  plac9 
ires  besides  the  index,  the  natural  sines  for  the 
)arts  to  15  places,  and  the  tangents  and  secants 
I  same  to  10  places,  with  the  construction  of  the 
;  but  the  Author  dying  in  16S0,  before  the  work 
^mplete,  his  friend,  Mr.  Henry  Gellibrand  ^  Pro? 

work,  which  is  justly  considered  as  very  usefiil  in  astronomical  calcu- 
IS  been  lately  reprinted  at  Lcipsic,  by  Vega,  under  the  tiUe  of  TfteMM- 
ematicus. 

Beverend  Henry  Gellibrand  was  bom  in  London,  in  1597 ;  be  was 
rinity  College,  Oxford,  in  1615 ;  and  in  1623,  took  the  degree  of  M.A. 
Icen  orders,  he  became  curate  of  Chiddingstone  in  Kent ;  but  happcii- 
aor  a  lecture  on  the  mathematics  by  Sir  Henry  Sarille,  he  relinquished 
laet  of  preferment  in  the  Cbureb,  and  set  himself  in  earnest  to  study 
ft  science.  He  became  Professor  of  Astronomy  atGresbMi  College,  npoa 
t  vi  Mr.  Onnter,  in  1627  ;  and  was  the  author  of  several  useful  pieces^, 
fiding  to  the  improvement  of  Navigatipo,  a  braWtb  to  wb^  bis 
|tiA^^^  diiccttd :  ha lUedla   6Stf. 
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fessor  of  Astronomy  at  Gresbam  College,  supplied  the 
preface,  and  the  application  to  plain  and  spherical  Trigo- 
nometry iy  &c.  Two  years  after,  Mr.  Gellibrand  published 
An  Institution  Trigonometricall,  being  a  smaller  work  of 
the  same  kind,  with  the  addition  of  other  tables,  &c. 
the  whole  adapted  to  the  use  of  navigators* 

10.  Mr.  Bonnycastle,  Professor  of  Mathematics  at  the 
Royal  Military  Academy,  Woolwich,  has  lately  disco- 
vered an  ingenious  improvement  in  the  Binomial  Theo- 
rem of  the  illustrious  Newton,  whereby  he  has  shewn  the 
method  of  constructing  Logarithms  in  a  new  and  ele- 
gant manner :  several  authors,  as  Gunter,  Huygens, 
Keill,  Newton,  Mersenne,  James  GregAry,  Mercator, 
&c.  gave  methods  of  computing  Logarithms,  derived 
from  their  analogy  to  certain  curves ;  others,  as  CoteS| 
Halley,  Craig,  John  Bernoulli,  Dr.  Brook  Taylor,  Mr. 
Jones,  &c.  employed  for  that  purpose  either  a  fla- 
xional  process,  or  methods  nearly  similar  to  that  of  Flu- 
xions ;  but  their  methods,  although  ingenious  and  sciefi- 
lific,  are  not  strictly  conformable  to  the  nature  of  the 
subject,  which  is  purely  arithmetical.  The  theorems  de- 
livered by  Mr:  Bonnycastle  are  unexceptionable  in  this 
respect,  being  derived  from  the  principles  of  pure  Alge- 
bra, and  by  means  of  them  the  Logarithms^  according  to 
Napier,  Briggs,  or  any  other  system,  are  readily  obtained. 

11.  As  the  Logarithms  of  Napier  have  obtained  the 
name  of  hyperbolic^  so  those  of  Briggs  are  usually  deno- 
minated comtnon  Logarithms,  from  the  circumstance  of 
their  being  better  adapted  to  practice  than  Napier's,  and 
therefore  most  in  use\     The  following  authors,  besides 

*  In  the  Trigonometria  Britannicaf  Mr.  Brigga  ha»  shewn  the  method  of  gc* 
acratiog  the  coefficients  of  the  terms  of  any  power  of  a  binomial  racoenircly 
from  each  other,  independent  of  any  other  power ;  which  is  the  fonodafiioQ  ^ 
Sir  Isaac  Newton's  celebrated  Binomial  Theorem. 

^  Besides  the  common  and  hyperbolic  Lo^rithms,  there  are  hgisHctaift** 


\ 
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already  mentioned,  have  treated  on  the  subject ; 
enrioo.  Miller,  Norwood,  Cavallerius,  Frobenius, 
lel.  Sharp,  Leibnitz,  Long,  Simpson,  Wolfius, 
ofiBy'  Reid,  Dodson,  Wallis,  Maseres,  and  many 

ill  be  proper  to  observe  that  Mr.  Wingate,  as  early 
S,  made  a  very  useful  improvement  in  the  method 
anging  the  Logarithms  in  the  Tables,  by  placing 
it  figures  of  the  natural  numbers  along  the  tops  of 
lumns,  the  tens  down  the  margin,  and  the  whole 
*T  in  the  angle  of  meeting.  The  Rev.  Nathaniel 
reduced  the  Tables  to  a  more  convenient  form  in 
and  about 25 years  after,  Dr.  John  Newton',  avail- 
mself  of  both  these  improvements,  introduced  the 
d  of  arrangement  which  is  at  present  used  by  the 
ftitersi 

Of  the  more  modern  Tables,  Sherwin*s  and  Gar- 
8  are  still  in  great  repute ;  the  former  as  the  most 
ete  collection,  the  latter  as  the  most  correct.  Gar- 
3  Tables,  with  additions  and  improvements,  were 

m 

I  Logarithms.  Logistic  Logarithms  are  such  as  arise  from  fubtractiog 
mon  Logarithms  from  3.5563  (the  logarithm  of  the  number  of  secoud& 
urates).  These  Logarithms  are  frequently  used  for  astrooonucal  compu- 
in  liny  proportion  where  the  first  term,  or  either  of  the  means,  happens 
I  minutes.  Proportional  Logarithms  arise  by  subtracting  the  common 
taODS  from  4.0334,  (or  the  Logarithm  of  10800,  the  number  of  seconds 
minutes  ;)  these  Logarithms,  Uhe  the  former,  have  their  application  in 
my. 

ted  by  Dr.  Hutton,  «  Pastor  of  Benacre  in  SufibOce.** 
Newton  was  descended  from  a  respectable  family  in  Northampton- 
vhere'  he  was  bom  in  1629.  He  ent«red  a  commoner  at  St.  Edmund 
teford,  in  1687 :  here  he  acquired  a  great  proficiency  in  mathematics, 
er  branches  of  learning ;  and  after  passing  through  his  degrees  in  Art«, 
created  Doctor  in  Divinity  in  1661.  -  Shortly  after  he  was  made  one  of 
^*§  Chaplains,  and  obtained  the.  rectory  of  Ross  in  Herefordshire  ;  thiK 
I  till  his  death,  which  happened  on  Christmas  day,  1678.  His  works, 
•re  on  Arithmetic,  Astronomy,  Geography,  Logarithms,  and  other 
es,  sufficiently  evince  his  skill  as  a  mathematician. 
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printed  at  Paris  iii  178$,  by  M.  Cailet,  imder  the  title  of 
Tables  Portatives  de  Logatkhmes^  {brmib^-  a  neat  octafb 
volume.  TheTabtes  of  Mr.  M.Taylor,. with  an  excel- 
lent introdaction  by  the  Rev.  Neville  Maskelyne^  T).  D. 
F.  R..S.  Astronomer  Royal,  printed  ifT  1792,  are  d^ 
aetvedly  esteemed**  ^  but  the  most  Useful  collectioik  of  aby 
are  Dr.  Hutton*s  MathematiceU  Tobies,  published  in  17B$| 
this  Work  contains  the  Logarithms  of  numbers  from  1 
to  100000,  to  7  decimals;  Logarithms  to  20 places;  Lo- 
garithms to  6l  places;  an  antilogarithmic  table  to  20 
places*;  hyperbolic  and  logistic  Logarithms ;,  natural 
and  artificial  sines,  tangents,  secants,  and  versed  sines; 
traverse  table ;  points  of  the  compass ;  arcs,  &c.  &c.  pre- 
ceded by  an  elaborate  introduction,  shewing  the  construc- 
tion and  uses  of  the  tables,  together  with  an  historicalao- 
count  of  the  invention  and  improvements  of  Logarithms. 
From  this  work  some  of  the  particulars  given  above  were 
taken,  and  to  it  the  reader  is  referred  for  many  interest- 
ing particulars,  which  could  not  be  introduced  in  thb 
place. 

On  the  method  of  applying  Logarithms  to  the  commen, 

or  natural  numbers, 

13.  We  have  defined  Logarithins  as  a  series  of  num- 
bers in  arithmetical  progression,  adapted  to  another  se- 
ries in  geometrical  progression,  so  that  0  in  the  former 
being  placed  over  1  in  the  latter,  1  in  the  former  over 
10  in  the  latter,  &,c.  the  terms  of  the  former  series  will 

»  The  Tables  of  Mr.  M.  Taylor  are  the  most  exteosive  of  any  that  haTe 
hitherto  appeared,  and  therefore  the  htat  adapted  for  sobjects  where  extreme 
accuracy  is  required. 

■  The  first  instance  of  an  antilogarithmic  canon,  was  that  begun,  as  it  is  be- 
lieved,  by  Thomas  Haniot,  who  died  in  1621,  and  finished  by  Warner,  about 
1640 ;  but  the  work  was  never  printed.  Mr.  Dodson's  antiloj^rithmetic  canoo 
was  published  in  London  in  1742»  and  contains  the  numbers  corresponding  to 
every  logarithm,  from  1  to  100000>  to  eleven  places,  with  their  differeoRs 
and  proportional  parts. 
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B  iodicet  or  logarithms  6i  the  refptctire  terms  of 
Iter;  thus, 

1.  £•  S.  4.  Jtrithm.  series,  or  logarithmic 
O.  100.:  1000.  lOOQP.  Geom.  series,  ornatural  numb. 
i»  0  is  the  log.  of  1.  •  1  the  log.  of  10. .  2  the  log.  of 
;c.  Because  0  is  the  log.  of  1,  and  1  the  log.  of  10, 
iwstbat  aqy  numbers  between  1  and  10  will  haveO 
ome  decimal  for  its  logarithm  ^  in  likeman&er  any 
zr  between  10  aiid  100  will  have  1  and  some  deci- 
or  its  logarithm;  any  number  between  100  and 
rill  have  t  and  some  decimal  for  its  logarithm^  See. 
rs  the  log.  of  7,  (which  is  between  1  and  10,)  is 
fSBO;  the  log.  of  75 J  (a  number  between  10  and 
i«  1.8750613;  the  log.  of  354,  (between  100  and 

k  2.5490033,  &c. 

Every  logarithm,  then,  eonsists  of  a  whole  num* 
id  a  decimal,  or  has  their  places  supplied  by  one 
re  ciphers. 

The  whole  number  h  called  the  index,  or  charac- 
:  of  the  logarithm.;  tt  points  out  the  value  of  the 
md  figure  of  the  number  corresponding  to  the  loga* 
,  by  shewing  its  distance  from  unity,  and  will  be 
itive  or  negative,  according  as  the  correspondent 
er  is  integral  or  fractionaL 

i$,  if  the  two  foregoing  series  be  inverted,  and  conti- 
backward  to  any  length,  we  shall  have 

£.      1.      0.  —  1.  —  2.   —  3,  &C.  the  logarithms. 
O.  100.    10.     1.     .1.     .Oi.  .001 ,  iic,  the  numbers. 
:  3  is  the  logv  of  lOGO. . .  2  of  100.  .  .  1  of  10  .  .  e 
,  .  —  1  {minus  1)  of  .1  or  tV.  .  •  —2  (minus  2)  of  .01 

r.  .  .  —3  (mintlS  3)  of  .001  or  -rrnnr,  8cc. 

e  if  a  whole  number  contain  4  places  of  figures, 
idex  of  its  logarithm  will  be  3—.  .  if  it  contain  3 
),  the  index  will  be  2 ;  if  2  places,  the  index  will  be 
d  if  1  place,  the  index  will  be  0.  And  in<lecimals,  if 
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the  first  significant  figure  be  tenths,  the  index  will  be^l, 
if  hundredths  ^  %  if  thousandths  —  3,  &c.  and  when  a 
whole  number  is  connected  with  a  decimal,  the  indes  of 
the  highest  place  ofthewliole  number  will  be  the  proper  in- 
dex :  so  thati/^  every  case  the  index  shews  the  value  of  the 
left  hand  significant  figure,  by  pointing  out  its  diitanoe 
from  unity;  if  the  index  be  affirmative,  it  characterixes 
a  whole  or  mixed  number;  \f  negative,  a  decimal. 

16.  Ad  the  characteristic,  or  index,  shews  the  limits 
between  which  its  correspondent  number  is,  namely,  wh^ 
ther  it  be  among  the  wdts,  the  tens,  the  hundreds,  ftc.  or 
among  the  tenths,  the  hundredths,  the  tkousaadtkM,  &c.  lo 
the  decimal  part  of  the  logarithm  marks  the  exact  point 
within  the  determined  limits,  to  which  the  said  aambcr 
belongs  ;  consequently,  both  together  will  determine  that 
number  ex^ic//^.  For  example;;  the  number^  occupies  the 
«ame  place  between  1  and  10,  that  20  does  between  10 
and  100,  and  that  200  does  between  100  and  1000,  and 
that  2000  does  between  1000  and  10000,  8cc.  therefore 
the  decimal  part  of  the  logarithm  of  2,  of  20,  of  200,  of 
2000,  &.C.  will  be  the  same,  but  the  characteristics  will 
be  different,  the  logarithm  of  2being0.30l03O0;  that  of 
20.  .  .  1.3010300;  of  200.  .•2.3010300;  that  of  2000. . . 
3.3010300 ;  in  like  manner  the  decimal  part  of  the  loga- 
rithm of  4,  of  40,  of  400,  8cc.  will  be  alike,  but  the  cha- 
racteristics will  be  different;  and  so  of  other  numbers. 
The  following  example  will  serve  to  illustrate  and  oon- 
firm  this  doctrine. 

The  log.  of  mi 50,  is  4.947519. 

The  log.  0/8675.0,  is  3.947519- 

The  log.  0/867.50,  is  2.947519. 

The  log.  0/86.750,  is  1.947519. 

The  log.  0/8.6750,  is  0.947519- 

Hie  log.  0/ .86750,  w- 1.947519. 

The  log.  of  .086750,  w- 2.947519. 
&c.  &c. 
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From  what  has  been  said  on  the  subject,  we  de* 

k  more  accurate  definilion  of  logarithms  than  that 

above,  namely,  logarithms  are  the  indices  of  the  ra- 

^*  numbers  to  unity;  that  is,  if  1  be  considered  as  the 

ion  consequent,  the  ratio  of  any  number  to  it  is  ex- 

id  by  the  logarithm  of  that  number. 

Further,  to  explain  the  properties  and  uses  of  lo- 

ims,  it  may  be  observed,  that  the  logarithms  being 

dices  of  a  series  of  numbers  in  Geometrical  Pro- 

on,  it  evidently  follows  from  the  nature  of  both, 

he  multiplication  of  numbers  is  performed  by  ad- 

ogether  their  logarithms  ;  division  of  numbers,  by 

fcting  the  logarithm  of  the  divisor  from  that  of 

vidend;  involution  of  numbers,  by  multiplying  the 

thm  of  the  root  into  the  logarithm  or  index  of  the 

;  and  evolution  of  numbers,  by  dividing  the  loga- 

of  the  given  number  by  the  logarithm  or  index  of 

^t.     We  will  resume  the  series  of  numbers  and 

logarithms,  in  order  to  illustrate  each  case  by  a 

le  example* 

1.       2.         3.        4.  5,      8cc.  logarithms, 

10.    100.  1000.  lOOOO.  100000,  &c.  numbers. ' 

Let  It  be  required  to  multiply  any  two  terms  in 
K>ve  series  of  numbers  together,  suppose  10  and 

Add  their  logarithms  (viz.  1  and  3)  together,  and 
m  will  be  4,  the  logarithm  of  10000,  (or  of  10  x 
the  product  of  the  two  proposed  numbers. 
)ndly.     Let  it  be  required  to  divide  1000  by  10. 
n  S  the  log.  of  1000,  take  1  the  log  of  10,  and  the 
ider  2  is  the  log.  of  100,  (or  of  1000-4-  10,)  the 
nt  of  the  proposed  numbers, 
"dly.     Let  100  be  involved  to  the  second  power, 
tiply  2  (the  log.  of  100)  into  2,  which  is  the  in- 

logarithm  of  the  second  power,  and  the  produci 
e  log.  of  10000,  or  of  lOOl*,)  the  power  required. 

.1.  u 
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Lastly.     To  extract  the  cube  root  of  1000. 

Divide  the  log.  of  lOOO,  viz.  3,  by  the  index  3  of  ibe 
cube,  and  the  quotient  1  h  the  log.  of  10,  (or  of 
V100<O  'he  root  required. 

19.  To  sum  up  the  whole,  by  way  of  brief  recapiiula- 
tion.  It  has  been  shewn,  I.  That  logarithms  are  the 
indices  or  exponents  of  a  series  of  terms  in  geometricil 
progression.  2.  That  every  logarilhm  consists  of  two 
parts,  a  characteristic,  and  a  decimal.  3.  That  the  ctia- 
racteristlc  marks  tlie  step,  that  is,  s'hnt  power  nf  10  the 
number  belonging  to  the  logarithm  is  in  ;  and  the  deci- 
mal shews  the  exact  point  which  it  occupies  in  ifaat 
step,  so  that  both  together  indicate  precUeltf  the  coTre< 
(ponding  number.  4.  That  the  characteristic  of  a  whole 
number  is  affirmative,  or  +,  and  that  of  a  fraction  nega- 
tive, or— .  5.  That  addition  and  subtraction  of  logi- 
rithms  respectively  perform  multiplication  nod  divisioD 
of  their  correspondent  numbers  ■  and  that  muItiplieatioB 
and  division  of  the  logarithms  perform  respectively  invo- 
lution and  evolution  of  their  numbers ;  and  that  herein 
consists  their  great  value  and  usefulness,  viz.  by  dim!* 
nishing  the  time  and  labour  otherwise  necessary  to  tfie 
performance  of  tedious  calculations. 

20.  There  still  remains  one  grand  difficulty.  It  isiat 
ticiently  clear  that  0,  1,  2,  inc.  are  the  logarithms  of  I, 
10,  100,  Si.c.  and  that  the  doctrine  above  stated  applies 
well  enough  to  this  series  of  geometricals ;  but  how  can 
logaritlinis,  according  to  this  system,  be  adapted  to  all 
the  intermediate  numbers,  whJcU  arc  certainly  not  in 
geometrical  but  in  arithmetical  progression ;  for  in 
order  to  be  generally  useful  in  cuiculattons,  every  awn* 
ber  ought  to  have  its  own  particular  logarithm^  TitU 
we  have  promised  to  explain ;  and  to  shew,  iliat  log** 
lithms  may  be  found  for  all  the  numbers,  agteeabi;  to 
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M>ve4iitelioiied  9jst€tn,  if  not  to  absolate  exact- 
ittfBdently  near  it  For  erery  practical  purpose :  in 
lof  which  we  will  once  more  resume  the  two  ae- 
iz. 

Ik      2.        3.         4,      &c.  logarithms. 
la    100.    1000.  10000,  &c.  numbers. 
a  order  to  find  the  logarithm  of  any  intermediate 
r,  situated  between  any  two  tern^s  of  the  geome- 
ertes,  1,  lo,  lOO,  8ic. 

411  the  two  terms  between  which  the  intermediate 
r  Kes,  the  extremes. 

etween  the  two  extremes,  find  a  geometrical  mean 
tioVsali  by  multiplying  th^m  together,  and  ex- 
l  the  square  root  of  the  product. 
ake  the  logarithms  of  the  two  extremes,  add  them 
ftf  and  divide  the  sum  by  £ ;  the  quotient  will  be 
Imetical  mean  between  the  logarithms  of  the  two 
M^  and  consequently  the  logarithm'  of  the  geo- 
A  mean  found  above. 

ike  this  geometrical  meaui  and  the  extreme  be* 
rhich  the  given  number  is,  and  find  a  geometrical 
e^wecm  them  as  before. 

ind  an  arithmetical  meaii  between  the  logarithms 
mid  geometrical  mean  and  extreme^  and  it  will  be 
arithm  of  the  last  found  geometrical  mean. 

rooeed  in  this  manner,  by  continually  finding  geo* 
1  means  between  the  two  numbers  adjacent  to 
lose  logarithm  is  sought,  until  a  mean  propor- 
I  obtained,  indefinitely  near  the  given  number, 
od  as  many  arithmetical  means  in  the  same  order; 
I  win  be  the  logarithm  of  the  last  geometrical 
>f  of  the  given  number  indefinitely  near.  The 
ig  example,  taken  from  Mr.  Bonny  castle's  Al> 
f  ill  fully  illustrate  this  rttle# 

u  2 
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Let  it  be  required  to  find  the  logarithm  of  9* 

First.  Because  9  Oes  between  1  and  10,  therefore  by  tkt 

rule,  v'l  X  10=  ^\0  :=  3.1029177  =  the  geometrical  nitan 
betvceen  1  and  10. 

A^ozr  the  log.  of  1  i$  O,  and  the  log.  of  10  is  I  ;  therefm 

=  —  =  .5  =  the  arithmetical  mean  bettreen  0  and  1. 

Whence  the  logarithm  of  3.16^2777  is  .5. 

Secondly.  The  given  number  9  lies  between  3.1622777 

ani  10;  therefore  ^3.\62&777  x  10  =  ^31.622777  = 
5.6234132  =' the  geometrical  mean  between  3.1622777  imI 
10.  -     • 

Now  the  log.  of  3. ldQi2777  w  .5,  tf»d  ^A€  /og.  of  10  ii  1 ; 

.5  -f-  1         1.5 
therefore  '^—- —  =  — ^  =  .75  =  ^Ae  arithmetical  mean  be- 

Irceen  .5  and  1. 

Whence  the  logarithm  of5J&2,3A\32  is  .75. 

Thirdly,  l^e  given  number  9  lies  between  5.6234132 
and  10 ;  therefore  ^5.6234 132  x  10=  7.4989421  =  the 
geometrical  mean. 

Now  the  log.  o/*  5.6234132  is  .75,  amd  tJie  log.  of  10  is 

.75  4-  1 
1  ;    therefore =  .875  =  the   arithmetical   mean. 

Whence  the  logarithm  of  7.4989421  is  .875. 
Fourthly.  The  given  number  9  lies  between  7.4989421 

and  10;  therefore  ^7 .498942 1  x  10  =  8.659643 1  szthegeo- 
metrical  mean. 

Now  the  log.  of  7.4989421  is  .875,  and  the  log.  oflOii 

1 ;  therefore  -. — =  .9375  =  the   arithmetictU  mean. 

Whence  the  logarithm  o/8.659643l  is  .9375.     . 

Fiftldy.  The  given  number  9  lies  between  8.6596431  flW 
10 ;  therefore  ^/S. 6596431  x  10  =  9-3057204  =  the  geome- 
trical mean. 

Now  the  log.  of  8.6596431  is  .9375,  and  the  log.  (flO 
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therefore  * =  .96875  =?  the  arithmetical 

Whence  the  logarithm  o/*  9.3057204  is  .96875. 

Jy.  The  given  number  9  lies  between  8.6596431  and 

504 ;  therefore  ^8.6596431  x  9.3057204=8.97687 13 

eometrical  mean. 

the  log.  of  8.6596431  is  .9375,  and  the  log.  of 

.      ^            ,      r      '9375  4-  .96875 
104  ts  .96875 ;  therefore  -^ =.953125, 

?  the  logarithm  o/*  8.97687 13.  And  proceeding  in 
merj  after  25  operations,  the  logarithm  q/* 8. 9999998 
I  to  be  .9542425,  which  may  be  taken  for  the  loga^ 
^  9>  since  8.9999998  differs  from  9  by  only  one  five 
h  part  of  an  unit,  an  error  too  small  to  be  of  any  con- 
r  in  practice. 

ilxactly  in  the  same  manner  the  logarithms  of 
er  numbers  maybe  computed;  but  although  this 

is  exceedingly  obvious,  and  well  adapted  to  ex- 
le  theory,  Che  labour  of  making  logarithms  by  it 
>sive,  as  appears  froih  the  above  example;  and 
'e  other  methods  of  computing  them,  derived 
18  nature  of  curves,  infinite  series,  fluxions,  8cc. 

general  been  preferred,  whereby^  much  time  and 
ire  saved* 

laving  Ct^mputed  the  logarithnis  of  a  few  of  the 
umbers,  tln^  of  their  composites,  powers,  roots, 
J  be  readily  obtained ;  the  former  by  addition 
<d  the  two  latter  by  an  easy  process  Id  innltiplica- 
division ;  and  Ihus  innumerable  other  logarithms 
obtained.  It  will  not  be  amiss  to. give  an  ex- 
r  two  of  this. 

s  suppose  the  logarithm  of  2,  and  that  of  3,  to  be 
y  the  above,  or  any  other  method ;  the  log.  of  2 
.3010300,  and  that  oiF  3  being  0.4771213. 

u3 
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Now  suppose  it  be  required  to  find  the  log.  of  6, 
which  is  the  product  of  2  and  3. 

Since  addition  of  the  logarithms  produces  multiplica- 
tion of  their  correspondent  numbers,  we  have  only  to 

add  the  logarithms  of  S  and  3  together. 
Tlins,  the  log.  o/ 2  =  0.3010300 
the  log.  of  3  =  0.477^213 
their  sum  =      0.7781513  =  the  log.  of  6. 

Let  it  be  required  to  find  the  logarithm  of  18. 
Thu9,  add  the  log.  of  6  =  0.7781513 
to  the  log.  of  3  =  04771213 

their  sum  =  1.2552726=  the  log.  of  18. 

To  find  the  logarithm  of  128,  which  is  the  seventh 
power  of  2. 

Multiply  the  log.  of  9,^  0.3010300 

By  the  index  of  the  1th  power  =? 7 

the  log.  of  128  =  2.1072100 

To  find  the  logarithm  of  the  squar^Aof  $f  viz.  of  9* 
Multiply  the  log.  ofS^        0.477 1213 
By  the  index  of  the  square  =3  2. 

the  log.  o/"3l*  or  9^        0.9542426 

To  find  the  log.  of  the  100th  root  of  2.    Divide  the 
log.  of  2  by  100.       thus  100)0.30 10300( 
the  log.  required  =  0.0030103^^ 

In  like  manner  the  logarithms  of  aU ffift  powers  and  rooti 
of  2  and  3  may  be  found ;  and  likewise  the  prodactS) 
quotients,  powers,  roots,  &c.  of  the  former,  and  so  oS| 
from  the  logarithms  of  2  and  S  being  givM  :  hence  tbe 
logarithms  of  the  prime  numbers  being,  known,  those  of 
the  other  numbers  may  be  derived  by  methods  simikr 
to  those  above. 

23.  It  seemed  tiecessary  to  anticipate  thus  much  of 
the  following  part  of  tbe  subject,  to  shew  that  Jog** 
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I  for  «dl  oanibers  are  derived  solely  from  the  prin* 
if  wa  aritkaietical  progresNoa,  applied  to  a  geomc- 
one,  which  hat  been  stated  and  explained  above, 
kewise  proper,  that  the  learner  thoald  know  how  to 
ne  the  accuracy  of  any  logarithm  ;  bat  it  would 
I  worth  bis  while  to  undertake  the  laborioos  task 
iputjog  a  system  of  those  numbers,  since  the  tablet 
arithms  already  in  print  are  sufficiently  accurate 
itensive  for  esery  practical  purpose. 
The  logarithms  are  placed  in  tablet  opposite 
orrespoodent  natural  numbers,  for  the  convenience 
ctice;  so  that  a  number  being  given,  its  logarithm 
e  readily  found,  and  in  like  manner  the  number 
e  found  from  its  logarithm  being  given.  The  fol- 
;  are  the  most  usual  plan  and  arrangement  of  the 
— A  page  is  divided  from  top  to  bottom  into  eleven 
as,  marked  at  top  and  bottom,  N,  0,  1,  2,  3,  4,  5, 
,  9-  The  left  hand  column,  marked  N,  contains 
»ur  left  hand  figures  of  the  natural  number,  to 
for  the  right  hand  figure  the  proper  one  from  the 
bottom  must  be  taken ;  the  remaining  ten  columns 
D  logarithms.' 

7b  find  the  logarithm  of  a  natural  number  comzst- 
^ourfigures*  Look  for  the  proposed  number  in  the 
d  marked  N,  and  in  a  line  with  it  in  the  next  co- 
ttands  its  logarithm. 

To  find  the  logarithm  of  a  number  consisting  of  five 
',  Look  for  the  first  foor  figures  in  the  colomn 
d  N,  and  for  the  fifth  figure  at  top  or  bottom ;  then 
ie  with  the  former,  and  in  the  same  colnnra  with 
ter,  stands  the  proper  logarithm.  That,  to  find  the 
thm  of  2345;  find  this  number  in  the  column 
d  N,  and  opposite  thereto,  in  the  next  column, 
the  logarithm  .3701428,  which  is  the  dedmal  part 
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only;  the  characteristic  in  this  and  every  othar/iostaQce 
being  left  for  the  operator  to  supply.  ThQS  in  the  pre- 
sent example^  if  the  giiren  number  2,345  be  a  whole  nam* 
ber,  3  must  be  prefixed  as  a  characteristic  to  the  loga* 
rithm ;  if  the  last  figure  5  be  a  decimal^  ^  must  be  pre^ 
fixed;  if  there  are  two  decimals^  1  must  b^  pressed;  if 
three  decimals^  0 ;  if  the  whole  be  a  decim^^  -^  1,  &c. 

To  find,  the  logarithm  of  66534.  Find  6653  in  the  co- 
lumn marked  N^  and  4  at  the  top;  then  in  the  columa 
under  4,  and  level  with  6653,  stands  .8230436;  to  which 
prefixing  4  for  a  characteristic^  the  required  logarithm  is 
4.8230436. 

In  like  manner^  the  logarithm  of    4056  is      3.6080979. 

ITiat  of      391  is      2.5921768. 

That  of    3.366  is      0.5271141. 

That  of  63.5 1 9  is      1 .8029037. 

That  of  .88526  is  - 1.9470708. 
The  characteristic  in  each  of  these^  and  in  every  other 
instance^  being  one  less  than  the  number  of  integral  places 
in  the  given  natural  number. 

26.  To  find  the  natural  number  belonging  to  a  logarithm. 
Look  for  the  logarithm  in  the  columns  marked  0,  1, 2, 
8cc.  ^nd  having  found  it^  the  number  standing  opposite, 
with  the  figure  at  the  top  of  the  column  subjoined,  will 
be  the  number;  then  mark  off  from  this  number  as 
many  places  of  whole  numbers,  as  are  equal  to  one  more 
thafi  the  index  of  this  given  logarithm,  and  it  will  be  the 
number  required. 

Thus,  to  find  the  natural  number  belonging  to  the 
logarithm  2.82.30436,  look  in  the  columns  marked  0, 1,2, 
&G.  for  tlic  decimal  part  pnjy  of  this  logarithm,  (rejecting 
the  index,)  and  having  found  it,  the  number  opposite,  in 
the  column  marked  N>  is  6653,  aod  tlie  figure  at  the  bead 
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coldmn  containing  the  giren  logarithm^  is  4, 
must  be  subjoined  to  the  above  four  figures :  and 
is  the  index  of  the  given  logarithm^  three  figures 
number  must  be  pointed  off  for  whole  numbers ; 
!  the  natural  bumber  agreeing  with  the  above  loga- 
s  665.d4|  as  was  required* 

ke  manner,  the  natural  tiuniber  belonging  to  the 
logarithm  1. 78891 04  m  61.506. 

belongir^  to  the  log.  3.91 8 166^  is  8282.4. 
belonging  to  the  log.  0.5r410798  is    3.476. 

bdmg^ng  to  the  log.  2.1682617  is  147.32. 
belonging  to  the  log. .-  2.9 1 87483  is  .082937. 

n  the  four  former  examples,  the  places  of  whole 
s  pointed  off  are  one  more  than  the  index  of  the 
;ve  logarithm ;  in  the  latter  example,  the  index 
3WS  that  the  left  hand  figure  (viz.  8.)  of  its  number 
etnd  in  the  second  place  below  units;  a  cipher  must 
re  be  placed  before  it,  and  the  whole  will  be  a 
I. 

5  are  frequently  two  additional  columns  in  the 
on^  for  the  differences  of  every  two  adjacent 
ims,  and  the  other  for  the  proportional  parts  of 
ifferences ;  each  difference  being  divided  into  nine 
I  the  ratio  of  the  numbers  1,  2,  3,  8cc.  to  9^  for 
rpose  of  6nding  the  logarithm  of  any  number, 
ing  one  or  two  places  more  than  the  numbers 
tables  consist  of,  and  likewise  the  number  oor* 
ling  to  any  logarithm  between  two  adjacent  ones 
tables^  Ample  directions  for  these  purposes  are 
rith  every  collection  of  tables ". 

,  to  find  the  logarithm  of  d  number,  consisting  of  six  figures.  Find 
ll  part  of  the  logarithm  for  the  first  five  figures,  and  take  the  dif- 
tween  that,  and  the  next  greater  logarithm.  Find  the  difference  in 
1  marked  D,  then  under  that  difference  in  the  column  marked  yts. 
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•nd  tgai««t  tbe  figure  4Co«pying  tShe  aixtb  plftoe,  sUodi  Uic  fart  which  anit 
be  added  to  the  logarithm  found. 

To  find  the  hgarithmfor  seven  figuret.  Find  tha  logarithm  lof  the  frA  rii, 
at  before ;  then  diviie  the  number  correipoadilig  lo  the  aercntfi  tgine  (fai  tht 
column  of  ji/«  marked  D»)  by  10 ;  add  the  quolieot  to  tlie  decimal  part  of  tk 
logarithm  for  six  figures,  observing  to  place  the  first  figure  on  the  rigfat,  in  the 
etghth  place  of  the  logarithm* 

To  find  a  number  to  six,  seuen,  or  $nt/^  Jtgtmet^  untmerimg  f  mi§  gim 
logarithm.  From  tht;  given  logarithm  subtract  the  next  less ;  add  as  BM17 
ciphers  to  the  right  of  the  diiTerence,  as  there  are  additional  ligum  fc<|idRd; 
divide  this  quantity  by  tiie  diflereooe  between  the  pest  greater  aad  next  leu 
than  the  given  logarithm ;  and  the  quotient  will  be  the  figures  regviasd* 

And  by  a  converse  process,  numbers  consisting  of  six,  seven,  tx  e%fat  placn, 
answering  to  any  intermediate  Ic^rithm,  may  be  readily  fevnd.  *  See  Fhet't 
THgowmetrif^  Huitoii*  M^OumnHcal  TMMrt,  pp.  Idl,  lat^  M3»  mid  IM.»- 
cofuf  edit. 
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-OGARITHMICAL  ARITHMETIC. 

[iOgarithniicai  Arithmetic  teaches  to  perform  arithmetical 
ms,  by  means  of  logarithms  previously  computed  and 
d  ia  tables  for  use. 

MULTIPLICATION  BY  LOGARITHMS. 

When  the  indices  of  the  logarUhtns  are  qfirmiUwe,  or  4- . 

g  I,  Seek  in  the  table  the  logarithms  of  the  fiMStors,  place 
le  under  another,  and  add  them  together;  their  sum  will 
logarithm  of  the  product. 

eek  this  logarithm  in  the  taUe^  and  the  natural  number 
ng  to  it  will  be  the  product  required  ^ 

Examples. 

Multiply  200  and  12  together. 

OpMATIOK.  £s,,laMnii,n. 

r  n  Q  o/\i/^9/v^         ^  ^"*  ^^  *•**  logariUimt  of  200 

r.  of  200  =  2.30103CW     ^^  12^  prefixing  totMof  Uie  fcr- 

I    of      12  z3  1 .079 1812     iB«r  2  for  a  characteristic,  aad  to  thai 

n^.,M  QAiv^  ^t^HOgllQ  ^  ^^  ***^''  I ;  I  place  the  logarithmi 
Oduct 2400 . . .  3.380ail^  ^^  under  the  other,  add  them  toge- 
ther, and  then  look  for  the  decimal 
heir  sum  (viz.  .3809119)  in  the  table  among  the  logarithmt,  opposite 
I  the  column  marked  N,  I  find  2400,  which  is  the  product,  and  3  being 
icteristic,  I  mark  off  4  places  for  whole  numbers. 

[ultiply  15  27.  by  3.172. 

Operation.  Explanatwn. 

r    it^  Li^         11  Q<iQsnu\         Having    looked  o«t    the  loga- 
g.  of   15.27  =  1.1838390     ^^^^^^^  ^^^^  ^^^  ^^^^^  ;^^ 

g,  of   3.172  =x  0.5013332      other  with  their  fcoper  indices, 

.duct  48.437  =  i-:555l7^    ^  ^^t,  ^^^Tt^Ltt 

ip  the  table,  which  answers  tQ 
a ;  from  this  I  mark  off  9  places  of  whole  numbers,  because  the  index 
im  is  I. 

lukiply  1.2345  . . .  20.517^  and  5.4321  together. 

The  tog,  of  1.2345  =  0.0914911 

The  log.  of  20.517  =  1.3111139 

The  log,  of  5.4321  =5  0.7349078 
The  product  =137.27=  2.1375728 


-»^ 


I. truth  of  this  rule  ie  plain  from  the  nature  of  It^aritfams,  which  has 
)y  ^plained  in  the  Introduction. 


-I. 
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4.  Multiply  9.27  . . .  1.053  . . .  13.954,  and  2.3456  together. 

The  log,  of  9.27  =  0.9670797 
The  log,  of  1 .053  =  0.O224284 
The  log.  of  13.954=  1.1446987 
The  log.  of  ^.3456  =  0.3702540 
The  product  =  319.49  =  2.5044608 

30.  When  any  of  the  indices  are  negative,  or  — . 

Rule  I.  Hod  the  sum  of  the  decimals  as  before,  then  add 
what  is  catti^,  atid  the  affirmative  indices  into  one  sum,  and 
the  n^ative  indices  into  another. 

II.  Subtract  the  less  of  these  sums  from  the  greater,  and  to 
the  remainder  prefix  the  sigh  of  the  greater,  and  it  will  be  the 
index  to  be  prefixed  to  the  decimal  part  of  the  sum  ^. 

5.  Multiply  18.32  . . .  2.405,  and  .61245  together. 

Operation.  ExpUwuion, 

The   log.  of  18.32     =       1.2629255  .  The  i  earned  from  the  de- 

°  '^  cunal  part,  is  added  to  tke 

The    log.  of  2.405     =       0.3811151  index  l,  making «:  then  the 

The    log.  of  .61245  =  --1.7B70706  - 1  is  taken  from  2,  and  the 

r/t.prodiecf  =  26.984=      1:4311112    [^f  '  "  *"*  '"^ 

6.  Multiply  1584.3  and  .05637  together. 

Operation.  ExplanaUon. 

Log.  of  1584.3  =        3.1998374         There   being    nothing    to  carry 

r  r    rk-^'o^  a  >^tL\f\ACif\     fro™  the  decimal.  I   have  only  to 

Log.  of  .Oo637  =   -2./5I0480     ^^^^^^  ^  ^^^^  ^^  ^^  ^^^\^ 

Product  89.307  =        1.9508854     remainder  1  for  an  index. 

7.  Multiply  .703 0918,  and  47.345  together. 

Operation.  Explatmtion. 

Log.  of  .703        =  —1.8469553  Here  2  being   carried   from  the 

Lo<r.  of  .0918     =    2  9628427  ^^^imals,  the  sum  of  the  affirmative 

*     *\,  '  ••     ''  indices  is  equal  to  that  of  the  nega- 

Log,  of  47.345  =  1.6752741  tive  ones,  each  being  3,  whence  0  is 

Product  3.0554  =       0.485072 1     ^^  '^"^^^  ^  ^^  suppUed. 


<i  We  have  before  shewn,  that  the  decimal  part  of  a  logarithm  is  alumfs 
affirmatiise,  and  therefore  the  number  carried  from  tbat  decimal  will  e?idently 
be  affirmative.  The  reason  why  the  sum  o|  twx>  numbers,  having  different  sigaS) 
is  found  by  subtraction,  is  explained  in  the  notes  on  Addition  of  Algebra. 
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tequired  the  product  of  .3817  . . .  .0^5913  and  .90S  ? 
Operation. 

'  Mir   =  -i.58i7«22    _    ^"^'r^':'-    .  , 

p   *xr»P-    irt  «  *°®  ■^™  ®^  *°*  indices  it  4, 

r  .025913    =    —2.4135177     and  all  being  MgaiHve,  I  fubtract 

r  .998  =    —1.9991305     the  I  cvricd,aiMi— 3  remaiiM  t« 

prefix. 

r<  .0098712=   -3.9943704 

Multiply  23.45  by  5.432.     Prod.  127^8. 

Multiply  4.9053  by  10.56.     Prod.  51.8. 

Multiply  1.7254  by  .17254.     Prod.  .2977- 

Multiply  .32  . . .  4.08,  and  .12  together.     Prod.  .15667. 

Multiply  1237 .  • .  12.37, and .1237 together.  Ptod.  J892.8. 

Multiply  .03  .  .  .  .004  .  .  .  157.8,   and  .0006    together. 

)0OO11362. 

31.  DIVISION  BY  LOGARITHMS. 

B  I.  From  the  decimal  pai*t  of  the  logarithm  of  the  divi- 

ubtract  the  decimal  part  of  the  logarithm  of  the  diviaon 

Change  the  index  of  the  divi^r,  if  it  be  affirmative,  to 

'e,  and  if  it  be  negative,  to  affirmative. 

If  after  this  change  the  indices  have  like  signs,  add 

ogether,  and  prefix  their  sum,  with  its  proper  sign,  to 

rimal. 

If  the  indices  after  this  change  have  unlike  signs,  take 

ifference,  and  prefix  the  remainder,  with  the  sign  of  the 

',  to  the  decimal. 

)bserve,  that  when  1  is  carried  from  the  decimal,  it  must 

ed  to  the  index  of  the  divisor,  if  affirmative,  but  sub- 

,  if  negative ;  and  this  must  be  done  in  both  cases  before 

lex  of  tlie  divisor  is  changed. 

Examples. 
ivide  835 1.6  by  19.23. 
Operation. 

>f   8351.6         =3.9217697        „    .  ^T^TlT^       f  ^u 
•^  Having  placed  the  log.  of  the 

}f    19.23  =  1.2839793     divisor   under  that  of  the  divi- 

Otient  =  434.3  =  2.6377904     f^^*  I ^'^^^^^  ^^  fonner  from 

_— —      the  latter;  the  remainder  being 

the  log.  of  the  quotient,  I  look 

1  the  table,  and  find  its  nataral  number  to  be  434.3,  which  is  the 

;  required. 
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2.  What  is  the  quotient  of  28.5  divided  by  901.^9  ? 
Operation.  EstfiMM^. 

Log,  of  28.5  =       1. 4548441)     „.?*1'^  "'^^'*r^  *5*,^^ 

•    •      •'^  ^        ^     mals,  ^ere  is  1  to  carry  to  the 

Log.  of  301.23       05      2.47S8g82     2,  wbicfa  makeft  3',  duumhi^ 

wliieh  is  t, dtt4  pttix  toHt^ 
sign, — (becavie  3  is  negatiTe,)  *3  therdbre  it  the  index  to  be  prefixed  to  the 
decimal  remainder. 


3.  Divide  .05432  hf  .2345. 
Opbration. 


EspkauaUnL 


Tbere  being    aofbhlg  to  earry 
Log.  of  .05432  s    —2.7349598     from  tbe  deeimal,  I  Imva  01^  to 

Log,  of  .2345    =    -1.3701428    f^t^*  ilg"  *^-*  *^ +1*  ^ 
^   ^  .  ■*».  .  ■   ■       take  tbe  diffeMnc^  of  2  nd  1,  to 

QtfO^teit^  .23164=    —1.3648170     prefix  the  sign  «  to  the  I  nAabidst, 

and  make  it  the  index. 

4.  Divide  1.908  by  .00095. 

OpbRATION.  Explimmiion. 

r««     ^z*    t  n/M3        «..       /\oa/\B«yQ4  Tb®  ^  carried  from  the  deci- 

Log.   0/1.908       tn       0.3805784     «4l,  taVea  from  4,  leavet  3 ;  tk 

L6g.   of   .00095     =3  —4.9777338     rign  of  «kich  U  ebusad  froHi  - 
Q«o«ie»*  =  «008.4==      i50i8548    S^tifaT^etlL.'*'**  *"' 

5.  Divide  108  by  36.     Quotient  3. 

6.  Divide  92.4  by  12.    Quotient  7J7* 

7.  Divide  5.123  by  3.47.     Quotient  1.4764. 

8.  Divide  .67894  by  234.71.     Quotient  .0028926. 

9.  Divide  375.27  by  381 .27.     <?Mo^ic»<  .98426. 
10.  Divide  73.106  by  .8714.     Quotient  83.895. 

32.  Division  may  be  performed  by  using  instead  of  the  loga- 
rithm of  the  divisor,  its  arithmetical  complement  %  whereby  sub- 
traction is  changed  to  addition. 

The  arithmetical  complement  of  a  logarithm  is  what  that 
logarithm  wants  of  10. 

33.  To  find  the  arithmetical  complement  of  any  logarithm. 

Rule.  If  the  index  of  the  given  logarithm  be  affinnativei 
subtract  it  from  9 ;  btit  if  negative^  add  it  to  9 :  then  proceedijig 


.^»tt**^^UU 


'  The  use  of  the  arithmetical  complement  was  first  introduced  by  Mr. 
Edrnmid  Gunter,  Professor  of  Asfronoimj  at  Ghresham  GoHege,  probably  abonf 
the  year  16^0.    See  Briggs*s  Arithmctica  Logarithmica,  &c.  cap,  15. 
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\  to  light,  subtract  each  of  the  dechnal  figares  from  9^ 
he  last  or  right  hand  figure^  which  roust  be  subtracted 
i  the  result  is  the  arithmetical  complement  required '. 

nd   the   arithmetical   complement  of  ^he   logarithm 

b^;innmg  at  the  index  2,-t  subtract  that  and  each  of  the 
proceeding  from  left  to  right)  from  9,  except  the  right 
wn  4,  which  I  subtract  from  10^  and  the  result  is 
»6>  the  arithmetical  complement  required. 

m1   the   arithmetical   complement  of  the    logarithm 

nng  at  ike  1>  I  add  it  to  9,  {because  it  is  negative,)  and 
the  ether  figures  from  9,  proceeding  fnmi  left  to  right  as 
lixpt  the  last  figure  7>  which  I  subtract  from  10.  The 
col  compkment  therefore  will  be  10.1106983. 

I  manner^  the  arithmetical  complement  of  the  logarithm 
'b»  will  be  8.4749552. 

ithmetical complement  of  0.8430458,  will  be  9. 1569542. 
f  the  logarithm  -1.9854714^  will  be  10.0145286. 
)f  —3.8653409,  will  be  13.1346591>  &c.  &e. 

34.  To  perform  division  hf  additiem, 

I.  Under  the  logarithm  of  the  dividend,  write  the 
ical  complement  of  the  logarithm  of  the  divisor,  and 

together. 

the  index  of  the  sum  be  iO,  or  greater  than  10,  sub- 
from  it,  and  prefix  the  remainder  (which  will  be  affir- 
IS  an  index  to  the  decimal  part  of  the  sum. 

the  index  of  the  sum  be  less  than  10,  subtract  it  from 
o  the  remainder  (which  is  nc^tite)  preftit  the  negative 
ind  place  it  as  a&  index  to  the  decimal  portof  the  s«m. 


de  Irjt  toy  inimber,  or  to  multiply  hf  itf  reeipfMal^r  piodoces  the 
.t ;  and  therefore,  to  add  any  logarithm^  or  subtract  its  reciprocal, 
Atly  do  the  same :  Hew  tbe  arilbmetictl  eomplemeflt  of  fl  ItfgarfCftm 
Ipfocal  of  that  logankUlf  increased  or  ^sniaisiMd  by  10,  tucoaiikog 
X  M  aegalire  or  afirmallTO ;  which  accounts  for  the  snJ^tActioa  as 
10,  as  in  Art.  34. 
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11.  Divide  435  by  29.8. 

Operation^. 

Log.  of  the  dividend  435 =  2.6384893 

Arith.  camp.  log.  of  the  divisor  29.8  =  8.5257837 
The  quotient  =  14..597 ==  1.1642730 

JSxplanaiion, 

The  logarithm  of  the  divisor  29.8  is  1.4742163  ;  I  find  the  arithmetical  ooBh 
plemeot  of  this,  and  having  placed  it  under  the  lof^arithm  of  the  dividend  435) 
I  add  both  together;  and  the  index  of  the  sum  being  11,1  subtract  10  fromiti 
and  place  the  1  remainder  for  an  index. 

12.  Divide  .123  by  124. 

Operation.  £xpianation. 

Log.  of  .123 =    -1.0899051     ^  ^hf.'^i"  ?.(  ^«  ^^ 

..,  ,  7  —  I  is  6 ;  this  I  subtnet 

Arith.  CO.  log,  124  =        7.9065783     from  10,  and  pr^xing  tin 

Quotient  .00099 1 93  =  —  4.9964834     negative  sign  to  the  remaJD- 

■  der  4, 1  place  this  Ant  an  lo- 

dex  to  the  sum. 

13.  Divide  308.25  by  31.024. 

Log.  of  308.25 ==  2.4889031 

Arith,  comp,  log.  31.024  =  8.5083022 
Tlhe  quotient  =  9  9359  =s  09972053 

14.  Divide  1.4759  by  23.917. 

Log.   cf  1.4759  ...  =  ...  0,1690569 

Arith.  CO.  log.  23.917  =  •  . .  8.6212933 
Quotient  .061709  . .  .  =     —2^7903502 

15.  Divide  .09876  by  98.76. 

Log.  of  .09876  ...  =  ...  —2.9945811 

Arith.  CO.  log.  98.76  = 8.0054189 

Quotient  =  .001  ,.  =  ,..   —3.0000000 

16.  Divide  1716  by  12.     Quotient  143. 

17.  Divide  246.2  by  207.5.     Quotient  1.1865. 

18.  Divide  8.3017  by  .9012.     Quotient  9.2119. 

19.  Divide  4.3213  by  5.1238.     Quotient  .84338. 

20.  Divide  .09512  by  203.76.     Quotient  .00046672. 

35.  The  logarithm  of  a  vulgar  fraction  is  found  by.  this  rule. 
From  the  logarithm  of  the  numerflltor,  subtract  the  logaritliD> 
of  the  denominator,  (or  add  its  arithmetical  complement,)  aod 
the  result  will  be  the  logarithm  required. 
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mixed  n6mber  be  given,  reduce  it  to  an  improper 

.,  and  then  find  its  logarithm  as  above. 

3 
teqoired  the  logarithm  of -^? 

From  ihe  U^.  of  Szs  0.4771813 
Subtract  thelog.of4  =  0.6080000 

The  log.  of  ^zs:    —1.8750613 

4 
Required  the  logarithm  of  3  — ? 

5         5 
Then  from  the  log.  of  19  =  1.278753G 
Subtract  the  log.  ofbzs,  0.6989700 

4 


The  log.  (fS-^  =^  0.5797886 

^hat  IS  the  logarithm  of  ^?    Jnt.  — 1.9488475. 
i^t  is  the  logarithm  of  l^^  ?    Am.  1.0969100. 

36.  PROPORTION  BY  LOGARITHMS. 

i.  prepare  the  terms  as  in  the  Rule  of  Three  of  Deci- 
Ihey  require  it. 
ace  the  terms  (so  reduced)  in  order^  one  under  flnother, 

logarithm  of  each  opposite  to  its  respective  term, 
.dd  the  logarithms  of  the  two  multiplymg  teitns  together, 
a  the  sum  subtract  the  logarithm  of  the  dividing  term ; 
linder  will  be  the  logarithm  of  the  answer. 
w  find  the  arithmetical  ccmiplement  of  the  dwiding  term^ 
it  and  the  logarithms  of  the  two  remaining  terms  toge- 
lerving  to  take  the  difference  of  10  and  the  index,  as 
mj  the  result  wiU  be  the  logarithm  of  the  answer  as 

Examples. 
the  week*6  allowance  fbr  5  seamen  be  3Btb.  of  biscuit, 
ly  pounds  will  a  ship's  company  of  824  men  ccnasume  in 
I  time? 


t. 
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Past  II. 


Opbkatzok. 

First  method. 

As  5  men its  log.  =s,  0.6989700 

ToSSlb its  log.  =  1.5T97836 

So  are  ^^4  vien.  .  its  %.  =  2.850^480 


From  3.9300316 
Subtract  0.6989700 

To  1702.4  pounds  =  .  . 


3.2310616 


Second  meihad. 
Aritk.  CO.  ss  9.SO10a00 
Logar.      =s  1.5797836 
Loglar.      s  835O2480 


[ 


iSiim  =3.2310616 


Explanation. 

Having  stated  the  question  according  to  the  rule,  I  find  that  it  bdongs  t«the 
direct  rule,  and  therefore  the  Jirst  is  the  dividing  term ;  vhenee,  wider  the  fiist 
method,  I  add  the  logarithms  of  the  first  and  second  terms  together,  and  sib- 
tract  that  of  the  first  from  the  sum.  By  the  second  method,  I  find  the  aritbM- 
tical  complement  of  the  first  term,  and  the  Ic^rithmsof  the  two  other  trnM« 
and  add  all  the  three  together,  subtratting  10  from  the  index  of  the  sum;  the 
result  by  both  methods  is  the  sabie,  namely,  the  logarithm  of  the  answer,  whidi 
is  of  the  same  name  with  the  second  t^rm,  viz.  pounds. 

2.  If  7  men  can  perform  a  piece  of  -work  in  54  days,  in  how 
many  days  would  23  men  accomplish  the  same  ? 

Operation. 

First  method. 

As  7  men log.  =s  O.846O08O 

To  54  days log.  =:  1.7323938 

So  are  23  men log.^  1.3617278 


From  sum  of  1st  and  2nd  =  2.5774918 
Take  the  third =  1.3617278 


To  16.435  days =  1.2157640 


Second  method. 
Log.  =  O.845O960 

Log.  =  1 .7325938 

ArUh.  CO.  =  8.638*27^ 


^ 


Sum  =  1.2157640 


ETptanation, 
Thi:t  example  evidently  belongs  to  the  Inverse  mle,  I  therefore  add  the  Isgt* 
of  the  first  and  second  terms  together  ;  and  from  the  sum  subtract*  the  log*  ^ 
the  third,  according  to  the  1st  method,  or  add  its  arithmetical  complement,  ac- 
cording to  theSnd. 

3.  If  3\lb.  of  tea  cost  1/.  7s.  6d,  what  is  the  value  of  2cirf. 

3gr.  4/6.  P 

OPERATION. 

First  method. 

As  S^lb.  =  .03125cM;f.  .  t log.=  — 2.4948.')00 

To  IL  7s.  6d.  =  1.375/ /og.  =      O.13SS027 

So  are  2cwt.  3qr,  4lb.  =  2.7857cm?<.  .  log.  =      0.4449343 

From     0.5832370 
Subtract  —2.4948500 

To  122.57/.  =  122/.  Il5.  4d.i  = 2.0883870 
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Second  nuthod. 

^r.  CO.  =  11.5051500 
Log.  =  0.1383027 
Log,      =    0.4449343 

Sum—  2.0883870  as  btfore. 

Explatuiiion. 
The  £nt  term,  and  tbe  qn.  and  lbs.  in  %h<e  third,  are  reduced  to  decimals  of 
a  cwt. ;  and  the  thillinst  and  pence  in  the  second,  to  the  decimal  of  a  pound ; 
after  which  the  operation  proceeds  exactly  as  before. 

4.  If  ^  yards  of  lace  aell  for  lis.  6d.^,  what  is  the  value  of 
17  pieces^  each  16yds,  3qr.  2na,  ? 

Operation. 

Firtt  method. 

As  3i  yd.  =3v875yd Jofir.  =»      0.5882717 

To  19«.  6d.i  =  .977081 i<^.  =  —1.9899301 

So  are  S  ^^  ?^^ ^S-^  f  .1.2304489 

^^  ^^^  1  each  16y.  3g.  ^».  =  16.875. .  log.  =  \  1 .2272438 

B-om  2.4476228 

gt(&<rflc<  0.5882717 

To  72.335^;  =  72/.  6s.  8d,i.  = 1.8593511 


{ 


i^coju/ «ief Ao<f . 

Ar.co.:s^  9.4117283 
Xo^.  =^1.9899301 
^Log.  =  1.2304489 
Log.  1.2272438 

Sum  ==  1.8593511  as  hefore. 


SxpUmetion, 

./Th>f  jyCfPitlgii^fit  fijcst  sight  appears  to  have  foar  terms,  but  the  tw»  latter 
evidently  eobstitnte  but  one  tena,  namely,  the  third  ;  the  pieces  and  yards  are 
■aiMt^pKcd  iogtfbier  by  adding  their  logarithms. 

5.  Find  a  fourth  proportional  to  123.4  . .  .  43.21^  and  1. 


As  123.4 log.=:  2.0913162 

To  43.21 log.  :^  1,6355843 


Arith.  CO.  =  7.9086848 
Log.  .  .  .  ==  1.635.5843 


So  is  I log.=z  0.0000000  j     Log.  .  ,  .  =  0.0000000 

rTo  .3£t016  = —1.5442691       Sum  s:  .  —1.5442691 


X  £ 


I 
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6.  If  a  pipe  of  Madeira  cost  109^  lOs.  what  must  be  given 
for  Ihhd,  25  gallons  di  the  same  ? 

As  1  pipe  ....  * logi .  .  ,  =s     0.0000000 

To  1091,  lOs.  =  109.5if.  ,  .log =     «.0394141 

So  are  Ihkd.  25  gal  =  .69841  pipe  =  —1.8441104 

To  76.4761.  =  76Z.  9s.  6d =      1 .8835^5 

7*  If  2026.  of  sugar  cost  It.  2$.  6/2.  what  will  56lb,  cost?  in* 
swer  31.  3s. 

8.  Required  a  fourth  propoilional  to  the  three  ghieii  num- 
bers, 11,  12,  and  20  ?     jlns.  21.818,  &c. 

3  5  4 

9.  If  — -  of  a  gallon  of  wine  cost  —L  what  will  1-—  gallon 

cost  ?      .<^«5.  U.  10*. 

10.  A  person  receives  822.  7s.  6d.  per  year,  how  much  is  that 
per  day  ?     Ans.  4s,  6d. 

11.  Required  a  third  proportional  to  123  and  234?  An* 
swer  445.17>  &c. 

12.  If  A  lends  B  3322.  fbr  7  montln,  what  sam  ought  B  to 
lend  A  for  20  months,  to  discharge  the  obligation  ?  Answer 
U6l4s. 

37.  INVOLUTION  BY  LOGARITHMS. 

Rule  I.  Multiply  the  log^ithm  of  the  number  to  be  in- 
volved, by  tYz  index  of  the  proposed  power,  and  tJ^  product 
will  be  the  logarithm  of  the  power. 

II.  If  the  index  of  the  logarithm  be  negative,  the  product  of 
the  index  will  be  negative ',  and  since  what  is  carried  is  affirma* 
tive,  the  dilFerence  of  these  two  must  be  taken,  and  the  sign  of 
greater  prefixed  to  it,  for  the  index  of  the  logarithm  of  the  pro- 
posed power. 

Examples. 

1.  Involve  12.916  to  the  second  pc'wer. 

Operation.  ,       £Tphmaii^ 

,          .  ,         .  Having  found  thelogtnthn 

Logarithm  of  12.916      =  1.1111280  of  the  given  number,  I  mnlti- 

Index  of  the  ^nd  power  =»                   2  ply  it  by  2,  the  index  of  the  «• 

Second  nowpr—  1 66  82  —  51522^60     ^""^  P^^" »  *^*  pnxlact  istk 
.-^econa  pov.er^  100.»^  —  z.iZ'ZZbOU     logarithm  of  166.82,  thepowtr 

required. 


I. 
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ifolve  .^037  to  the  third  power. 

OPEBATIOIf. 

\90S7                  =  —1.3089910 
fiheM  power     =     3 

otDerss  .0084523=  —£^9269730 
iTolvc  J0421  to  the  thirtieth  power. 

Operation. 

.0421                   =  —  2.62428S1 
f  the  SOth  power  =      30 

ll]53513  =  —  42.7284630 

■  pi  ■■ 

••  •  ,^     ^     ...» 

volve  .1021  lx>^e  365th  pdwer. 

pPEBATtON. 

gr.  0/.1021  =  ^1.0090257 

iex  of  ,^QBtJli  p()^er   ss  365 

451285 
541542 

270771 


EspUmation* 

Here  the  index  being 
ne^tire,  and  nothing  to 
carry  from  the  decimal, 
the  product  of  3  into  —  1 
will  be  wholly  negative. 


Explanation, 

Here  18  carried  ^m 
the  decimal  is  to  be  sub' 
tract ed  frqm  :^60,  the  re- 
maipder— 48  is  the  in- 
de;c ;  .[41]  shews  that  41 
ciphers  are  to  be  prefixed 
to  the  number  53513. 


tci  of  the  decimals  =  3.2943805 
,  of  integers  —365 

r  [36^1119696  =  ^362.2943805 


Explanation, 

In  cases  like  the  pre- 
sent, it  is  best  to  multiply 
the  decimals  and  the  inte- 
gers separately,  making 
two  operations  ;  we  have 
here  multiplied  the  deci- 
mals first,  and  a^erwards 
the  —r  1,  then  subtracted 
the  index  of  the  fonner 
prjodqct  i^om  tbe  jatter^ 
the  included  number  [361] 
shews  that  so  many  £i- 
phers  ^e  to  Jb^e  prefixe4  .to 
comulete  the  4(^¥i^^* 


Folve  7.004  to  the  seeond  power.     Power  49.056. 
leolve  23.123  to  the  thii;d  power.     Power  12363.2. 
eolve  1.012  to  the  tw€tfitieth  power.     Power  1.26943. 
foLve  .312$  to  the  eleventh  power.    Power  .000002805. 
rolve  7.1635  tg  the  1,2345  power.    Power  11.3672. 

EVOLUTION  BY  LOGARITHMS. 

8.  When  the  index  of  the  logarithm  is  affirmative* 

;.  Divide  the  given  logarithm  by  the  number  denoting 
f  aii4  the  quotient  will  be  the  logftrltbm  of  the  root  re^- 


x^ 
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Examples. 

1.  Extract  the  square  root  of  26.725. 

£arplmmatioM, 

Operation.  j  ^^.^  ^^  1^  ^  ^^^  ^^^ 

2)1.4269177  number  by  3,  tbe  onniber  deoot- 

■ans^Root  ^  5.1696.     |rLt.hT^ISl'/.Z 

the  root  required. 

2.  Extract  the  cube  root  of  5182.9. 

Logaritkm, 
3)3.7145728 

1.2381909  Jgoo<=  17^058. 

3.  Extract  the  12th  root  of  98765. 

12)4,9946031 

0.4 1 62 1 69  Root  rs  2.60745. 


39.  ^^'^en  the  index  of  the  logarithm  is  negtUive. 

Rule.  If  the  index  of  the  logarithm  be  divisible  without  i«- 
tbainder^  divide  a[$  before,  making  the  index  of  the  quotient 
negative ;  but  if  not>  borrow  as  many  als  will  make  it  exactly 
divisible^  carrying  the  number  borrowed  as  so  many  tens  to  the 
left  hand  decimal  place,  and  proceed  as  before }  observing  to 
m^ke  the  index  of  the  quotient  negative. 

4.  Required  the  square  root  of  .03974  ? 

Operation.  Expianatum. 

Logarithm,  Tbe  index  —  2  being  exirth 

2)  -  2.5992279  divUible  by  2,  I  divide  as  ht- 

^    forey  making  the  index  1  of  tix 

->  1.2996139  Root  =  .19935.  qUo^nt  negative. 


5.  What  is  the  cube  root  of  .482  ? 
Operation. 


Explanativti, 
Since  — l  it  not  divisible  by 
Logwitkm,  3^  I  borrow  2,  and  then  dirkle, 

^^  —  1  fiq^04.rn  making  the  quotient  1  mp- 

— 1.8943490  Root  ==  .78406.     rowed  as  20  to  the  6,  and  prth 
~~  ceed  exactly  as  before. 
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Squired  the  13th  root  of  .0015SB34  ? 

OpSRATIOK.  Ejcplanation, 

Logmiilm*  Here  I  borrow  9  to  the 

!)  -3, 1083620  V""*"'  ^„^  ^  ^;"<""8  "• 

^    —.^.......i^....  I  carry  90  to  the  1,  and  pn> 

->I.7590S01  Root  =:  .574156.     ceed. 

bctnct  the  fifth  root  of  .0000006789. 

OPEIATION.  Explanation, 

ZMgariikm.  ^  borrow  3  to  make  the 

Kx      ^QQidAxQ  index  exactly  dirkible,  put 

^^-"7.oJioiioO  down  the  quotient  —  ^, 

—2.7663611  Root  =  .058393     ^^^  so  to  the  decimal, 
--___  and  proceed  as  before. 

What  is  the  square  root  of  961  ?     JRoo^  3 1 . 
Required  the  cuhe  root  of  1.341  ?     Root  1.1  ? 
Extract  the  fourth  root  of  381 .25.    Root  4.4 1878. 
Required  the  square  root  of  .026131  ?     Root  .16165. 
Required  tba  cube  root  of  .70017  ?     Root  .887977. 
Extract  the  fourth  root  of  .61042.     Root  .8839 1. 
What  is  the  tenth  root  of  1087.4  ?     Root  2.01205. 
Extract  the  eleveuth  root  of  99999.     Root  2.84^03. 
What  is  the  100th  root  of  200  ?     Rpoi  1  05441. 
What  is  the  cube  root  of  .00000027  ?     Root  .0064633. 

When  the  rooi  is  denoted  by  aft  action,  ike  numerator  of 
whidi  ie  greater  than  unity. 

.E.  Multiply  the  logarithm  of  the  gi^n  number  by  the 

ator  of  the  fraction,  and  divide  the  product  by  the  denQ- 

>r. 

Divide  the  l<^g^ltbm  by  tlie  denominator,  and^muliiply 

lotient  by  the  numei^atpr. 

Reduce  the  fraction  to  a  decimal,  smd  multiply  the  loga- 

fff  the  given  number  by  it :  the  result  in  eact;L  case  wil}  be 

garithm  of  the  root  required. 

Required  the  vahie  of  7845) f. 

Firtt  tnethod.  Stcond  method. 

Log'  of  78.46  =  3.8945929  4)3.8945929 

^  0.9736482 


4)11.6837787  3 

Root  835.675  . . .  2.9209446 .-.  ,hg,,. .  2.9209446 

X  4 
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Third  method. 

^  =  .75     Then  3.8945929 
4  .75 


194729645 
272621503 


Boo^  5=  835.575 ....  2.9209446175 


19.  Required  the  value  of  .I3579tl  ? 

First  method,  iSecond  method. 

Log.  vf  .13579  =  — 1.1328678  8) -1.1328678- 

7  —1.8916084 


8)--7.9300746  7^ 

Uoo^  =  .174284  . .  — 1.2412593  ...log....—  1.2412588 

Third  method. 

7  =  .875     2%en— 1.1328678 
•g-  .875 

.6643390 
9300746 
10629424 


Prod,  of  the  decimals  x  .875  =  .1162593250 
Prod,  o/— 1  X  .875  =     -875 


Hoot  a  .174284  . . .  — 1.2412593|250 

£jeplimation. 

The  two  right  hand  figares  in  the  1st  and  9nd  methods  do  not  agree,  owiof 
to  the  remainder  in  the  first  line  of  the  latter.  In  the  3d  method  I  moltiplyi 
first,  the  decimals  only,  and  afterwards  the  •— 1;  then  because  the  latter  pro* 
4ujct  i»  negatj^ve,  I  substract  it  from  the  former,  putting  down  ^->1,  for  the 
1 0  borrowed  at  the  lef^  hand  decimal  figure :  this  method  i$  always  followed  ii 
similar  cases. 

20,  What  is  the  value  of  T^i  ?     Ans,  24.7326. 
31.  ^Vhat  is  the  value  of  8ol|^?     Ans.  13.8629. 

22.  Jlequired  the  value  of  2. 15^2  j^?     Jns,  1 .8 1 5. 

23.  Required  the  value  of  .000435^  ?    Ans.  .0015803. 

?4.  Find  the  root  of  6^21,  pr  its  equal  eloflh  4ns.  90.77<51 
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41.  Fhomiscuous  Examples  for  Practice. 

,        ,        ^  11.382  X  2.S4ft  X  3.921 
:he  value  of  ^^^^ . 

Clog.  0/11.382  =  1.0562186 

Add ...<log.of  2.345  =  0.3701428 

llog.  oj   3.921  =  0.5933968 

n  the  sum  = 2.0197582 

tract  log.  of  12.845 =  1.1087341 

tains  log.  0/8.1475 =  0.91 10241 

d  iTqSS;*  X  .612)'   X  194.57)>  -H  38525)i.     Answer 

id  12.004  X  3.0l7l«  X  ^4.21  X  .033413)*     Jns. 
id  70.92  X  7.1234-*-  12.8  x  3.003'^     Ans. 
d  9.01291*  X  9.817)  1^  -*-  aoT)^.     -^»». 

juired  37.123j-i-  -♦-  38.3114  X  10I.23U>  ?  Ans. 
find  3i  X  2I34I4  X  45l5flf  -H  12  123)^.  Ans. 
lat  IS  13.107]*  +  21714^5—81.2314  —  407614  ?     Ans. 

find  a  mean  proportional  between  the  square  of  10, 
cube  root  of  20. 

the  side  of  a  cube  be  8,  required  the  side  of  another 
xtly  double  the  former  ? 
0  find  a  third  proportional/ to  45  and  double  tlalt 

o  find  5  mean  proportionals  between  24  and  25. 


PART  Itl. 


ALGEBRA. 


ilBRA  is  an  universal  method  of  reasoning  oa 
y  by  means  of  general  characters.  It  is  applied  to 
>lution  of  all  kinds  of  problems  wherein  quantity 
^rned  ;  for  which  purpose  it  does  not  require  that 
Lould  be  previously  laid  down,  but  teiCbhes  how  to 
r  or  invent  them,  and  that  by  the  force  of  reason- 
m  a  bare  contemplation  of  the  conditions  and  re- 
o{  the  quantities,  as  expressed  in  the  problem 
consideration.  Algebra  likewise  shews  how  to 
trate  or  prove  the  rules,  theorems,  and  conclii- 
hus  investigated. 

impossible  to  do  justice  to  this  elegant  and  usc- 
nch  of  learning  by  any  description ;  all  that  is 
ted  in  this  place  is  to  give  the  learner  a  general, 
;h  necessarily  an  inadequate,  conception  of  the 
,  which  it  is  hoped  will  nevertheless  be  of  service 

ih  bis  progress.  The  quantities  which  occur  in 
i  are  represented  by  th^  small  alphabet,  or  other 
lent  symbols,  which,  standing  for  no  particular 
hemselves,  are  tnad^  the  arbitrary  representative^ 
quantities  in  question:  this  general  mode  of  re- 
lation   is   attended  with   very  great  advantages; 

which  is  that  the  solution  of  a  problem,  by  (be 
I  method  of  Algebra,  furnishes  an  answer  to  every 
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particular  problem  of  the  kind  that  can  possibly  be  pro- 
posed^  by  merely  substituting  the  numbers  conceraed  in 
the  particular  problem,  in  the  place  of  their  correspond- 
ing letters  in  the  answer  to  the  general  one.  Letters 
and  symbols  beiog  made  the  representatives  of  quanti- 
ties,  are  managed  like  numbers,  and  consequently  like 
them  are  subject  to  the  fundamental  rules  of  commoq 
arithmetic;  and  their  relations  and  operations  are  de- 
noted by  the  same  marks  or  signs. 

When  a  problem  is  to  be  resolved,  the  first  thing  ne- 
.cessary  to  be  done  is  to  translate  it  out  of  common  into 
;algebraic   language,  by  substituting  letters  for  all  the 
quantities  concerned,  both  known  and  unknown ;  namelj, 
;by  putting  one  of  the  initial  letters  for  each  known  qaan* 
tity,  and  final  letters  for  the  unknown  ones,  and  express- 
ing the  conditions  and  relations  of  the  quantities  by 
their  proper  signs;  this  is  the  composition :  when  this  is 
effected,  we  shall  have  an  expression,  wherein  one  or 
more  quantities  are  declared  equal  to  some  other  quanti* 
,ties;  this  expression  is  called  an  equation.  Having  made 
the  composition,  the  next  thing  to  be  done  is  to  find  the 
value  of  the  unknown  quantities  contained  in  the  equa- 
tions, which  process  is  called  the  resolution:   thus  each 
unknown  quantity  must  be  disentangled  from  all  known 
ones  connected  with  it  on  the  same  side  of  the  sign  of 
equality,  which  is  effected  in  each  case  by  a  process  the 
contrary  to  that  by  which  they  are  connected.  A  known 
quantity  connected  by  addition,  is    taken  away  by  sulh 
traction;  namely,  by  subtracting  it  from  both  sides  of 
the  equation ;   if  it  be  connected  by  subtraetion,  it  is 
taken  away  by  addition  ;  if  by  multiplication,  it  is  taken 
away  by  division,  &c.  &c.  always  employing  a  contrary 
process :  and  thus  the  unknown  quantity  is  at  last  found 
by  itself  on  one  side  of  the  equation,  and  known  ones 
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the  other ;  thus  the  value  of  the  unknown  quan- 
iMincI,  for  (as  the  equation  thus  reduced  implies) 
oal  to  the  known  ones,  connected  together  ac- 
to  the  import  of  their  signs. 

le  origin  and  early  history  of  Algebra  nothing  is 

The  Algebra  of  Diophantus,  a  Greek  of  Alexan- 

lo  is  supposed  to  have  flourished  about  the  se- 

mtuiy  after  Christ,  is  the  earliest  work  on  the 

that  has  descended  to  us :  in  this  work  Diophan- 

not  given  the  principles  and  elements,  but  con- 

mself  to  questions  depending  on  the  most  curi- 

»perties  of  numbers,  which  require  considerable 

1  address  to  resolve  them ;  whence  it  is  inferred, 

^bra  must  hav^  been  cultivated  by  the  ancient 

and  had  arrived  at  a  considerable  degree  of  per- 

before  the  time  of  Diophantus.    The  destruction 

ilexandrian  Library,  A.  D.  64%  by  which  the  sci- 

iffered  an  irrecoverable  shock,  most  probably  de- 

us  of  many  valuable  writings,  which  would  un* 

lly  have  thrown  considerable  light  on  the  subject. 

ilthough  Diophantus  was  the  earliest  author  that 

m  to  have  written  on  Algebra,  whence  it  can 

t>e  supposed  that  the  ancient  Greeks  were  unac- 

d  with  the  science,  it  was  not  from  them,  but 

le  Arabians,  that  the  knowledge  of  Algebra  was 

i   by  the  western  nations.    The  Italians   were 

St   Europeans   who    cultivated    this    branch    of 

.    Leonard  de  Pisa,  and  several  others  of  that 

• 

r,  are  said  to  have  possessed  great  knowledge  in 
ious  methods  of  resolving  problems,  as  known 
the  Arabians.  M.  Bossut  affirms,  that  Leo- 
t  Pisa  flourished  as  early  as.  the  beginning  of  the 
ith  century,  and  that  from  a  manuscript  of  his,  dis- 
1  and  quoted  by  Cossali,  it  appears  he  understood 
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the  method  of  solving  not  only  cubic  equations,  but  also 
those  of  higher  powers,  capable  of  being  redooad  to  the 
second  and  third  orders  \  The  Germans  were  acquainted 
with  Algebra  at  an  early  period,  as  appears  from  a  trea- 
tise on  Plane  and  Spherical  Trigonometsryi  by  the 
famous  Regiomontanus,  written  about  the  yew  1464; 
wherein  some  of  the  problems  concerning  rectUineal  tri- 
angles are  accompanied  with  an  algebraic  solution  \ 

The  analytical  works  of  Leonard  de  Pisa  remaining  ia 
manuscript  were  scarcely  kuowo,  even  in  Italy,  so  that 
Lucas  De  Burgo""  is  universally  considered  as  the  first 
who  wrote  professedly  on  Algebra  in  Europe,  at  least 
whose  works  were  printed.  His  great  work,  entitled 
Summa  de  Arithnietica  et  Geometria,  Slc»  was  published 
iu  1494  at  Venice,  and  is  considered  as  a  very  complete 
and  masterly  work  on  the  sciences  treated  of,  .as  they  then 
stood.  After  naming  several  authors  from  whom  he  ac- 
quired the  knowledge  of  the  sciences,  he  proceeds  to  treat 
of  Numbers  figurate,  odd,  even,  perfect,  primq,  compo- 
site,  and  many  others;  then  of  Numeration  or  Notation, 
Addition,  Subtractiou,  Multiplication,  Division,. Progres- 
sion, Evolution,  &c.  performing  and  proving  his>  opera- 
tions by  various  methods;  by  casting  out  the  nines,  se- 
vens, &c.  he  extracts  the  square  and  cube  roots,  after  the 
manner,  now  in.  use,  denoting  a  root  by  the  initial  R,  He 

*  Sec,  Origine,  Transporto  in  Italia  e  primi  Progress!  in  Essa  del  Algebitt 
&c.  1797.  quoted  inBossut's  General  History  of  the  Mathematics.  Loodos, 
1803. 

**  See  the  introduction  to  Dr.  Hutton*s  Mathematical  Tables,  p.  3. 

*  Lucas  Paciolns,  commonly  called  Lucas  De  Burgo,  because  he  was  born  st 
Borgo  San  Sapocha  in  Tuscany,  was  a  Cordelier,  or  Minorite  Friar,  aad  the 
first  who  occupied  the  mathematical  professorship  founded  at  Milan,  by  Lewis 
Sforsa,  called  the  Black.  He  translated  £uclid  into  Latin,  or  rather  rerised 
the  translation  of  Campanus,  which  he  enriched  by  many  learned  annotatieaSi 
He  wrote  sereral  treatises  on  Arithmetic,  Algebra,  Geometry,  Persprctiv«f 
Masic,  Architecture,  &c.  which  were  published  between  the  years  1470  »a^ 
1500. 
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cyf  Ytflg&r  Fractions,  the  Hale  of  Three,  Loss  and 

irith  'Other  rules  qsed  by  merchants,  in  the  same 

5 'do  :  h^  then  proceeds  to  Algebra,  ascribing  the 

on  to  the  Arabians ;  he  shews  the  method  then  in 

denominating  the  powers  and  roots,  and  the  ne- 

'*  abbrevii&tions  required  in  practice.     He  treats 

portions  and  Proportionalities,  Arithmetical  and 

itiical,  accompanied  with  a  copious  collection  of 

<»  relating  to  numbers  in  continued  proportion. 

and  double  Position  are  n^rt  unfolded  by  nearly 

le  method  as  at  present ;  then  follow  the  common 

ons  of  Algebra,  proving  that  Uke  signs  give  plus, 

[like  minus,  both  in  multiplication  and  division. 

its  of  the  Extraction -of  Roots,  Surds,  simple  and 

tic  Equations,- completing  the  Square  and  extract- 

:  Rodt,  all  by  the  methods  at  present  in  use ;  he 

s  Equations  of  the  simple  fourth  power,  and  of  the 

combined  with  the  second,  treating  the  latter  the 

s  quadratics.     In  the  third  case  of  quadratics, 

bas  two  positive  roots,  he^ uses  both,  but  takes  no 

of  the  negative .  roots  which  occur  in  both  the 

ases.    He  offers  no  solution  of  any  other 'forms 

cted  Equations   besides   those  above-mentioned, 

^s  that  no  general  rule  for  that  purpose  was  then 

.    The  remaining  part  of  this  work  is  on  Geo- 

state  of  Algebra,  at  the  time  of  its  reception  into 
I,  is  supposed  to  be  fully  exhibited  in  this  book  : 
uiion  of  quadratics,  restricted  to  the  use  of  the 
tive  roots,  is  the  highest  pitch  to  which  the  sci- 
here  carried;  so  that  if  the  method  of  solving 
equations  was  known  to  the  Arabs,  as  has  been 
i,  the  Europeans  did  not  learn  it  from  them  ^    It 

nttance  we  have.<}aated  fromBoMUt  ouwot  be  comidercd.ai,Mi  fz* 
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appears  also,  that  the  Algebraists  of  this  period  koev 
only  how  to  soke  numerical  prgblems  with  one  uidcDovn 
quantity,  and  that  they  had  no  signs  for  either  the  quan- 
tities or  operations,  except  abbreviations  of  the  wonb 
themselves. 

The  publication  of  De  Burgo^s  book  seems  to  hate 
been  the  means  by  which  the  knowledge  of  Algebra  was 
first  diffused  through  Italy,  and  other  neighbouring 
coifntries,  as  we  find  many  learned  men,  both  thefts  and 
in  various  parts  of  Germany,  now  began  to  study  the 
science  with  so  much  success,  that  a  very  few  years 
produced  many  learned  Algebraists. 

About  the  year  1505,  Scipio  Ferreus,  Professor  of  Ma- 
thematics at  Bononia,  discovered  the  method  of  solving 
one  case  of  Cubic  Equations ;  but  his  method  was  most 
probably  (agreeably  to  the'  fashion  of  those  dark  ages) 
retained  as  a  secret.  Thirty  years  after,  Nicholas  Tar- 
talea  %  a  Mathematician  of  Brescia,  made  the  same  dis« 
covery,  with  the  addition  of  the  rules  for  the  two  remain- 
ing cases ;  proposing,  in  like  manner,  to  conceal  the 
methods  of  investigation^  The  secret  was  nevertbelesSi 
after  much  difficulty,  drawn  from  him  by  the  address 
of  Jerome  Cardan  %  a  celebrated  Physician,  Astrologer, 

ceptloD :  Leonard  De  Pisa^'s  tract  on  Cubics,  &c.  (if  such  aTwork  really  existed,) 
Trats  probably  a  single  manuscripty  and  totally  unknown  to  the  few  Algebnisti 
of  that  period.  Every  circumstance  attending  the  discovery  of  the  mles  ft 
cubics,  which  happened  a  few  years  after,  adds  weight  to  this  conelasioo. 

*  Tartalea  was  born  at  Brescia  in  Italy,  towards  the  close  of  the  15tb  eeO' 
tury :  he  was  a  very  respectable  teacher  of  the  Mathematics^  uid  published  ts* 
rious  works  of  merit  on  that  subject,  the  chief  of  which  was,  IVattalo  ii  Sf 
nieri  et  Misure,  fol.  1556.  being  a  treatise  on  Arithmetic,  Algebra,  Geometrr, 
&c.  here  arc  many  of  the  currous  particulars  of  the  dispute  between  our  antbor 
and  Cardan.  He  published  in  1 543,  at  Venice,  aU  the  books  of  Euclid,  witb 
curious  notes.  He  was  the  first  author  who  treated  of  the  flight  and  path  of 
balls  and  shells,  in  a  work  entitled,  Nova  Scientia  InveiUu,  4to.  published  tt 
Venice  in  1537.  an  English  translation  of  which,  with  notes  and  addkiooibf 
Lucar,  came  out  at  London  in  1588.    Tartalea  died  about  the  year  1558. 

'  Hieronymus  Cardanu^  was  born  at  Paria  in  Italy,  in  1 501.  At  twenty  yran 
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and  Lecturer  oq  the  Mathematics  at  Milan ;  who  after 
adding  perjury  to  falsehood,  dared  to  insert  in  a  large 
work  on  the  Mathematics,  which  he  was  then  printing, 
those  very  rules  which  he  had  obtained  fromTartal^a  un- 
d^r  the  most  solemn  promises,  confirmed  by  an  oath,  of 
inviolable  s^cresy. 

Cardan^  although  a  bad  man,  was  indisputably  the 
best  algebraist  of  the  age,  and  the  improvements  he  in- 
troduced into  the  science  were  very  considerable ;  espe- 
cially in  the  discoveries  he  had  drawn  from  Tartalca,  de- 
riving from  them  rules  for  the  solution  of  all  th^  forms 
of  Cubics :  he  ^as  well  acquainted  with  all  the  real  roots 
of  Equations,  both  positive  and  negative  ;  shewing  that 
the  even  roots  of  positive  quantities  are  either  positive 
or  negative,  that  the  odd  roots  of  negative  quantities 
are  real  and  negative,  and  that  their  even  roots  are  im- 
possible. He  knew  the  number  and  nature  of  the  roots  of 
an  Equation,  as  depending  on  the  signs  of  the  terms,  and 
the  magnitude  and  relation  of  the  coefficients :;  that  the 
number  of  positive  roots  is  equal  t.o  the  j;iumber  of 
changes  in  the  signs  of  the  i.ejca^s  ^  that  the  coefficient 
of  the  second  terni  is  equfLl.to  the  difference  betweetn  tbe 

0f  age  be  became  »  student  at  tbe  UnlTenity  of  MiUiii>  and  two  years  after 
explained  EiicU4.  In  1 624  he  was  adnnittivi  Master  of  Arts,  and  tbe  year  foHow- 
in^  Doctor  of  Phyi^c ;  about  1633  be  became  Professor  of  H^atbematics  at  Mi«> 
laa,  wbere  six  years  after  be  was  received  a  member  of  tbe  College  of  pbysl- 
eUmSy  and  read  public  lectures  on  Medicine ;  he  taught  successirely  at  Paria, 
^logna,  and  |U>me :  at  tbe  latter  be  was  admitted  a  member  of  tbe  CoUege  of 
Pfaysiciansy  and  received  a  pension  from  the  Pope,  which  be  eiijoycd  tiU  bis 
death,  which  happened  in  1575.  Cardan  was  so  great  an  adept  in  astrology, 
tbst  tbe  greatest  personages  in  Europe  had  recourse  to  bis  skill ;  among  these 
we  find  £dward  VI.  of  England,  whose  nativity  was  calculated  by  our  astrolo- 
ger as  he  passed  through  l^oodon  from  Scotland,  having  been  sent  for  there  by 
tbe  Arcbbisiiop  of  St.  Andrews,  to  ,core  him  of  a  dangerous  disorder. 

Cardan  was  the  J^reatest,  although  the  most  eccentric  and  restless  genius  of 
his  time ;  possessing  splendid  talents,  accompanied  with  a  wicked  and  depraved 
tieart.  Tbe  Lyons  edition  of  ^i  worjks  printed  in  16^3,  consists  of  no  le$« 
than  ten  volumes  folio* 
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positive  and  negative  roots,  and  that  consequently, vhen 
the  second  term  is  wanting,  the  sums  of  the  negative  and 
positive  roots  will  be  equal;  that  changing  the  signs  of 
the  even  terms  changes  the  signs  of  the  roots ;  that  the 
roots  fail  ki  pairs.    He  knew  how  to  compose  Equatiooi 
with  given  roots,  or  to  change  them  from  one  form  to 
another,  by  taking  away  any  intermediate  term;  he  could 
extract  the  roots  of  such  binomials  as  would  admit  of 
extraction  :  he  knew  all  the  diftieulties  attending  tbeir- 
Feducible  cdse  of  Cubics,  and  the  attempts  he  made  to 
solve  it  led  him  to  the  discovery  of  rules,  whereSythe 
roots  may  be  approximated  to,  in  all  cases  whatever :  h( 
frequently  used  the  literal  notation,  expressing  quantitiei 
by  letters;  treated  fully  on  the  transformation  of  Equa- 
tions ;  and  shewed  how  to  apply  Algebra  to  the  solution 
of  Geometrical  Problems. 

About  the  year  1540,  Lewis  Ferrari,  the  pupil  of  Car- 
dan, discovered  a  rule  for  the  solution  of  biquadratics, 
which  the  latter  has  demonstrated,  explained,  and  ex- 
emplified, and  given  in  his  treatise  on  Algebra. 

Tarlalea's  Quesili  et  Inventioni  Diverse,  printed  at  Ve- 
nice in  1546,  and  dedicated  to  King  Henry  VIII.  of 
England,  is  chiefly  remarkable  for  the  account  it  gives 
of  the  iuveiitioQ  of  the  above-mentioned  rales  for  Cubic 
Equations,  of  the  artful  methods  emplo^'cd  by  Cardaa 
to  obtain  them,  and  the  quarrel  which  ensued.  Tartalet 
was  public  Lecturer  on  the  Mathematics  at  Venice. 
About  this  time  Franciscus  Maurolicus,  Abbot'  of  Saota 
Maria  del  Porto,  in  Sicily,  distinguished  himself  by  hit 

t  Franci^cu6  Maurolicns  was  born  aiMoMiDain  1494  :  he  w-at  a  grcit  ]ViS* 
cieut  in  the  Matbeniulics,  which  be  taught  wit^  unboanded  applause;  to  bia 
we  arc  indebted  for  the  «  Tabula  Beneficoy"  or  Canon  of  Secants,  and  \\\iewf 
an  edition  of  the  Spherics  of  Theodosius  ;  £meodatio  ct  Rertitatio  Conieona 
ApoUooii  Pergafi ;  Arcbimedis  Monumcnta  Omnia ;  Eudidb  PhsBOoarWi 
4i.".  he  rtiodin  157"*, 
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•kill  ia  the  Mathematics  ;  in  paiticalar,  he  culti-* 

a  branch  of  analysis  then  but  little  known,  namely, 

mmation  of  series  ;  he  gave  theorems  for  summing 

Ties   of   natural  numbers,  their   squares,  &c.   for 

ular  and  other  figurate    numbers,  all  remarkable 

>tilty  of  invention,  and  simplicity  of  result. 

Sibra  seems  to  have  been  in  a  more  advanced  state 

this  time  in  Germany,  than  it  was  in  Italy,  and  to 

pproached  nearer  to  the  modern  method;  although 

'"not  appear  that  the  Germans  knew  any  thing  of 

is  for  Cubics.     The  earliest  writer  of  that  country 

[ichael  Stifelius^,  a  Protestant  minister,  and  an 

It  mathematician  ;  his  chief  work,  entitled  Arilfi' 

Integra,  was  published  at  Nuremberg  in  1544:  it 

ccellent  treatise  on  both  Arithmetic  and  Algebra, 

ntains  several  .ingenious  inventions  in  both.     In 

)rk  he  introduces  the  characters   +,  — ,  and  ^, 

'.  numeral  exponents,  both  positive  and  negative, 

ers,  teaching  the  general  use  of  exponents  in  the 

operations  on  powers,  as  is  practised  at  present. 

lerstood  the  nature  and  use  of  Logarithms,  al- 

under  another  name ;  but  it  does  not  appear  that 

w  the  use  of  fractional  indices.     He  employed 

ttak  A,  B,  C,  D,  8cc.  to  express  unknown  quan>- 

reated  of  quadratics  in  a  more  general  manner 

id  been  before  done,  and  made  various  other  im- 

ents.    John  Scfaeubelius,  Professor  of  Mathema- 

as  vna  bom  at  Eslingedi  in  Germany,  some  time  about  the  year 
lied  at  Jena  in  Thnringia  in  1 567 ;  his  improvements  in  Algebra  are 
itioned  above.  Unfortunately  he  was  not  content  with  the  credit  of 
lAil  mathematician^  bat  wished  to  extend  his  fame  by  becoming  a 
iccordingly  he  predicted  that  the  world  wonld  be  at  an  end  on  a  cer- 
the  year  1553 :  multitudes  of  his  followers  met  him  in  the  open  ail^ 
Miinted  day,  bat  instead  of  being  spectators  of  the  awful  event  fore- 
witnesses  only  of  the  mortificatiuh  and  disappointment  of  the  unfor- 
phet* 
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tics  at  Tubingen,  in  the  Duchy  of  Wirtemberg,  wrote 
several  treatises  on  Arithmetic  and  Algebra,  about  the 
year  1550 :  he  is  the  first  algebraist  who  makes  meotion 
of  Diophantus  ;  most  probably  he  knew  nothing  of  the 
discoveries  of  Ferrari  and  Tartalea,  as  he  takes  no  notice 
of  Cubic  Equations. 

The  first  English  writer  whose  works  on  Algebra  were 
printed,  was  Dr.  Robert  Recorde*,  a  learned  physician 
and  mathematician,  who  flourished  under  Edward  VI. 
and  Mary.  He  published  a  treatise  on  Arithmetic  ia 
1552,  entitled  The  Ground  of  ArtSj  a  work  much  es- 
teemed at  that  time,  and  which  continued  many  years 
the  standard  in  that  branch  of  knowledge.  In  1557  he 
sent  abroad  a  second  part,  under  the  title  of  Cos  Ji^emi, 
or  the  Whetstone  ofWitte;  this  part  treaM  of  Algebra  io 
the  form  of  a  dialogue :  in  his  method  he  imitated  the 
Germans  Stifelius  and  Scheubeliusj  especially  the  latteri 
whom  he  sometimes  quotes  and  copies.  The  first  io- 
stance  of  the  extraction  of  the  roots  of  compound  alge- 
braic  quantities  occurs  in  this  book,  and  here  also  tfe 
first  introduced  the  terms  binomial  and  residual,  and  the 
sign  =  of  equality. 

After  Recorde's  death,  it  appears  that  Algebra  was  not 
much  cultivated  in  England  for  several  years^  inasmuch 
as  John  Dee '',  in  his  Preface  to  Billingsley's  Euclid, 


■  Robert  Recorde  was  born  in  Wales  early  in  the  16th  century*;  and  aboot 
15'i5  weDt  to  Oxford,  where  in  1531  he  became  fellow  of  All  Souls  CoDege: 
making  physic  his  profession,  he  repaired  to  Cambridge,  where  he  was  ho- 
noured with  the  degree  of  M.  D.  in  1545.  He  afterwards  taught  the  Math^ 
matici  with  great  applause  at  Oxford,  and  prolKtbly  next  at  London ;  be  vas 
physician  to  both  the  monarchs  mentioned  above,  and  the  anther  ol  several  bi* 
thematical  treatises.  He  was  confined  for  debt  in  the  King's  Bench  Prisi>» 
where  he  died  in  the  year  1558. 

^  John  Dee  was  born  in  London  in  1537;  at  fifteen  years  old  he  wentteSt< 
John's  College,  Cambridge :  after  five  years  close  attention  to  the  Mathcnaticii 
Astronomy,  &c.  he  set  out  for  the  Continent;  returning  the  next  year,  he  wis 
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^  at  London  in  1570,  mentions  Algebra  as  a  mys- 
icarcely  heard  of  by  the  studious  in  Muthematics 

'  In  1558,  Peletarius  published  at  Paris  a  very  in- 
ns and  masterly  composition,  entitled  Jacobi  Pele^ 
Jenomani,  de  occulta  parte  Numerorumf  quam  Alge» 
vacant f  Lib.  duo;  in  which  he  ably  treats  of  all  the 
of  the  subject  then  known,  excepting  Cubic  Equa- 

and  teaches  some  curious  properties  of  square  and 
numbers,  with  the  method  of  constructing  a  table 

h,  by  addition  only ;  how  to  reduce  trinomial  surds 
tional  quantities,   and   even   to   simple    ones,  by 

I  of  certain  compounil  multipliers;   and  that  the 

f  an  Equation  is  one  of  the  divisors  of  the  known 

olute  term. 

r  Stratioticos  of  Ifn  Thomas  Digges',  containing  a 

'ellow  of  7!Vhiity  College.  His  great  application  to  Astronomy,  toge- 
b  some  ii^Dious  mechanical  inventions  with  which  he  occasionally 
lilmself^  gave  rise  to  a  suspicion  that  be  was  a  conjurer,  and  he  was 
D  consequence  to  quit  the  country.  He  went  to  the  University  of  Lou- 
:nce  to  the  Collie  of  Rheims,  where  he  read  lectures  upon  Eoclid  ;  Ui 
returned  to  England,  and  had  the  rectory  of  Upton  upon  Severn :  after- 
i  consequence  of  a  correspondence  he  had  with  Elizabeth,  he  was  ac- 
practising  enchantment  against  the  life  of  Queen  Mary  her  sister,  an4 
a  tedious  confinement.  On  the  accession  of  Queen  Elisabeth,  he  was 
ed  to  her,  and  (agreeably  to  the  superstitious  customs  of  that  period) 
1  respecting  a  propitious  day  for  the  coronation.  She  employed  him 
Ss  in  making  ge<^raphical  descriptions  and  maps  of  the  countries  to 
iglaBd  might  have  any  claim  ;  in  this  he  acquitted  himself  with  credit^ 
I  in  his  labours  respecting  the  reformation  of  the  calendar.  In  1581^ 
with  Edward  Kelly,  a  credulous  alchymist,  our  eccentric  author  and 
rmed  togetbet  divers  imaginary  incantations,  and  held  a  pretended  in- 
5  with  angels  and  spirits.  Our  two  conjurers  asserted,  that  they  were 
ssion  of  the  secret  of  transmuting  the  baser  metals  into  gold ;  and 
with  one  Albert  Laski,  a  Polish  Nobleman^  as  credulous  and  ridiculous 
elves,  they  all  three  set  out  together  for  the  Continent :  here  they  im« 
on  such  of  the  rich  and  affluetit  as  were  silly  enough  to  believe  tbe^,. 
I  on  the  profits  of  their  trade  in  great  affluence.  Some  disputes  aris- 
!  returned  to  England,  and  was  graciously  received  by  the  Queen,  who 
made  him  Warden  of  Manchester  Connge,  He  died  at  Mortlake  ia 
aving  some  valuable  works  behind  him. 
mas  Digges  flourished  in  the  reign  of  Elisabeth,  but  the  times  of  his 
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tract  on  Algebra^  was  published  in  1579  >  the  author  was 
Muster  Master  General  of  the  forces,  and  a  man  of  great 
credit,  so  that  in  all  probltbility  his  work  gave  a  fresh 
impulse  to  the  study  of  Algebra  in  England,  where  it 
had  for  many  years  been  on  the  decline;  at  least  we 
know,  that  it  now  began  to  be  studied  and  cultivated 
with  more  ardour  than  heretofore. 

The  next  writers  of  note  were  Ramus",  Bombelli'i 
and  Clavius%  whose  excellence  consisted  ia  their  corn- 
birth  and  death  are  not  known.  Having  studied  for  some  time  at  Oxford,  in 
CQnsequence  of  what  he  acquired  there,  and  the  subsequent  instmotSons  of  bis 
learned  father,  he  became  oMof  tbeibot  mathematiciaiM  Qf  that  time;  «c 
have  several  very  useful  mathematical  works  of  bis  stUl  in  print,  and  he  left  s^ 

r 

veral  others  in  manuscript. 

*"  feter  Ramus  was  born  at  Vermanduis  in  Picardy,  in  1515.  A  thirst  for 
learning,  accompanied  ^th  extreme  poverty,'  (lor  altboogh  he  twf  of  a  good 
family,  a  series  of  misfortunes  had  made  .him  poor,)  urged  him  to.  becooHi 
servant  in  the  College  of  Navarre,  where  he  spent  the  Ak^  in  performing  tbi 
diuties  of  his  office,  and  most  part  of  the  night  in  study ;  by  this  mMns  he  ic* 
quired  Classical  learning,  Rhetoric,  Mathematics,  and  a  kjijowledge  of  Philo- 
sophy. On  taking  his  Master  of  Arts'  degree,  he  defended  a  thesis,  which  irent 
to  overturn  the  whole  doctrine  of  Aristotle,  which  at  that  tim«%  prevailed  in  U< 
schools  ;  this  of  course  gave  offence,  but  the  force  of  his  argumietits  proved  an 
over -match  for  those  of  his  adversaries.  He  was  a  great  orator,  sober,  tem- 
perate, and  chaste.  He  lay  upon  straw,  rose  early,  and  studied  hard  *,  beio|a 
Protestant,  he  endeavoured  to  shelter  himself  by  concealment,  during  tbs 
dreadful  n;iassacre  of  St.  Bartholomew  in  1572  ;  but  was  unfortunately  disco- 
vered, dragged  out,  and  murdered  with  circumstances  of  inhuman  barbintf 
too  shocking  to  relate. 

The  mathematical  works  of  Ramus  were  enlarged,  improved,  and  pnblisbd 
in  3  volumes  4to.  by  Schoner  ;  bis  Geometry,  which  is  chiefly  practical, 
was  translated  into  English  by  Bedwell,  and  published  at  London,  4to. 
1635. 

"  Raphael  Bombelli  was  a  mathematician  of  Italy ;  his  Algebra  was  writtea 
in  157^9  ^^^  published  seveo  years  after  at  Bologna. 

«  Christopher  Clavius  was  born  at  Bamberg  in  Germany  in  1537 :  he  wast 
Jesuit,  and  cultivated  mathematical  learning,  which  he  laboured  at  for  noit 
than  50  years  ;  he  assisted  under  Pope  Qregory  XIII.  in  the  reformation  of  the 
calendar,  which  he  afterwards  defended  against  Scaliger,  Vieta,  and  otbers. 
His  stile  of  writing  is  considered  as  heavy,  smd  his  works  are  mostly  ele- 
mentary, forming  a  complete  system^  in  5  large  volumes  folio.  He  died  ^ 
RonTc  in  161S. 
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on,  and  explanations  of,  preceding  antbors,  rather 
q  any  material  improvementa  of  their  own. 
on  Stevmusi*,  of  Bruges,  mathemalician  to  Prince 
ce  of  Nassau,  and  inspector  of  the  Dykea  in  Hol- 
ras  the  author  of  several  useful  treatises  in  various 
les  of  the  Mathematics ;  among  whichj  one  is  on 
letic,  published  in  1585,  and  another  shortly  after 
;ebra :  the  latter,  with  which  we  are  now  parti<;n- 
oncerned,  is  an  original  and  ingenious  work,  cpn- 
;  a  variety  of  improvements.  He  here  introduces 
e  of  fractional  exponents,  wKereby  all  sorts  of 
ire  denoted,  like  powers  by  numeral  indices :  the 
in  of  coefficients  by  including  fractions,  radicals, 
imbers  of  every  description,  he  greatly  improved, 
ve  a  general  method  of  resolving  all  Equations  by 
rs ;  he  likewise  first  applied  the  word  nomial  to  ali 
uod  algebraic  expressions,  as  binomial,  Irimmiat^ 
wmial,  mnltinomialy  Sec.  the  former  of  which,  as 
fn  observed,  was  first  employed  by  Recorde. 
larly  as  1575,  Gulielmus  Xylander  published  at 

Latin  translation  of  the  six  first  books,  and  part 
seventh,  of  the  Arithmetics  of  Diophantus  %  ac« 

B  Stevia  was  Terj  skilful  in  both  Mathematics  and  Mechanics :  he  is 
ive  invented  the  sailing  chariots  sometimes  used  in  Holland.  His 
varions  branches  of  the  Mathematics  were  written,  in  Dutch,  and 
I-  into  Latin  by  SnelUos,  making  9  volumes  folio ;  bat  the  best  edi- 
it  in  French,  with  additions  and  notes,  bf  Albert  Girard,  printed  at 
11634.     He  died  in  1683. 

hantns  is  supposed  by  some  to  have  floarished  before  Christ,  otliers 
\  in  the  second  century  after,  and  others  again  in  the  fourth,  after ;  b4 
klexandria,  and  is  reputed  to  be  the  same  who  wrote  the  Canon  Attro" 
vhich  was  honoured  with  a  commentary  by  Hypatia,  the  celebrated 
Innate  daughter  of  Theon,  whom  she  succeeded  as  President  of  the 
ian  school. 

I  not  appear  in  what  manner  the  six  books  of  Diophantus  were  re- 
Regiomontanns  mentions  them  as  being  deposited  in  the  Vatioan  Li- 
lis  time,  and  BorabelH  proposed  to  translate  them,  but  did  not.  That 
••  was  not  the  inventor  of  Algebra,  as  some  have  supposed,  nor  of  the. 

y4 
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companied  with  the  Greek  Scholia  of  Maximns  Plaaadei, 
and  notes.  This  work,  which  had  been  lost  for  many 
ages,  consisted  originally  of  thirteen  books,  but  those 
only  which  we  have  mentioned  have  been  published; 
the  remainder,  it  is  supposed,  are  irrecoverably  lost.  Tht 
Problems  of  Diophantnsare  of  the  kind  called  indetermi' 
fiatej  relatihg  to  square  and  cube  numbers,  right  angled 
triangles,  Sec.  and  ^'  so  exceedingly  curious  and  ab- 
struse, that  nothing  less  than  the  most  refined  Alge- 
bra, applied  with  the  utmost  skill  and  judgment,  cao 
Surmount  the  difficulties  which  attend  them/' 

The  method  of  Diophantus  was  found  to  differ  very 
widely-from  that  of  the  Arabs,  which  had  hitherto  been 
followed,  and  it  furnished  succeeding  algebraists  with 
ample  means  of  extending  and  perfecting  the  science. 
The  first  who  availed  himself  of  this  advantage,  was 

Franciscus   Vieta',   Master  of  the   Requests   to  Mar- 

• 

Anatysis  of  indctenninate  Problems^  i&r  M.  Botsiit  asserto,  appears  fno  tbc 
nature  of  his  problems,  and  the  consammate  skill  their  iovestigaticm  reqoireH 
which  indicate  s(uch  amatarity  ia  the  science  as  wonld  reqvire  i^^  to  produce. 
Xylander  was  a  native  of  Augsburg,  and  became  Professor  of  Oteek  at  Heidil- 
berg ;  he  translated  Diophantus^  Plato,  Dion  Cassius,  Strabo,  and  Marces 
Antoninus  ^  "  he  was  very  learned,  and  very  poor,  and  laboured  rather  for 
bread  than  for  fame,  which  helps  to  account  for  the  numerous  errors  food 
in  his  writings."  Born  1532,  died  1576.  Melckior  Adanh  in  VUu  Pkiim- 
phorum,  Bayle,  Maximus  Planudes,  the  Scholiast,  was  a  Monk  of  the  GredE 
Church,  and  flourished  at  Constantinople  in  the  fourth  century  ;  be  was  in* 
thor  of  a  collection  of  Epigrams,  and  of  some  Fables,  ivhich  be  ascribed  to 
£sop,  whose  life  he  wrote ;  but  the  account  he  has  given  is  said  to  be  fall  of 
anachronisms,  absurdities,  and  lies. 

'  Vieta  was  born  in  1540  at  Fontenal-le-Comt^,  in  Lower  Poiton  ;  he  excel* 
led  in  various  branches  of  learning,  especially  the  Mathematics,  scafcely  HI 
part  of  which  is  net  indebted  to  his  original  and  aiasterly  genius  for  great  M^ 
valuable  improvements  :  to  particularize  them  would  require  a  volume ;  Alft* 
bra.  Geometry,  Trigonometr}-,  Astronomy,  arc  particularly  indebted  to  him.  By 
means  of  his  angular  sections^  he  resolved  the  famous  -problem  of  45  diaes- 
sions,  proposed  by  Adrian  Komanus  to  all  the  world.  His  skill  as  a  ded* 
phcrer  proved  a  great  benefit  to  his  country,  during  the  troubles  of  tbe  Lngtei 
by  disconcerting  the  councils  of  the  Spanish  court  for  more  than  two  yctrs< 
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taeen  to  Henry  IV.  of  France:  his  afTection 
Mathematics  was  so  great,  that  it  is  said  he 
ly  passed  three  whole  days  and  nights  in  study, 
food  or  sleep;  by  him  the  Greek  and  Ara- 
thods  were  Judiciously  blended,  and  more  im- 
Dts  introduced  than  any  former  writer  could 
He  was  the  first  who  introduced  the  general  use 
.  into  Algebra,  denoting  the  known  quantities  in 
m  by  the  consonants,  and  unknown  ones  by 

He  improved  the  method  of  reducing  cubic 
r  Equations ;  shewed  how  to  change  the  roots  in 
>roportion ;  how  to  raise  cubic  and  biquadratic 
IS  from  quadratics,  by  squaring  and  otherwise 
ing  certain  parts  of  the  latter;  he  made  various 
ions  on  the  limits  of  the'roots  of  Equations,  and 
e  general  relation  between  the  roots  and  coeffi- 
hen  the  signs  of  the  terms  are  alternately  +  and 
none  of  the  terms  wanting ;  he  gaVe  the  con- 

of  certain  Equations,  and  exhibited  their  roots 
s  of  angular  sections,  a  method  which  had  been 
Iverted  to  by  Bombelli.  He  introduced  the  vin- 
nd  the  names  coeficient,  affirmative,  negative,  pure, 
tncia,  &c.  and  was,  I  believe,  the  first  who  ex- 
he  roots  of  Equations  by  approximation.  The 
ise  writings  deserve  to  be  mentioned,  is  Albert 
an  ingenious  Dutch  mathematician  ;  his  Inven-^ 

id  crooked  policy  of  the  ambitious  Philip  induced  hini  to  support 
Guise,  and  their  correspondence  was  carried  on  by  means  of  a  ci- 
ing  of  above  500  different  characters  ;  this  falling  into  the  hands 
)  party,  was  successfully  interpreted  by  Vieta,  which  was  considered 
t  a  task,  that  many  ascribed  it  to  magic.  Vieta  died  at  Paris  in 
lis  works  were  collected  and  published  at  Leyden  iti  1^46?,  by 
sides  a  large  folio  volume  mentioned  by  Dr.  Hutton  as  published  ^t 
S.  Introductian  to  Hutton* a  Mathematical  Tables,  ^niedit,  p,  4.  fyc, 
e  of  his  birth  is  not  known  ;  he  died  about  the  year  1633,  leaving 
Uie  character  of  an  ingenious  and  useful  matbematieian. 
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tion  Nouvdle  en  Fjilgebre,  published  at  Amsterdam  is 
l629i  presents  us  with  several  useful  discoveries.  It  ap* 
pears  that  he  was  the  first  who  understood  the  use  of 
negative  roots  in  the  solution  of  geometrical  problems, 
and  the  general  doctrine  of  the  formation  of  the  coeffi- 
cients of  powers  from  the  sums  of  the  roots,  their  pro- 
ducts, &c.'  or  gave  rules  for  summing  the  powers  of  tbe 
roots  of  an  Equation.  He  was  the  first  who  treated  of 
imaginary  roots,  and  understood  that  every  Equation 
might  have  as  many  roots,  real  and  imaginary,  and  do 
more,  as  there  are  units  in  the  index  of  the  higbat 
power ;  he  introduced  the  parenthesis  as  a  conveuieot 
substitute,  in  many  cases,  for  the  vinculum  :  he  was  tiie 
first  who  employed  the  table  of  sines  in  the  solution  of 
the  irreducible  case  of'Cubics;  and  who  distiogQished 
negative  quantities  by  the  ridiculous  appellation  of 
quantities  less  than  nothing;  a  name  which  has  giTcn 
spm^  very  "able  teachers  much  unnecessary  trouble  to 
explain. 

One  of  the  most  scientific  men  that  this  nation  ever 
produced,  was  Thomas  Harriot  S  who,  for  his  great  and 
valuable  improvements,  ia  justly  considered  as  the 
father  of  modern  Algebra ;  his  work  on  the  subject, 
entitled  Artis  Analyticcc  Praxisy  i^e.  which  was  publish- 
ed in  1631,  after  his  death,  by  his  friend  Warner,  will 
ever  remain  a  monument  of  his  superior  skill  as  an 


'  Thomas  Harriot  was  bom  at  Oxford  ia  1560  :  he  was  a  conuMiicr  lit  St> 
Mary's  Hall>  where  he  took  his  Bachelor's  degree  ia  1679*  His  unooBmoD  ^ 
ficiency  in  the  Mathemathics  attracted  tho  favourable  attention  of  Sir  WiMcr 
Raleigh,  who  took  him  into  his  fapily  ia  the  charaicter  of  a  pre«^ptflr,  aUiiWf 
l^m  a  handsome  pension.  In  1 584  he  went  to  Virginia  with  Sir  Walter's  wff 
colony,  where  he  was  employed  in  sun-eying  and  making  QUips  of  tht  coaiitiT< 
He  died  in  1621  from  an  ulcer  formed  in  his  Up,  in  consequence,  it  is  Sii4i<' 
holding  the  brass  mathematical  instruments,  while  workini;,  in  hi(  Wff^ 
Harriot  was  undoubtedly  the  most  eminent  aJ^obrai^t  of  lui  U«M« 
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ibis  work  is  a  specimen  of  great  and  original 
.nd  supplies  the  first  instance  of  the  form  of 
at  present  in  use.  He  here,  first  of  any,  shewed 
^rsal  generation  of  all  affected  Equations  by  the 
1  multiplication  of  simple  ones;  ''thereby  exhi* 
>  the  eye  all  the  circumstances  of  the  nature, 
imd  number  of  roots^  w\th  the  composition  and 
of  the  coefficients/*  from  whence  many  impor* 
>erties  have  since  been  deduced;  '')}e  greatly 
I  the  numeral  Exegesis,  or  the  extractioB  of  the 
all  Equations,  by  clear  and  explicit  rules  and 

drawn  from  the  foregoing  gefieration  of  af- 
[nations  ;*'  and  to  him  we  are  indebted  for  many 
and  elegant  solutions  of  quadratic,  cubic,  and 
:ic  Equations,  which  have  since  been  discovered 
is  m^uscripts;  he  was  likewise  the  inventor  of 
y  greater  than,  and  ^  less  than. 
evercnd  William  Oughtred",  rector  of  Aldbury 

and  one  of  the  first  mathematicians  of  th^ 
>Iished  in  1631  his  Clavis  Matkematice,  which 
iaally  written  for  the  use  of  Lord  William 
his  pupil.  "  His  style  and  manner  were  very 
»bscure,  and  dry ;  and  his  rules  and  precepts  &o 

Qugfatred  was  born  at  Eton  io  1 573,  and  educated  at  the  a^oot 
1$  hf  went  to  King's  CoUege,  Cambridge,  where  he  tpeat  IS  yiJh, 
a  fellow  ;  he  was  presented  %o  the  living  of  Aldbnry  in  1603,  irfff 
as  appointed  Tutor  to  Lord  William  Howard,  by  Lord  Aruodel,  hit 
chief  mathematicians  of  the  a^e  were  indebted  to  Oaghtred  for 
r  skill,  bis  bouse  being  open  to  all  who  came  £ar  instroction :  after 
perapoc,  exercise,  study,  and  seal  in  performing  cffectuaUy  tha 
sacred  function,  be  died,  it  is  said,  of  a  sudden  extasy  of  joy,  09 
,  the  Parliament  bad  passed  a  vote  for  the  restoration  of  Ch&rlcs 
the  ijk'oiks  on  Arithmetic,  Algebra,  Geometry,  Trigonometry^ 
i  in  his  life  time,  such  of  the  manuscripts  which  he  left,  and  whiok 
proper  for  the  press,  were  published  in  1676  at  Oxford,  is  Ito. 
le  of  Opuscula  Mathematica  hactenuf  Ingdita,  ^c, 
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involved  in  symbols  and  abbreviations,  as  rendered  his 
jnathemalical  works  difficult  to  be  understood  ;**  never- 
thelessy  his  writings  were  considered  as  valuable^  and  are 
still  held  in  great  esteem  among  the  learned.  Besides 
some  characters  not  at  presi^nt  in  use,  he  introduoed  the 
sign  X  for  multiplication, : :  for  proportion,  -H-  for  con- 
tinued pi'oportion>  1  for  greater,  and  2,  for  less,  with 
the  metlK>d  of  multiplying  or  dividing  by  the  component 
parts  of  a  number,  instead  of  the  number  itself;  of 
multiplying  and  dividing  decimals  by  the  contracted 
method  usually  taught  in  our  schools  at  present,  with 
other  neat  and  convenient  abbreviations. 

The  application  of  Algebra  to  geometrical  lines  and 
curves,  began  about  this  period  to  exercise  the  skill  of 
the  learned.  Fermat,  a  learned  and  iogeQious  Frendi 
mathematician,  was  the  first  who  successfi|||y  cultivated 
this  branch ;  but  it  was  Des  Cartes  %  who  iacorporated 

'  B^n^  Des  Cartes  was  descended  from  an  ancient  nobl^  fomily  io  Tooium^ 
and  born  in  1 596.    At  eight  years  old  he  was  placed  under  the  toition  of  Frtkr 
Charlet,  at  the  Jesuits'  College  of  I^a  Fl^he ;  conceiving  a  dislike  to  philonphfi 
he  quitted  the  College  in  1613,  proposing  to  himself  a  mnitarjtife:  fbrllii 
purpose  he  speedily  acquired  the  necessary  accomplishments,  bat  a  wedt  est* 
stitution  rendering  him  unfit  for  the  duties  of  a  martial  pn^essaoo,  be  ncilts 
Paris,  where,  by  the  advice  of  Father  Merscnne,  and  others  of  his  learned  !► 
quaintance,  he  was  prevailed  on  to  resume  his  studies  ;  after  two  yean  htrc^ 
turned  to  the  army,  and  was  successively  a  volunteer  in  the  service  of  tk 
Pflbee  of  Orange,  and  the  Duke  of  Bavaria.    After  this  he  traTeUed  hr  is- 
^l^ement,  and  was  indefatigable  in  the  study  of  almost  erery  bfaach  tf 
fcience ;  *'  he  extended,"  says  Voltaire,  "  the  limits  of  Geometry  as  fiur  hijuii 
the  place  where  he  found  them,  as  New-ton  did  after  him.**        ■<*  He  fiiplsjfil 
this  geometrical  and  inventive  genius  to  Dioptrics,  which,  when  treated  by  his, 
became  a  new  art.*'  Voltaire  acknowledges,  that  the  rest  of  Des  Cftites'  waib 
contain  innumerable  errors:    indeed,  his  system  of  the  Qiilverse,  whkfc  if 
called  T7ie  Cartesian  PhUosopky,  and  which  prevailed  until  Sir  Isaac  Kewtse'i 
system  supplanted  it,  depends  solely  on  hypothesis ;  and  the  theory  of  fortica, 
on  which  the  Cartesian  system  is  founded,  is  absolutely  &]se.    See  J)r,  Krif* 
Examination  of  Burnef*  Theory f  Sfc,     Des  Cartes  died  at  Stockbols  is 
1650. 
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oved  the  theories  and  observatioDS  of  preceding 
and  first  gave  the  doctrine  a  form  and  consist- 
'he  Geometry  of  Des  Cartes  was  published  in 
is  properly  neither  Algebra  purelj',  nor  Geome* 
the  application  of  tlie  one  to  the  other ;  never-* 
.  contains  improvements  in  both.  The  principal 
which  relate  to  the  present  subject,  arc  the  fol- 
viz.  the  geometrical  construction  of  tbre  higher 
-  Equations,  whereby  the  nature  and  properties 
roots,  positive,  negative,  and  impossible,  are 
lucidated.  The  rule  for  resolving  biquadratic 
IS,  by  means  of  a  cubic  and  two  quadratics, 
ually  goes  by  his  name ;  and  he  is  the  first  who 
the  unknown  quantities  in  an  Equation,  by  the 
:ers  x,yy  z,  fp,  8cc.  and  the  known  ones  by  the 
r,  b,  c,  d,  &c.  according  to  the  present  mode  of 

But  while  we  do  justice  to  the  superior  talents 
distinguished  philosopher,  it  must  be  acknow- 
:hat  several  of  his  methods  and  observations, 
t  the  time  of  their  publication  were  considered 

were   afterwards    traced    to    the  writings  of 
the  English  Algebraist  '• 

Jeometry  of   Des  Cartes,  no^  called  the  Nero 

/,  was  soon  cultivated  with  ardour  and  success. 

V^an  Schooten,  a  Dutch  mathematician,  translated 

French  into  Latin,  adding  a  commentary  of  his 

lerval,  a  member  of  the  Academy  of  Sdences,  and  Professor  of  the 
»  at  the  CoUege  Royal,  was  once  (shortly  after  the  above  work 
KEtolling  the  ingenuity  of  Des  Cartes,  for  his  contrivance  in  placing 
DOS  of  an  Equation  on  one  side,  and  making  the  whole  equal  to 
pon  which  Sir  Charles  Cavendish,  who  was  present,  hinted  that  the 
due— not  to  Des  Cartes,  but  to  Harriot :  a  few  days  after  Sir  Charles 
Earriot's  Algebra,  and  Roberval,  after  he  had  examined  it,  cxcUimed, 
vuliiravul  "Yes,  he  has  seen  it!  he  has  seen  it!"  See  Dr, 
ilgebrayp,  198. 


( 
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own,  and  notes  by  M.  De  Beaune,  1649.  Schooteii*s  Priri' 
eiples  of  Universal  Mathematics  appeared  in  1651,  and£r- 
ercitationes  Mathematical  six  years  after;  in  both  which 
are  much  excellent  matter,  and  a  variety  of  carious  analy- 
tical pieces.  The  Method  of  Indivisibles  of  Cavalerias ', 
was  published  in  1635,  and  proved  a  new  sera  in  aaaly- 
tics,  from  whence  arose  new  modes  of  computation.  Our 
learned  countryman,  Dr.  John  Wallis*,  was  the  author  of 


*  Boittventara  Cavalieri  was  a  native  of  Milan,  a  Friar  of  the  order  of  tU 
Jctoati  of  St.  Jerome,  a  disciple  of  Galileo,  the  friend  of  TorriceDiiu,  and 
Professor  of  Mathematics  at  Bologna,  where  be  died  in  1647)  leaving  befaioi 
bim  several  learned  treatises  on  Geometry,  Trigonometry,  Logarithms,  &c.  b^ 
tides  the  above-mentioned  work  on  Indivisibles. 

•  Dr.  John  Wallis  was  born  at  Ashford  in  Kent,  in  1616;  after  aci|airiiH(i 
tolerable  proficiency  in  the  Latin,  Ghreek,  Hebrew,  and  French  languages,  with 
the  rudiments  of  Logic,  Music,  &c.  he  went  to  Emanuel  College,  Cambridge: 
he  took  orders,  and  obtained  a  fellowship  of  Queen's  College ;  after  tLis  be 
was  Chaplain,  first  to  Sir  Richard  Darley,  and  then  to  Lady  Vere.  In  1&42  be 
was  appointed  Savilian  Professor  of  Geometry  at  Oxford,  a  situation  wliich  be 
filled  with  great  ability  ;  five  years  after  he  took  the  degree  of  Doctor  in  Diri- 
tiity,  and  the  next  year  his  controversy  witB  Mr.  Hobbes  commenced ;  this  and 
his  dispute  with  Mr.  Stubbc  lasted  more  than  three  years,  during  which  scrcnl 
p£nphlets  were  written  on  both  sides,  and  the  Doctor  displayed  a  Atjgnt  of 
spirit,  moderation,  and  address,  highly  creditable  to  himself.*  In  1658  hevss 
chosen  Custos  Archivorum  of  the  University ;  King  Cl^arles  II.  retpected  hia 
both  for  bis  talents,  and  for  his  attachment  to  himself  and  to  his  anfintwute 
father ;  and  in  consequence  our  author  was,  on  the  restoration,  confirmed  in  ail 
the  places  he  held,  and  appointed  one  of  the  Chaplains  in  Ordinary,  and  Kbe- 
wise  to  assist  in  revising  the  book  of  Common  Prayer.  He  was  a  very  indiii- 
trious  and  useful  member  of  the  Royal  Society,  and  kept  up  a  constant  literary 
correspondence  with  most  of  the  principal  learned  men  of  the  time.  Dr.  Wallu 
died  at  Oxford  in  1703,  leaving  behind  him  one  son  and  two  danghtcn; 
the  Rev.  Henry  Peach,  B.D.  the  present  worthy  Rector  of  Cbeaaa,  to 
whose  kindness  the  writer  acknowledges  himself,  with  gratitude,  under  great 
and  repeated  obligations,  is  grandson  of  one  of  the  latter.  Tlic  publicatiooi 
of  Dr.  Wallis  comprehend  a  great  variety  of  subjects,  and  are  for  the  wA 
part  filled  with  learned  and  useful  matter ;  and  he  has  contributed  to  ncailr 
all  the  first  25  volumes  of  the  Philosophical  Traniiacticns.  Ilis  matbeniatiai 
works,  which  had  appeared  separately,  were  published  together  bythrraf' 
rersity  in  1699. 
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^ful  works  on  the  Matbematics^  especially  hit 
ind  Practice  of*  Algebra ;  but  that  which  gained 
greatest  credit  was  his  Arithmetic  of  Infinites^ 
d  in  l655y  being  a  new  method  of  reasoning  on 
8^  and  a  great  improvement  on  the  Indivisibles 
erias. 

ubject,  as  treated  by  Dr.  Wallis,  was  evidently 
nd-work  of  Sir  Isaac  Ncwtoifs  most  valuable 
es  in  Analysis,  which  took  place  shortly  after ; 
the  Binomial  Theorem;  the  Method  of  Fluxions 
lite  Series;  the  Quadrature,  Rectification,  fyc,  of 
ihe  Investigation  of  the  Roots  of  Equations,  both 
and  literal,  by  means  of  It  finite  Series ;  the  Uc- 
' Series,  &c.  &c.  all  of  whiqh  were  written  between 
i  1665  and  1727.  Every  lover  of  truth  must 
e  name  of  Newton ;  and  we  ought  to  be  thank- 
Dvidence  for  the  uncommon  endowments  of  his 
tereby  the  fetters  of  prejudice  were  broken,  and 
released  from  the  tyranny  of  error  and  hypo- 
nearly  connected  with  the  interests  of  religion, 
is  i\T.  Thomas  Brancker  ^  published  Rhonius's 
with  the  additions  of  Dr.  John  PelU.    The 

Brancker  wa^  bom  in  IGZS :  he  was  admitted  Batler  of  Exeter 
brd,  in  16'r)!2;  three  years  after,  be  took  his  Bacbelor^s  degree, 
ected  a  fellow ;   in  1658  he  took  the  degree  of  Master  of  ArtSy 

a  preacher  :  some  time  after  he  was  minis^  of  Whitegate, 
the  sciences  recommended  him  to  the  favoor  of  -Lord  Brerewood, 
im  the'  living  of  Tilston.     He  was  afterwards  chosen  Master  of 

School,  where  he  died  in  1676 ;  a  work  of  his  in  Latin,  on  the 
e9red  in  16G2. 
I  Pell  was  born  in  1610,  and  at  thirteen  years  of  age  was  sent  toTri* 

Cambridge.  His  eminent  mathematical  knowledge  procured  him  ii^ 
rofessorship  of  Mathematics  at  Amsterdam  j  thence  he  removed  in 
9ew  College  at  Breda,  where  he  held  tlie  same  office  with  an  increased 
at  six  years  after  he  returned  to  England,  and  was  employed  hf 
I  a  diploknatic  capacity,  in  which  he  acquitted  himself  with  credit ; 
n  receiving  orders,  be  became  Rector  of  Fobbing  in  Essex,  in  1661, 
s  addcd^  twelve  years  afU^r,  the  Rectory  of  Laingdon,  in  the  samqf. 
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Doctor  here  first  introduces  the  method  of  registering 
the  steps  of  an  Equation,  by  characters  placed  for  refe- 
rence in  the  margin :  he  likewise  invented  the  signs  t  for 
division,  <^  for  involution,  and  au  for  evolution. 

Dr.  Barrow^s*'  Method  of  Tangents  was  published  ia 

coaniy.  About  this  time  be  took  his  degree  of  Doctor  in  Divinity,  and  tni  aide 
Chaplain  to  Archbishop  Sheldon ;  but  his  tbonghts  being  too  inticfa  cmjploycd  ia 
the  cultivation  of  the  sciences,  to  allow  him  time  for  the  management  of  kii 
pecuniary  concerns,  he  was  so  cheated  by  his  tenants  and  depcndnntt,  tkit  be 
wanted  money  to  purchase  the  common  necessaries,  and  he  foand  diSaStf  to 
procure  even  pens,  ink,  and  paper ;  this  brought  him  to  ihe  King's  Beach 
Prison,  and  to  a  state  of  dependance  after  his  release :  he  died  at  the  boue  of  i 
friend,  in  1685,  and  his  funeral  expences  were  defrayed  jointly  by  Mr.  Shtrpi 
Rector  of  St.  Giles's,  and  Dr.  Bdtby.  Dr.  Pell  published  a  number  of  lutiw- 
matical  books,  and  left  behind  him  a  large  coUectton  of  papers  and  letters  ot 
mathemati'^al  and  other  subjects,  which  are  in  the  bynds  of  the  Royal  SbdcCf ; 
others  be  left  at  the  seat  of  Lord  Brereton,  at  Brereton,  in  Cbeahire. 

*  Isaac  Barrow  was  born  at  London  in  1630.  He  first  went  to  the  Cbaitcr 
House,  where  his  behaviour  was  so  bad,  that  little  hopes  of  him  were  enter- 
tained by  bis  friends ;  and  his  fother  has  been  heard  to  say,  that,  **  if  it  plesR^ 
God  to  take  either  of  his  children,  he  hoped  it  would  be  Isaac.**  Hevii 
entered  at  Trinity  College,  Cambridge,  in  1645,  and  now  began  to  apply 
himself  in  earnest  to  learning.  Mathematics,  Natural  PhHoaophy,  Chronobgr, 
Physic,  Anatomy,  Chemistry,  Botany,  and  Divinity,  were  the  objects  of  hit 
unremitting  attention.  Having  studied  these  with  great  success,  and  mectiss 
with  a  disappointment  at  the  University,  he  quitted  it,  and  in  1655  set  out  oi 
his  travels  on  the  Continent ;  he  returned  about  four  years  after,  and  hmog 
been  ordained,  was  chosen  in  1660  Greek  Professor  at  Cambridge  ;  two  jfv* 
after  he  was  made  Professor  of  Geometry  at  Gresbam  College,  where  he  C^ 
charged  the  duties  both  of  the  geometrical  and  astronomical  depaitmniti. 
The  Royal  Society  elected  him  a  Fellow  in  1663,  and  the  same  year  hem 
appointed  the  first  Lucasian  Professor  of  Mathematics  at  Cambridge.  At 
length,  being  determined  to  direct  his  studies  wl)olly  to  dirinity,  he  resigad 
the  mathematical  chair  (which  he  had -filled  with  much  credit)  tohislirin', 
Mr.  Isaac  Newton.  In  1670  he  was  created  D.  D.  by  Mandate,  and  in  \Si3 
King  Charles  I.  appointed  him  Master  of  Trinity  College  by  patent,  obserna^i 
that  <<  he  had  given  it  to  the  best  scholar  in  England.*'  Dr.  Barrow  died  ii 
16779  and  was  buried  in  Westminster  Abbey :  his  numerous  writings  oo  s 
great  variety  of  subjects,  do  an  honour  to  his  country.  ''  He  was  unriralkd,* 
says  Mr.  Grainger,  **  in  mathematical  learning,  especially  ia  the  sobliae 
Geometry,  in  which  he  has  been  excelled  only  by  his  successor,  Newton;  belt 
length  gave  himself  up  entirely  to  divinity,  and  particularly  to  the  most  wM 
part  of  it,  that  which  has  a  tendency  to  make  men  wiser  and  better." 
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id  abont  1677  Leibnitz*  discovered  his  Methodus 
tialisj  being  either  a  variation  of  Newton's  Fluxi- 
Ise  an  extension  of  Burrow's  Method  of  Tangents 
lentioned. 

'93  appeared  M.  Ozanain's  ^  Course  of  Mathe^ 
D  5  volumes  octavo,  containing  a  treatise  on 
;  nine  years  after  he  sent  forth  a  work  exclu- 
\  Algebra,  in  which  the  problems  of  Diophantus 
illy  handled.  He  was  the  author  of  several  otlier 
Ltical  works,  among  which  may  be  mentioned 
hemaiical  and  Philosophical  Recreations,  trans- 
I  published  by  Dr.  Hutton,  which  afford  both 
nt  and  instruction.  A  book  on  the  same  sub- 
been  published  many  years  before  by  Bachet 
iac,  utider  the  title  of  Problimes  plaisaris  et  dile^ 
•  ks  Nombres  *. 

tvention  of  Fluxions  opened  the  way  for  new 
;sand  improvements.  Mathematicians  in  every 

nUiam  Leibnitz  was  bom  at  Leipsigc  in  1 646)  where,  and  at  Jena^ 

11  mathematical  education ;  bis  writings^  which  are  numerons  and 

e  published  separatdy,  or  among  the  memoirs  of  different  acade- 

ithematician,  be  is  obiefly  remarkable  for  laying  claim  to  the  in- 

mdons,  in  oppofitiou  to  Sir  Isaac  Newton,  and  Ibr  his  system  of 

rtendcd  as  an  amendment  of  the  Cartesian,  in  opposition  to  the 

iQoiopby.    U  lus  system  are  retained  the  subtile  matter,  the  Tor- 

nniversal  plenum  of  Des  Cartes ;  and  the  nniveTse  is  considered 

line,  which  by  the  laws  of  mechanism  will,  by  absolute  necessity, 

otion  for  ever  in  the  most  perfect  state.    He  died  in  1716. 

mam  was  bom  at  Boligneux  in  France  in  1630 :  be  was  a  respect- 

'  the  Matbematicsy  first  at  Lyons,  then  at  Paris,  and  published 

r  of  very  usct'nl  books  on  various  branches  of  the  Mathematics, 

:es  in  the  Jounml  des  Scavtmtf  the  Memoirs  of  the  Academy  qf 

femaires  de  IVevouXy  4'^.     Ozanam  died  in  1717* 

•mtiim  MsthhiuUitfiie  of  H.  Van  Etten  is  a  well  known  work,  and 

nai%able  for  its  absurdities ;  Mydorgins  undertook  to  forrect 

not  Tery  successful,  as  appears  by  the  later  editions  of  the  book, 

ttle  value. 

Anthology  is  the  earliest  example  we   have  of  this  kind  «f 
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part  of  Europe,  aided  by  the  light  which  this  sablime  dis- 
covery had  thrown  on  the  new  Geometry  of  Des  Cartes, 
were  intent  on  extending  the  bounds  of  the  science, 
und  their  labours  were  attended  with  astonishiog  suc- 
cess. Tlie  Method  of  Increments,  which  naturally  arises 
out  of  the  doctrine  of  Fluxions,  was  discovered  by  Dr. 
Brook  Taylor,  who  published,  in  1715,  bis  MethoiMii 
IncremeHtorum ;  this  ingenious  and  learned  j¥ork  appear- 
ing too  difficult  for  the  generality  of  readers,  Mr.  Emer- 
son undertook  ta  render  the  subject  more  easily  attain- 
able ;  and  succeeded  probably  beyond  his  own  expecta- 
tion, in  a  work  which  appeared  in  I763. 

The  calculation  of  the  probabilities  in  the  theory  of 
games  of  cliance,  owes  its  origin  to  M.  Pascal  \  result- 
ing from  one  of  the  numerous  applications  of  the  doctrine 
of  his  celebrated  arithmetical  triangle.  Some  of  the 
greatest  mathematicians  of  the  time  directed  their  at- 
tention to  the  subject,  but  Huygens  ^  was  the  first  who 
wrote  expressly  on  it,  in  his  treatise  De  RatiociniU  ts 

^  Blahe  P^cal  was  bora  at  Glenimity  in  kuvergotf  id  16183,  and  was  ok  4 
the  greatest  and  best  writers  France  has  ever  produced.  He  was  a  vny  cni- 
nent  jnathesiaticiaii :  <'bls  writingSa"  says  Volture,  "may  be  oonsSdotd  ■ 
Biodels  of  elo^ence  and  hamonr ;"  his-  Profincial  Lettersy  which  do  tfsil 
honotnr  to  bis  head  and  heart,  have  been  pid>lishcd  in  every  langaiie  sii 
eouBtry  iir  Europe.  M.  Bayle  says,  that  i^  hundred  volnmcs  of  sefBons  ait  Mt 
of  so  much  aratt  as  the  history  of  this  great  man ;  he  calls  him  m  pmrmgmt  ht  tkt 
hufiHm  species;  and  adds,  "  when  we  consider  his  character,  we  are  alaortja' 
clined  to  doubt  whether  he  was  boro  of  a  wonaa.**  Ptecal  died  at  nrii  ie 
1663,  and  his  works  were  collected  by  L'Abb^  Bossn,  and  published  bilh  rt 
Faris,  and  at  the  Hague,  ki  1779,  in  5  volumes  ectttvo. 

^  Christopher  Huygens  was  bom  at  the  Hague  in  1629 :  he  discorercd  sa 
early  lore  for  the  Mathematics,  and  studied  them  ^th  uncommon  ardonr  wakt 
the  celebrated  Schooten  at  Leyden :  in  1655  he  went  to  France^  where  he  kid 
the  degree  of  Doctor  of  Laws  conferred  on  him ;  and  five  years  after,  risitisf 
London^  he  wa»  made  a  FcUow  of  the  Royal  Society.  The  talents  of  this  grac 
man  -wvre  employed,  not  merely  in  promoting  the  interests  oi  tp^cafatift 
science,  but  la  reducing  bis  knowledge  to  practical  uses  for  the  bendl  if 
man.  He  was  the  first  who  discoyercd  Saturn's  ring,  and  also  the  thinl  sttd- 
lite  of  that  planet ; *ketlrft^af plied  the  pendulum  to  clocks,  aad  equalind  iti 
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Jka.    The  posthumous  wofk  of  James  Bernoulli  ^, 

;d  De  Arte  Conjectandi,  is  well  known ;  Nicholas 

ulli,  the  nephew  of  that  excellent  man,  made  an 

tant  application  of  the  principles  contained  in  his 

to  the  probabilities  of  the  continuance  of  human 

The  Aaalifsis  of  Games  of  Chance^  by  Kemond  de 

nort,  appeared  in  17 il,  is  a  work  of  great  merit, 

IS.  for  its  object  the  subjecting  of  probabilities  of 

dud  to  calculation. 

importance  of  the  theory  which  had  employed 

snts  of  these  illustrious  foreigners,  soon  appeared 

;he  useful  applications  made  of  it,  especially  in 

d,  to  the  uses  and  purposes  of  life ;  such  as  the 

i  by  meant  of  the  cycloid  ;  and  pcrfiected  the  telescope  then  in  use. 
Huygens  was  admitted  a  member  of  the  Academy  of  Sciences  at  Pa- 
waa  the  but  public  inark  of  honour  he  received ;  for  his  intense  ap- 
harin;  impaired,  his  health,  he  retired  as  often  as  he  could  into 
7«  He  died  at  the  Hague  in  1695^  and  his  principal  works  bein^ 
two  editions  of  them  were  pablithed  in  4to,  under  the  inspection, 
or  S'Gravtsande,  the  first  at  Leyden,  1682»  the  other  at  Amster- 

I  Bernoulli  was  bom  at  Basil  in  1654,  and  died  in  1705 :  he  was  Pro- 
dathematics  at  Basil,  and  member  of  the  Academies  of  Sciences  of 
Berlin.  John  Bernoulli^  brother  of  the  above,  and  equally  fomous. 
It  Basil  in  1667,  where  he  obtained  the  degree  of  Doctor  of  Physic ; 
tp  Professor  of  Mathematics  at  Groningen,  but  on  hit  brother's  death> 
nted  to  succeed  him  in  the  mathematical  chair  at  Basil ;  he  was 
f  most  of  the  Academies  of  Europe,  and  both  be  and  his  brother 
the  new  analysis  with  the  greatest  application  and  success.  He  died 
Daniel  Bernoulli,  the  son  of  John,  was  born  at  Groningen  in  1700; 

Professor  of  Physic  and  Philosophy  at  Basil,  and  on  his  father's 
feeded  him  in  the  Academy  of  Sciences.  It  is  remarkable  that  this 
from  its  first  institution  in  1699,  had  never  been  without  a  Ber- 
er  a  long,  useful,  and  honourable  life,  Daniel  Bernoulli  died,  much 
in  the  year  1783.  John  BernouUi,  grandson  of  the  above  John,  is 
1  as  an  indnstrious  and  skilful  astronomer  at  Berlin.  Hit  brother, 
noulli,  was  born  at  Basil  in  1759;  he  read  lectures  on  Philosophy 
versity  of  Basil  for  his  uncle  Daniel :  afterwards  he  was  secretary- 
Brenner,  the  Emperor's  envoy  at  Venice,  and  in  1786  becan^e  a 

the  Academy  of  Sciences  at  Petersburg,  where  he  died  in  1789. 
A  Bernoulli  I  have  not  been  able  to  obtain  any  satisfactory  account 

z  2 
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valuation  of  annuities^  assurances^  reversions,  &e.  Mr. 
Abraham  Demoivre*  appears  to  have  been  the  first  in  this 
country,  who  distinctly  explained  the  doctrine  and  mode 
of  application,  in  his  Doctrine  of  Chances,  S^c,  1718,  and 
his  Annuities  on  Lives,  1724:  indeed  he  was  particularly 
famous  for  calculations  of  this  kind,  spending  roost  of 
his  time  upon  them.  Mr.  Demoivre  was  ably  followed 
by  Mr.  Thomas  Simpson "",  whose  two  treatises  On  the 

I  Abraham  Demoirrc  wa»  born  at  Vitri  in  Champagne,  in  1667  ;  Ik  ^<bi  an 
cuiincnt  teadicr  of  the  Mathematics  at  London,  where  he  (being  a  Protestant) 
had  been  driven  by  the  rcirocation  of  the  edict  of  Nantz  ;  he  was  a  Fellow  of 
f  he  Royal  Society,  and  member  of  the  Academies  of  Sciences  at  Paris  and 
Berlin,  and  was,  in  consequence  of  his  consummate  abilities  as  a  mtttheauip 
tician,  appointed  by  the  Royal  Society  to  determine  the  dispute  between  New- 
Ion  and  Leibnitz,  concerning  their  respective  rights  to  the  inTention  of  Flu- 
xions.  He  died  at  London  in  1754. 

^  Thomas  Simpson  was  born  at  Market  Bosworth  in  Leicestmhire,  in  1710: 
he  was  bred  a  weaver,  but  gave  early  itidications  of  a  thirst  for  knowledge  of  a 
superior  kind;  this  not  being  agreeable  to  the  views  of  his  fether,  a  scpantion 
soon  took  place,  and  young  Simpson  went  to  reside  at  NonestoD.  Here,  by 
means  of  the  instructions  given  him  by  an  itinerant  pedlar  and  fortone-tcUer, 
during  his  periodical  visits,  and  our  author's  own  endeavovrs,  he  aeqnirad 
considerable  acquaintance  with  the  principles  of  Arithmetic  and  Algebra,  nd 
likewise  sufficient  skill  in  the  art  of  conjuring  to  enable  him,  in  the  technical 
phrase,  to  answer  all  fair  questions  about  futurity.  We  now  find  him  workiinc 
Hi  his  trade  all  day,  teaching  a  school  ia  the  evening,  and  occasionaUy  tclliif 
fortunes ;  this  continued  till  a  curious  dicumstance,  the  acoouiit  of  which 
is  too  long  to  relate,  obliged  him  to  quit  both  his  home,  ind  the  tnde  of 
astrology :  be  then  went  to  Derby,  where  he  worked  at  his  trade,  and  kept  in 
evening  school ;  but  his  emoluments  being,  inenfficient  for  the  support  of  hia- 
self  and  family,  he  was  induced  to  repair  to  London  about  1 736  ^  he  settled  in 
Spitalfields,  working  at  his  trade  of  weaving,  and  occasionally  teaching  tht 
Mathematics.  He  now  became  better  known,  and  the  number  of  bis  pupil' 
increasing,  he  was  encoun^ed  to  make  proposals  for  publishing  bis  wotk  oft 
Fluxions  by  subscription,  which  proved  the  precursor  of  many  otber  htiacd 
and  valuable  works  ;  and  he  now,  for  the  first  time,  began  to  ^UsoOTcr  that 
the  pretended  art  of  astrology  is  nothing  more  than  a  system  of  Mtaey  tai 
deceit.  Ijat  1743,  he  was  appointed  Profesaor  of  Mathematics  at  the  Repd 
Military  Academy,  Woolwich  ;  and  two  years  after  was  elected  Fellow  of  tH 
Royal  Society  :  he  died  in  17b' I,  at  Bosworth.  A  more  complete  and  cifGiia* 
-itantial  account  of  Mr.  Simpson  i^  to  be  found  at  the  beginaing  of  h\%  Seiee( 
Cxerci5(e<). 
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*and  Lau*s  of  Chance,  1740,  and  T/ie  Doctrine  of 
ies  and  Reversions,  17 4S,  are  held  in  great  eateem. 
LKDes  Dodson  has  furnished  a  numerous  collection 
nplesy  to  exercise  the  rules  and  theorems  laid  down 
ceding  writers^  in  the  second  and  third  volumes  of 
thematical  Repository,  published  between  the  years 
ad  17o6.  The  merits  of  Dr.  Price  ■,  as  a  writer 
s  subject,  are  well  known  to  the  public.  His 
itions  on  Reversionary  Payments,  S^x.  appeared  in 
IS  did  Mr.  Morgan's  Doctrine  of  Annuities  and 
ices,  Sfc.  in  1779;  the  latter  work  being  furnished 
[  Introduction,  and  an  Essay  on  the  present  state 
ilation  in  England  and  Wales,  both  by  Dr.  Price. 
7177  Mr.  James  Sterling  published  Unea  teriii 
and  in  1730,  Metkodus  Differentialis ;  both  of 
•ibbund  in  improvements  in  the  higher  branches 
^bra. 

40,  Professor  Saunderson*  published  his  Elements 
^ra,  which  work  has  been  considered  as  the  most 
te  and  comprehensive  system  in  the  English  lan- 


«▼.  Dr.  Richard  Price,  an  eminent  Ditsenting  minister,  was  bom  in 
distiof^iihed  abilities  at  a  calcnlator  are  wcU  known.  ^  He  was," 
io^rapber,  *'  the  fnend  of  man,  and  the  most  intrepid  assertor  of 
and  while  his  genhis,  and  bis  no  less  abstruse  than  rahiable  labours 
Mm,  rank  him  with  the  first  philosophers  of  every  age,  bis  political 
id  writings  phwc  him  among  the  most  distinguished  patriots  and 
\  of  nations.'*    He  died  in  1791- 

as  Saunderson  was  born  at  Thurlston  ia  Yorkshire,  in  1682,  and 
•-sight  by  the  small-pox  when  he  was  but  a  year  old;  notwithstandijc^ 
Bcame  a  very  eminent  mathematical  and  classical  scholar.  In  1707 
Cambridge,  where  he  taught  the  Mathematics,  and  gave  lectures  oD' 
Vtneipia ;  four  years  after  he  was  appointed  Lncasian  Professor  of 
aatics.  In  1738>  King  George  II.  visited  the  University,  on  which. 
tr  author  was  created  LL.  D.  a  degree  which  perhaps  was  never 
lily  bestowed.  Dr.  Saunderson  wrote  with  great  clearness  on  almost 
sh  of  the  Mathematics^   He  died  ia  17S9* 

Z  3 
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guage.  Maclaurin*s  p  Treatise  of  Algebra  appeared  shortly 
after  his  death,  which  happened  in  1748 :  it  is  an  excellent 
work,  and  has  an  Appendix  on  the  application  of  Algebra 
to  Curve  Lines,  in  which  the  subject  is  very  ably  treated. 
The  mathematical  works  of  Mr.  Thomas  Simpson  were 
published  between  the  years  1740  and  1753;  and  are  no 
less  remarkable  for  their  usefulness,  than  for  the  striking 
display  of  originality  which  they  exhibit ;  especially  those 
parts  which  relate  to  our  present  subject.  Mr.  William 
Emerson  "^  published  a  complete  course  of  the  Mathe- 
matics, by  single  volumes,  in  1763,  and  the  succeeding 
years.  UhAfgebra  was  first  printed  in  1764,  and  evinces 
incontestable  marks  of  vigorous  genius,  accompanied 
with  a  rude  and  uncultivated  taste.  In  1764,  came  out 
Mr.  Landen's*  Residual  Jtnalifm,  k  new  branch  in  the 

p  Colin  MacUurin  was  bom  at  Kilmoddan,  in  Scotland,  in  1698  ;  rcceiTcd 
bis  education  at  the  University  of  Glasgow,  and  took  bis  Master  of  Arts'  d^grM 
in  bis  fifteentb  year :  in  1717  be  became  Professor  of  tbe  Matbematics  it  the 
Mariscbal  College  of  Aberdeen,  and  two  years  after  a  Fellow  of  tbe  Bojal 
Society.  In  1725  be  was  elected  Professor  of  the  Mathematics  at  the  Unirer- 
sity  of  Edinburgh,  principally  through  the  interest  of  Sir  Isaac  Newton,  where 
he  acquitted  himself  to  the  satisfaction  of  all.  He  ^-as  remarkably  well  skilled 
in  tbe  new  Geometry,  and  in  whaterer  was  connected  with  tbe  recent  dis- 
coveries of  Newton,  Leibnitz,  the  Bernoulli's,  Wallis,  CaTalerius,  and  otben; 
and  engaged  successfully  in  the  solution  of  most  of  the  great  problems  of  tk 
day  t  he  v>'a&  a  great  man,  and  as  good  as  he  was  great.   He  died  in  1746. 

4  William  Emerson  was  born  at  Hurworth  in  Durham,  in  1701,  and  reccired 
tbe  whole  of  his  education  from  his  father,  who  was  a  schoolmaster,  and  the 
Curate  of  Hnrworth,  who  lodged  at  bis  father's  house  ;  he  once  twA.  popib, 
bat  want  of  sufficient  patience,  and  of  a  happy  method  of  teaching,  Men 
itaduced  him  to  relinquish  that  plan«  I  have  been  informed,  that  he  vai  i 
great  adept  at  thatching,  that  he  often  hired  himself  out  to  that  employ,  and 
preferred  it  to  teaching.  He  was  a  very  ingenious  mathematician,  but  eiceOed 
in  mechanics,  in  which  it  was  his  constant  practice  to  prove  his  cooclusiaQS  by 
tzperiments  made  with  machines  of  his  own  construction.  The  eccentricity 
•f  his  character  was  obvious  from  bis  complete  disregard  of  dress.  lie  died 
at  Hurworth  in  1782. 

'  John  Landcn  was  born  at  Peakirk  in  Northamptonshire.    He  was  a  rriy 
respectable  mathematician,  and  a  contributor  to  the  Ladies*  Diary  :  in  1766  be 
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ic  art,  capable  of  resolving  problems  to  which 
IS  are  usually  applied,  aud  in  a  more  natural  and 
manner;  other  mathematical  works  have  since 
iblished  by  this  ingenious  author^ 
Eiements  of  Algebra,  by  the  celebrated  X>eonard 
were  published  in  1770,  in  the  German  language : 
•  it  was  transited  into  French,  and  a  translation 
ito  English  has  lately  bieen  announced  by  the 
lers;  this  work,  especially  the  French  translation 
as  been  much  commended.     In  1789,  Mr.  James 
published  his  Doctrine  of  Vmversal  Comparison ; 
L793,  The  Antecedental  Calculus,  or  a  geometrical 
of  reasoning,  without  any  consideration  of  mo- 
velocity,  applicable  to  every  purpose  to  which 
8  have  been,  or  can  be  applied :  with  the  geo- 
I  principles  of  Increments,  &c. 
rgs.  Professor  Vilant,  of  Edinburgh,  published 
ements  of  Mathematical  Analysis,  abridged;  with 
demonstrative  and  explanatory;  and  a  Synopsis  of 

I  Fellow  of  ibe  Royal  Society,  and  enriched  its  Tr^nsactaoos  with 
us  and  valuable  papers.  His  MathenuUictd  Lucubrations  were  pub» 
755;  and  in  1781,  and  the  two  fii^owin^  7ew*»  he  gave  three  small 
Dfinite  Series.   He  died  at  MiHoB  io  179Q« 

rd  £^^)|fc  one  of  the  greatest  mathematical  geninsci  ihe  fFOiid  ever 
iras  bom  at  Basil  in  17O7  ;  at  the  University  of  ^srltich  be  received 
on,  and  where  he  attracted  tiie  particular  r^ard  of  ,the  celebrated 
oulii,  and  became  the  intimate  friend  of  bis  gtwo  fops,  Nicholas  and 
I  this  circumstance  are  justly  attributed  his  vast  acijuirero£Ots  in 
cal  and  phUosophioal  Jmowledgey  to  do  jvstice  to  which  an  ample 
old  scarcely  be  sufficient.  He  took  the  degree  of  M.  ^  in  1733f  and 
er  became  joint  P/ofessor  with  Herman,. and  Daniel  Bernoulli,  at 
'.  In  1730  he  was  promoted  to  the  Professorship  of  ISatura)  Pbilo- 
thrce  years  after  succeeded  his  friend,  Daniel  Bernoulli,  in  the  mathe- 
air :  he  was  a  member  of  the  Academy  of  Sciences  at  Paris,  and 
be  memoirs  of  that,  and  of  several  other  Academies,  with  a  vast 
invaluable  papers ;  the  catalogue  only  of  his  works  occupies  fifty 
iiis  great  man  died  at  Petersburg,  in  the  year  1783,  universally 
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Book  V.  of  Euclid.  This  work  is  an  abridgment  of 
another  work  notjinhhedj  and  although  very  negligently 
printed,  it  is  calculated  to  make  a  useful  text  book  for 
those  who  lecture  on  the  subject:  the  rules,  solutions^ 
and  demonstrations  being  given  with  great  clearness;  to 
which  are  added  proper  marginal  references. 

Mr.  Wood's  '  Elements  of  Algetra^for  the  use  (f  Stu- 
dents in  the  University  of  Cambridge,  forming  a  part  of 
the  system  of  mathematical  instruction,  undertaken 
jointly  by  himself  and  Mr.  Vince,  appeared  about  the 
same  time.  This  excellent  work  would  be  improved 
by  a  greater  number  and  variety  of  examples. 

Dr.  Maskelyne's  "  method  of  resolving  all  the  cases  of 
cubic  equations,  by  the  tables  of  sines,  tangents,  and 
secants,  will  be  found  in  Taylor's  Logarithms:  the  im* 
provements  and  discoveries  of  Dr.  "Waring*  are  con- 
tained in  his  Meditationes  Algehraic^Ry  1770;  Proprietates 
Algebraicarum  Curvarum,  1772  ;  Meditationes  Analytical 
1776,  and  in  the  Philosophical  Transactions:  those  of 
the  Rev.  Mr.  Viace  %  in  the  Philosophical  Transactions, 
and  in  his  Fluxions,  and  other  works :  and  those  of  Dr. 


«  The  RtfT.  James  Wood,  B.  D.  Fdlow  and  Tutor  of  St.  John's  College, 
Cambridge.  • 

■  Neville  Maslcelyne,  D.  D.  F.  R.  S.  late  Astronomer  Royal  at  the  Bofa! 
Observatory,  Flamstcd  House,  Greenwich :  he  died  in  the  spring  of  ]81lt 
and  was  succeeded  bv  Mr.  Pond,  a  gentleman  whose  abilities  as  an  astrooonH 
are  well  known. 

^  Kdward  Waring,  M.  D.  the  late  Lucasian  Professor  of  Mathematki  tt 
Cambridge,  w.w  the  most  profound  analyst  in  Europe,  as  is  clearly  evinced  in 
his  Jliscr^'anea  ."/nalytiva,  published  in  !?(>?;  Proprietates  Algi^ruicanm 
Curvarumy  \l'i'^\  Mtditationes  .■inalytic^t  177b*;  and  in  his  varioos  papns 
and  tracts  published  in  the  Philosophical  Transactions,  and  elsewhere.  The 
profound  skill  and  deep  pcnttration  displayed  in  many  parts  of  the  writiopof 
this  learned  author,  have  excited  the  admiration  of  mathematicians  in  erery 
part  of  Europe.    He  died  in  I7P?. 

y  The  Kev.  Saiuui  I  \'ince,  M.  A.  F.  R.  S.  the  present  PInmian  Professor  of 
>.:trucomy  and  ExpeTimi.'nral  Pb':los*^phy  at  the  University  of  Cambridge. 
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HuttoQ  \  in  his  Mathematical  Tracts,  and  other  parts  of 
his  numerous  and  useful  publications. 

Mr-  Bonnycastle*s  improvement  of  the  binomial  theo- 
rem, its  use  in  the  construction  of  logarithms,  and  his 
observations  on  the  irreducible  case  of  cubic  equations, 
with  an 'improved  solution  by  the  table  of  sines,  are  to 
be  met  with  in  Dr.  Button's  Mathematical  Dictionary. 
We  mast  not,  in  this  enumeration,  omit  the  name  of  Mr. 
JBaroD  Maseres ;  a  gentleman,  whose  extensive  genius  and 
unremitting  industry  have  been  long  successfully  employed 
in  cultivating  the  mathematical  sciences;  to  whom  Algebra 
in  particular  owes  much :  and  it  is  in  consequence  of  his 
liberal  encouragement  and  patronage,  that  the  works  of 
the  most  distinguished  female  analyst  the  world  could 
ever  boast^  are  made  our  own  ".  By  the  united  abilities 
of  these,  and  of  a  far  greater  number  of  distinguished 
writers,  whose  names  we  are  obliged  to  omit,  the  sci- 
ence of  Algebra  has  attained  to  its  present  state  of  per- 
fection *. 

*  Charles  Hutton,  LL.  D.  F.  R.  S.  the  late  Professor  of  Mathematics  at 
the  Royal  Military  College,  Woolwich  :  he  was  succeeded  by  Mr.  John 
Bonnycastle. 

■  Xbe  analytical  works  of  Madame  Agnesi,  translated  by  Mr.  Colson,  and 
published  under  the  inspection  of  the  Rey.  John  Hellings,  B.  D.  and  F.  ^.  S. 

b  Among  the  ^smaller  elementary  books  on  Algebra,  may  be  mentioned  the 
Introductions  of  Feuning,  Bonnycastle,  the  Rev.  Mr.  Joyce,  and  An  £asy  In- 
trodudion  to  Algehra^  by  the  author  of  this  work,  published  in  1799*  Likewise, 
Lectwnt  on  the  Elements  of  Algebra^  by  the  Rev.  B.  Bridge,  B.  D.  Fellow  of 
St.  Peter's  College,  Cambridge,  and  Professor  of  Mathematics  in  the  East  India 
College  i  an  easy  and  useful  work. 
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ora^  as  we  have  observed,  is  the  science  vfrhich  teaches 
thods  of  performing  computations,  by  means  of  let- 
and  other  general  characters, 
titles  are  expressed  by  the  small  letters  of  the  alpha- 
lich  the  figures  1,  2,  3,  &c.  are  sometimes  joined  5 
fully  explained  in  its  proper  place. 
Hgn  -f-  is  the  mark  for  Addition ;  it  is  named  phis, 
i  IS  placed  between  two  quantities^  to  shew  that  the 
lich  follows  the  sign  is  to  be  added  to  the  quantity 
re  it. 

f  fr  is  read  a  plus  b,  and  signifies  that  the  quantity 
i  by  6,  is  to  be  added  to  the  quantity  repre- 
I, 

titles  having  the  sign  +  prefixed,  are  named  positive 
ve  quantities :  if  a  quantity  has  no  sign  prefixed,  it 
w,-f-  being  understood;  and  if  a  positive  (or  affirma- 
ity  stands  alone,  or  on  the  left  of  all  the  others  con- 
X  it,  then  the  sign -|-  is  usually  omitted  3  but  this 
T  omitted  in  any  other  case. 

Ign  —  is  the  mark  for  Subtraction ;  it  is  named  minus, 
signifies  that  the  quantity  which  follows  the  sign,  is 
acted  from  the  quantity  going  before  it,  or  from  the 
uities  concerned. 

— &  is  read  a  minw  b,  and  shews  that  the  quantity 
I.  by  b,  is  to  be  subtracted  from  that  represented  by  a ; 
a  +  b  shews  that  c  is  to  be  subtracted  firom  the  sum 

ities  having  the  sign  —  prefixed,  are  called  negative 
this  sign  is  always  prefixed  to  negative  quantities, 
ot  be  omitted  in  any  case :  likewise  every  quantity  is 
ive  or  negative,  and  consequently  must  have  either 
led  or  understood,)  or  —  belonging  to  it. 
)r  more  quantities  are  said  to  have  like  signs,  when 


<a  to  these,  the  capitals  are  frequently  employed,  as  are  the  Greek 
pas  of  the  ecliptic,  abd  ia  general,  the  characters  pecnliaF  to  aoy 
eh  Al^bra  may  be  applied. 
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the  signs  are  either  all  +,  or  all  —  3  and  they  are  said  to  have 
unlike  signs,  wh«n  some  are  + ,  and  othera  —  • 

8.  The  sign  x  is  the  mark  for  Multiplication ;  it  b  named 
vUo,  and  signifies  that  tjie  quantitka  betweea  which  k  staads 
are  to  be  multiplied  together. 

Thus,  a  X  b,  is  read  a  uito  b,  and  shews  that  the  fian- 
tity  represented  by  a  is  to  be  multiplied  into,  or  by^  the  qoantity 
represented  by  6. 

9.  A  point*"  is  sometimes  used  instead  of  the  sign  X}  tkni 
d  X  b  may  be  written  a,b,  tdsu  3  x  x  x  y  x  z  i^py  be  writin 

10.  Both  the  sign  and  point  are  frequently  omitftedi  tka 
a  X  b,  or  a.b,  are  frequently  written  thus,  ab;  a]BO>2  x  Jr  X  | 
is  written  ^y  -,  and  when  several  lettera  ave  placed  together 
like  the  letters  of  a  word,  their  product  is  always  underatood; 
thus  abed  denotes  a  x  b  x  c  x  d:  and  the  same  is  to  be 
understood  when  a  number  is  connected  with  the  letters  j  tkm 
3  X  a  X  6  X  c,  is  written  3abc ;  but  when  two  or  more  nun- 
bers  are  connected^  either  the  sign  x  must  be  interposed  be* 
tween  the  numbers,  (not  the  point,)  or  their  product  must  be 
taken^  thus,  3  x  4  x  a?  x  ^,  must  be  written  3  x  4  «y«  or  IZiy. 
and  not  3.4.x.^,  or  34j:y. 

11.  When  the  product  (or  multiplication)  of  two  or  more 
letters,  is  denoted  by  placing  the  letters  together  like  a  word,  it 
is  indifferent  in  what  order  they  are  placed ;  thus  ab  and  fts  are 
the  same  3  also  abc  is  the  same  as  €Lcb,  or  cba,  or  eab,  or  ki> 
or  bac  i  but  it  is  usual,  lur  the  sake  of  method,  to  place  the 
letters  in  alphabetkal  order  l  likewise  when  a  number  is  con- 
nected with  letters  by  the  sign  x  >  it  is  indifferent  in  what  order 
they  stand  5  thus,  a  x  3  x  6,  and  a  x  &  x  3,  and  6  x  e  x  Si 
and  ii  X  3  X  «,  and  3  x  a  x  6,  and  3  x  &  x  a,  are  the  samej 
but  when  the  sign  x  is  not  interposed,  the  number  mast 
always  stand  first,  thus,  3ab,  or  3baj  and  never  a3b,  or  bSe, 
or  a63,  or  ba3, 

12.  The  sign  -4-  is  the  mark  for  Division  5  it  is  named  if,  and 
signifies  that  the  quantity  standing  before  the  sign,  is  to  be 
divided  by  the  quantity  which  follows  it. 

*  The  use  of  the  point  to  denete  multiplicatioD  wu  tatrodaced  (as  Dr.  Hn^ 
ton  supposes)  by  M.  Leibnitz. 
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a  -f«  6  i9  read  a  by  b,  and  denotes  that  the  quantity 
1  by  a^  is  to  be  divided  by  that  represented  by  b. 
sion  is  likewise  denoted  by  placing  tlie  dividend  above 
with  a  small  line  between^  like  a  firaction^  thus  a-^b 

T 

e  remarked,  that  the  signs  +>  —  ^  and  h-  always  be* 
govern)  the  quantity  which  follows  the  sign;  thus  in 
lion  a  —  6+c...6isthe  quantity  to  be  subtracted, 
i  G  is  the  quantity  to  be  added,  not  b ;  also  in  the 
a  -f-  6  ...  6  is  the  divisor,  and  not  a.  But  the  sign  of 
ion  X  equally  afllects  both  quantities  between  which 
thus  a  X  b,  denotes  the  multiplication  of  a  by  6,  or 
ither  may  be  considered  as  tlie  multiplier, 
sign  s=  is  the  mark  for  equality ;  it  is  named  eqwd  or 
denotes  that  the  quantity  or  quantities  on  one  side 
>  are  equal  to  the  quantity  or  quantities  on  the  other 

( =:  &,  is  read  a  equals  b,  and  denotes  that  the  quan« 
Qted  by  a,  is  equsd  to  that  represented  by  b  ^  also 
-  d,  is  read  a  plus  b  equal  c  minus  d,  and  shews  that 
%  and  b  is  equal  to  the  difference  of  c  and  d. 
coefficient  of  a  quantity  is  the  number  prefii^ed  to  it. 
e  quantities  2a,  Sbd,  and  4xyx,  9  is  the  coefficient  of 
^efficient  of  bd,  and  4  is  the  coefficient  of  xyz )  these 
s  sometimes  called  numeral  coeffidentt. 
ties  consisting  of  two  or  more  letters,  placed  together 
»  any  one  or  more  of  the  letters  may  be  considered 
'iknt  of  the  rest ;  thus  in  the  quantity  €ib.  ^  ,a  is  the 
f  b,  and  6  of  a ;  in  the  quantity  xyz  ...  j;  is  the  co» 
yzy  y  of  xz,  and  z  of  a:^ ;  in  like  manner  yz  is  the 
I  Xg  xz  of  y,  and  xy  of  z:  these,  in  order  to  distin- 
from  the  numeral  ones,  are  called  Hterel  coeffi^ 

lebraic  quantity  has  a  numeral  coefficient,  either  ex- 
anderstood }  when  1  is  the  coefficient,  it  is  seldom 
md  When  a  quantity  has  no  coeffi^ent,  1  is  always 
to  be  its  coefficient  3  when  the  coefficient  is  gi^ater 
always  expressed. 
nple  quantity  is  that  which  is  represented  by  onie 
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number  or  Ic-tcer^  or  bv  sevenl  letters  standiiig  together  like  a 
word,  or  by  a  number  and  letters  so  placed. 

Thus,  7  *  ' '  ob  . . .  2b,  and  — 4x|rz,  are  simple  quaUides. 

16.  A  compound  quantity  is  that  whkli  consisCs  of  two  or 
more  simple  quantities^  called  its  terms,  connected  together  by 
the  sign  +  or— . 

Thus  a  4-  6  is  a  compound  quantitff,  having  a  and  &  for  its 
icrins ;  and  2x  +  Sjf  —  4  is  a  campoumd  quaniitff,  the  term  of 
which  are  ^,  3y,  and  —  4. 

It  is  indiffisrent  in  what  order  the  tenui  of  a  compound  quan- 
tity stand,  provided  every  term  has  its  proper  sign  prefixed; 
thus,  a  -^.b  may  be  written  b-^  a,  and ^  +  3y  —  4  may  be  wiit< 
ten  S^  -H  ^  —  4,  or  --4  +  &  -h  3y,  &C. 

17-  A  binomial  is  a  compound  quantity  consisting  of  two 
terms,  as  a  +  ^  -  -  •  26  -h  4c,  &c.  A  trinomial  of  three  termsi 
as  X— 3y  +  2z,  &c.  A  quadrinomial  of  four  terms,  as  -Sa 
+  6  — 3c  +  JT.  And  a  multinomial,  or  polynomial,  of  muxf 
terms,  asa  —  z  +  26— c-J-4,  &c. 

18.  A  residual  quantity  is  a  binomial  having  one  of  its  tenDB 
negative,  as  a—  6,  or  2x— 5z,  &c. 

19.  The  powers  of  a  quantity  are  the  products  which  arise  by 
multiplying  the  quantity  continually  into  itself  5  they  are  pro- 
duced apd  named  as  follows. 

Every  quantity  is  considered  as  being  the  Jirst  power  of  itself  f 
thus,  a  is  the^r^^  power  of  a. 

If  a  quantity  be  multiplied  once  into  itself,  the  product  is 
called  the  second  power,  or  square  of  that  quantity  3  thus  a  X  ffi 
or  aa,  is  the  second  power  or  square  of  a. 

If  a  quantity  be  multiplied  continually  twice  into  itself,  the 
product  is  called  its  third  power,  or  cube  3  thus  a  x  a  xa,  or 
aaa,  is  the  third  power,  or  cube  of  a. 

In  like  manner  any  quantity,  as  a,  multiplied  three  times  into 
itself,  produces  aaaa,  the  biquadrate,  or  fourth  power  of  a,  and  so 
on  for  higher  powers. 

20.  But  the  powers  of  quantities  are  frequently  and  more 
conveniently  represented  by  small  figures,  called  indices  or  er* 
ponents,  placed  over,  and  a  little  to  the  right  of,  the  quantities. 

Thus  a^  is  the  same  as  aa,  and  denotes  the  second  power  or 
square  of  a  ...  :r^  is  the  same  as  xxx,  denoting  the  third  pover 
or  cube  of  X  . . .  yyyy,  or  y*,  equally  express  the  fourth  pover  or 
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« 

0  of  y,  and  80  on,  where  the  small  figures  2,  S,  and  4, 
ndices  or  exponents  of  the  powers^  each  shewing  how 
quantity  under  it  is  repeated. 

e  root  of  a  quantity  is  that  which  being  multiplied 
ftener  into  itself^  produces  the  g^ven  quantity. 

>  a  is  the  square  root  of  a^^  because  a  x  a  =  a^. 
X  is  the  cube  root  of  x*^  because  x  x  x  x  xz:sx^, 
y  is  the  fourth  root  of  y*,  because  y  X  y  x  y  x  y  =  y^, 

e  root  of  a  quantity  is  denoted  by  the  character  ^, 
tdical  sign,  with  a  small  figure  over  it,  expressing  what 
esigned  ** :  or  else^  by  a  fractional  index  or  exponent 
tr  the  quantity. 

j^a,  or  CL^,  denotes  the  square  root  of  a, 
^  V^>  ^^  ^"^9  denotes  the  cube  root  of  x, 
*^y»  or  y^,  denotes  the  fourth  root  of  y,  &c. 

antities  under  the  radical  sign,  or  having  a  fimctional 

1  called  radical  quantities ;  if  the  root  denoted  by  the 
pa,  or  index,  can  be  found  exactly,  the  quantity  under 
I  a  rational  quantity ;  but  if  the  exact  root  cannot  be 
8  then  called  an  irrationtd  quantity,  or  surd. 

'je  quantities  are  such  as  difier  only  in  their  numeral 

s;  thus  3a, ...  5a,  and  —  IJa,  are  like  quantities  ^  so 

y, . . .  3axy,  and  —  7<u^y* 

like  quantities  are  such  as  differ  either  in  their  letters, 

I,  or  in  both)  thus  2a,  and  Sb,  are  unlike  quantities; 

,.,, ax*,  and  abx. 

inculum  is  a  straight  line  drawn  over  the  top  of  two 

quantities,  to  connect  them  together,  as  a  +  ^>  or 

4z,  and  signifies  that  the  quantities  under  it  are  to  be 

ectively,  or  considered  as  one  quantity,  with  respect  to 

binding  before  or  after  the  vinculum. 

+1)  X  c  signifies  that  both  a  and  &  are  to  be  multi- 
ic;...x  +  y  +  z  xa  —  6  shews  that  the  sum  of  x,  y, 
o  be  multiplied  into  the  difference  of  a  and  6, 


tare  root  being  the^rst  root,  the  small  figure  2,  deDotiag  the  root, 
litted,  and  the  root  is  designated  simply  by  the  sign  v  placed  be- 
•er ;  but  the  figure  denoting  any  higher  root  is  never  omitted. 
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27.  The  parenthesis  is  frequently  used  instead  of  the  Tincu- 
luin^  thus  {a  '\-  b)  X  CIS  the  same  as  a  +  ^  X  c* also (x  +  y  +  z) 
X  (rt  —  6)  is  the  same  asj-f-y  +  zxa  —  6. 

^8.  Two  dots  arc  sometimes  used  instead  of  the  vinculum,  or 
purenthcsis  3  they  arc  sometimes  placed  at  each  end  of  fhe  com- 
pound quantity,  as:j;  +  y  —  z:  x  4^  and  sometimes  at  the  end 
only,  next  the  sign,  asx  +  y  —  z:  x4,  which  expressions  are 
the  same  as-c-Hy  —  2x4t 

29.  When  two  quantities  are  included  in  a  vinculum,  or 
parenthesis,  it  is  usual  in  reading  them  to  pronounce  the  word 
l>oth,  and  the  word  all  when  there  are  more  than  two ;  thw 
a  -\-  b  X  c  is  read  a  plus  b  both  into  c;  the  expression  x-^jf 
-r-«  +  2,  is  'read  jc  minus  y  both,  by  a  plus  z  both;  a  —  ^  + :. 
r  +  a  is  read  a  minus  y  plus  z  all/ into  x  plus  a  both;  and 
(5  +  y  ~  z)  -f-  (a  +  6  +  c)  is  read  5  plus  y  minus  z  all,  by  a 
plus  b  plus  c  all, 

30.  When  two  quantities  are  compared  together^  the  quan- 
tity compared  is  called  the  antecedent,  and  the  quantity  to  which 
it  is  compared  is  called  the  consequent :  also  the  relation  the  two 
quantities  bear  to  each  other  with  respect  to  magnitude,  is  called 
their  ratio ;  and  the  quotient  of  the  anteced^tat  divided  by  the 
consequent,  being  the  number  expressing  that  relation,  is  called 
the  index  of  the  ratio :  the  ratio  itself  is  expressed  by  placing 
the   antecedent  before  the  consequent,  with  two  dots  placed 

vertically  between  5  thus  12  :  3  expresses  the  ratio  of  12  to  3, 

12 

where  12  is  the  antecedent,  3  the  consequent,  and  —  =  4,   the 

index  of  the  ratio. 

31.  Proportion  is  the  equality  of  two  ratios  :  thus  when  two 
quantities  have  the  same  ratio  that  two  other  quantities  ba?e, 
tliis  equality  or  identity  of  ratios  is  called  proportion,  and  is 
denoted  by  four  dots,  placed  in  the  interval  between  the  first 
two  and  the  latter  two  quantities ;  thus  3  :  6  :  :  1  :  2,  is  read 
.3  is  to  6,  as  1  is  to  2,  and  denotes  that  3  has  the  same  ratio  to 
6',  that  1  has  to  2. 

32.  The  sign  )>  is  called  greater  than^  and  the  sign  ^  lea 
than ;  thus  a^  h  denotes  that  a  is  greater  than  b,  and  b^a 
denotes  that  h  is  less  than  a. 

33.  The  sign  oc  denotes  the  difference  in  general  of  two 
qunntiiies  between  which  it  is  placed,  when  it  is  not  known 
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which  is  the  greater  3  thus  a  <o  6  signifies  a^b,  when  a  is  the 
greater  -,  and  b^  a,  when  b  is  the  greater. 

34.  The  reciprocal  of  an  integral  quantity  is  unity  divided  by 
it^  and  the  reciprocal  of  a  fraction  is  that  fraction  inverted  3  thus 

the  reciprocal  of  a  is  — ,  the  reciprocal  of  a:  —  y  is ,the  re- 

a  X  —  y 

1    /.3.    4         ,,,    .    s.a^h  .    c-\-  d 

ciprocal  of  --  is  ---,  and  that  of is  ; . 

^  4       3  c+d      a—b 

35.  EXAMPLES  IN  NOTATION. 

Wherein  the  signification  of  each  letter^  and  of  the  several 
combinations  and  results^  are  required  to  be  expressed  in 
numbers. 

Let  a  =  9.  6  =  7.  c  =  4.'  d  =  3.  e  =  1. 

1.  To  find  the  value  ofa  +  6  +  c  +  din  numbers } 

Here,  instead  of  a  put  9,  instead  of  b  put  7«  instead  of  c  put  4, 
and  instead  of  d  put  3,  with  the  proper  signs  between  ;  then  proceed 
with  these  numbers  {viz,  add  them)  as  the  signs  import. 

Thus  a  +  6+c+d  =  9  +  7  +  4  +  3  =  23,  ^/ic  answer. 

2.  Required  the  value  ofa  —  t+c  —  cZ? 

Thus  a— fc  +  c— cl=:9  —  7  +  4  —  3  =  13—  10  =  3,  ans. 

Here  I  add  the  numbers  with  the  sign  +  (viz.  9  and  4)  together 
into  one  sum,  and  those  with  the  sign  —  (viz,  7  and  3)  into  another, 
then  subtract  the  latter  from  the  former. 

3.  Reqiured  the  value  of  ab  +  be  —  cd  ? 

Thus  ab+  6c -cd  =9x7  +  7x4— 4x3  =  63 +  38 

—  12  =  91  —  12  =  79.  Answer. 

^  ab     cd 

4.  Requiredthe  valuetrf— +— ? 

§  a     ttc 

,_,      ab      cd      9x7.4x3      «.^       ^- 

Thus  —  4.  —  =  ^  +  ' =  3  +  3  =:  6.  Answer. 

7d^  Ae      7,X  3      4  xj_ 

5«  What  is  the  valueof  a+ 6.C  — «P 

Thus  a-^b.c-^e^  9  +  7.4  —  1  =  16  X  3  =  48.  Ans. 

^  ad 

6.  Required  v«—  ^*+^  —  <^+  TT -^ 

Thus  ^9-7?*  +  4l*-3  +  ^-^  =  3-49  +  64-3  + 

7x4 

-—=  15--.  Ans. 
28  28 

VOL.  I.  A  a 


854 


ALGEBRA.  Fait  HI. 


7.  What  is  the  value  of  a —  c-h  6  — 6?  Am.J- 

8.  To  find  the  vahie  of  2a  +  fl6  —  dP  Jm.  7Bw 

9.  Required  Safe  —  4cd--  Via?  Am,  SS. 

10.  To  find  a+T  X  6  —  cxc  —  c?  .^Int.  90. 

11.  What  is  ahc-^hcd  +  cde?    Am.  15. 

15J.  Required  "T  +  J" ""  ^^  ^  ^'***  ^ '^^^ 

13.  Required  ^Aa  -  v3d+7*  ?  -rfw.  19. 

14.  Required  the  value  of  d  +  e)*-«-  c?  Ans.  4. 

15.  Required  (^  ~  gfl6  +  fe*5>     ^w.  4. 

16.  Find  a  -f-  feTSd]^-  X  a  -  6  +  6e|i.    -A*.  lO. 


ADDITION. 

3^.  To  a({^  fiuantities  which  are  like^  €md  hai>e  like  iignt. 
Rule.  Add  all  the  coefficients  together^  and  place  the  com- 
mon sign  before  their  sum>  and  the  common  letter  or  letters 

after  it  *. 

1.  Add  together  the  following  algebiaic  quantities,  vi«. 


-h    ^a 

-f    3  a         I  add  the  eoeffioaenfts  2,  S»  5»  and  4,  together,  and  the  iv 

+    5a     is  14;  before  tlusl  place  the  common  sign  4- •>nd  after  it  the 

I      Afj,     commoa  letted  a,  makiDg  the  sum  4"  ^^c.    But*  bacw 

when  a  quantity  haa  ao  sign^  -|"  it  alwaya  apdciattiidt  lh> 


+  14  a     signs  might  in  this  caaehaire  been  omitted  withaatdetriacflL 


*  The  reason  of  this  rule  is  so  exenadiagly  obfioos^  tblfc  ha  arfaa  «bd  adi 
numbers  together  will  readily  understand  it ;  in  the  ftrat  example  it  is 
that  2a,  3a«  5«,  and  4«k  added  ta|ir^b«T,  will  Biaka  14a,  let  a 
whatever  it  may ;  2,  $,  5,  and  4  times  any  ihinf^  wiU  (baing  added  togclkv) 
evidently  amount  to  14  times  thai  4kutgf  if  a  laftiaipt  a  ponad,  ttea  Sa 
sum  will  be  14  pounds »  if  •  repffeseni  a  yard,  then  14b  wIU  ia^  U 
yards.  With  respect  to  the  signt^  it  is  evident  that  the  Mas  will  be  of  ths 
same  natures  with  the  parUeuimrt  whioh  coastituta  it ;  loveral  uAHliiir  faai- 
tities  being  collected  together,  thfe  sum  will  dearly  be  aa  aMUiv€  quaatity 
equal  to  all  of  them  tefether;  but  if  ieveral  nMnetioe  qpawtitiBa  an  callected, 
the  sum  will  as  evidently  be  a  $tMucHv€  quantity  equal  to  all  the  latter  takca 
together.  Therefore  the  sum  of  affirmative  quantities  will  be  -|-  >  Mid  the  ana 
of  negative  ones  — . 
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3. 

4. 

5. 

6. 

-     42 

—  3« 

—  2« 

—  z 

3a«     • 
a* 

10  a« 

—  abc 

—  a6c 
— 2a6c 

—  a6c 

— 5a^c 

2  v'* 

3  v^o: 
5  ^0? 

—  10« 

11  ^x 

8. 

9. 

10. 

11. 

4x 
2x 
4x 
3x 

-22f 
-2y 
-3y 
-4y 

12  a  a: 

10  a. r 

2a:r 

4  era: 

—  ^abx 

—  2  ^abx 

—  3  ^a  b  X 

—  2  ^abx 

«» 

%dd  quantUies  tckich  art  alike,  and  have  unlike  signs, 

A4d  all  the  affinnative  eoefficients  into  one  sunii  and 
^ones  into  another. 

jfnct  the  less  ef  these  sums  from  the  greater^  to  the 
tnrefix  the  sign  of  the  greater^  and  subjoin  the  corn- 
er letters,  as  in  the  preceding  rule  ^ 

-\ • 

to  e!i[pfaiia  tbis  mle,  it  will  Im  ttoeesBary  to  suppose  a  case.    A 

iog  hU  books  finds  that  several  sums  are  due  to  him,  and  that  he 

a  several  sums  to  otiiers ;  to  the  former  of  these,  (they  being 

nding  to  increase  his  sftocli,)  he  prefixes  for  the  sake  of  distinction. 

^  to  the  lattery  (these  being.  sUhdtUtivtf  or  tending  to  decretue 

t  fttAxm  the  sign  — .     Now  im  a^Kietuig  the  acpoanty  he 

the  sumi  owing  to  kim  infeo  eat  suai.  Mid  the  aoms  ie  cwe« 

ht  flMMt  then  aabtraet  the  kat  of  these  lana  finm  the  greafter« 

Oder  will  trnly  shew  what  he  i»  worth.    |f  the  Mwiant4ne  <e 

■ter>  the  resMiader  mvat  have  the  sign  4*  prefixed,  mai  shewi 

ftferty  toihat  amooat ;  if  the  awn  of  fab  debts  be  the  greater, 

■fcr  will  have  the  sign  — ,  and  Acw  that  he  ia  m  flmdIlttMpAr. 

hia  4oelr*uiey  (whieh  is  eyident  to  the  meaaeat  capeeftf,)  let  us 

■BBple,  whera  if  at  be  caBaiActed  aa  repreiaating  a  poond  itei^ 

m  he  7  paands,  and  .4-  Bit  eight  poiiiidi»  hath  aoms  d«e  to 

» -^-dx  and  *-2  m  wifl  represent  3  pooiida  and  %  paaadt,  both 

Ib  ;  now  the  snm  «f  the  two  former,  ("f*  7«  and  4*  ^^r,)  or 

■ids,  wi&behia  pcaperty,  and  the  aumaf  the  two  lattera  (— 3ar 

'^  5x9  Will  he  the  aua  of  his  debte,  wot,  5  poni^  |  ha  thoraftiia 

|idi»  bat  has  to  pay  5  poimda  o«t  «f  this  sum ;  the  balanae  at 

m  vriH  be  (I5;r  -»  ix,  or)  10 «,  or  ten  pouodiy  aa  in  fha  as- 

A  a  2 
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12.  Add  the  following  algebraic  quantities  together. 

■ 

JEaplanaiion, 

I  first  add  the  affirmative  qaantities  '{•  7  -r,  and  -f  8  f 
together,  making  -h  15  jr ;  I  then  add  the  n^atife  qoaoti- 
ties  —  3x  and  —  2x  together,  making  —  5  4r ;  next  1  sub- 
tract 5  from  15,  and  to  the  remainder  10  prefix  the  a^  + 
of  the  greater  sum,  and  tnbjoin  the  common  letter  s,  mak- 

j^  -^ —       ing  4*  10  jr  for  the  sum:  the  sign  -^  might  haye  beenoDit- 

•T"  ^^^       ted. 


Operation. 

+ 

7x 

— 

3x 

+ 

Sx 

m^ 

2x 

13. 

14. 

15  ». 

16. 

17. 

—  2a?z 

ah 

•         2« 

—     abx 

:2a^y 

+  3xz 

--ah 

-     2  2« 

Sabx 

fl-zy 

~  9xz 

^ah 

-     72^ 

^^abx 

-   Sav'y 

4-3XZ 

-^ah 
ab 

—  12  22 

--6  abx 
—     abx 

9fl-/!f 

—  bxz  . 

—  20  2« 

4avy 

18. 

19. 

20. 

21, 

22. 

22 

—     xy 

3tfa?* 

-      XfZ 

3^r 

-32 

2xy 

2ax* 

---^xyz 

-       ^/* 

8z 

6xy 

7  asi^ 

•^Sxyz 

-     4^2 

-32 

•^  9  xy 

--4aa;* 

bxyz 

WV^ 

38.  To  add  unlike  quantities  together  \ 
Rule  1.  Place  like  quantities  imder  one  another  in  a  coliannf 

That  aTgebraic  addition  should  sometimes  require  addition,  and  sometiaics 
subtraction,  appears  at  first  si^t  an  unaccountable  paradox,  but  on  an  attea* 
tive  examination  the  paradox  vanishes ;  '^  it  arises  wholly  from  the  scantiiMtf 
of  the  name,  firom  employing  an  oM  tens  in  a  new  and  enlarged  sease  :*'  if  in- 
stead of  addition  yon  call  this  process  incorporaiion,  striking  a  bakmce, 
union,  or  any  name  sufficieattjy  extensive  to  convey  an  adequate  idea  of  the 
two-fold  operation*  employed,  the  difficulty  will  be  removed. 

>  In  this  example,  if  2^  he  supposed  to  represent  a  pound  sterling,  and  if  "f 
he  prefixed  to  the  sums  «fMtf  to,  and  -^  to  the  sums  <fue^  any  person,  then  if  the 
example  be  considered  as  a  true  statement  of  his  accounts,  it  appears  that  ke 
is  worth  (—-202^  or)— 30  pounds ;  that  is,  he  is  20  pounds  in  debt. 

^  Like  quantities  may  be  incorporated  together,  but  unlike  qoantittet  cso* 
not ;  we  can  add  2  pounds  and  3  pounds  together,  and  the  sum  i»  5  poiuidi; 
but  we  cannot  add  2  pounds  and  3  shillings  together,  that  is,  we  cannot  iBeor 
porate  them,  so  as  to  make  either  5  pounds  or  5  shillings :  all  tiiat  eta  k 
done  is  to  wnte  them  down  one  alter  the  other,  thus,  2  pounds  ^  3  sfaiUimi) 
or  in  the  usual  way,  2/.  '3s.  The  same  holds  true -of  algebraic  qaantities;^ 
cannot  add  i  to  a,  so  as  to  make  either  2a  or  26 ;  aXL  that  can  be  done  h  t» 
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th  its  proper  sign ;  and  there  will  be  as  many  columns 
are  different  kinds  of  quantities. 

dd  each  column  separately^  and  if  the  quantities  in  any 
have  like  signs,  add  it  by  Art.  36.  but  if  unlike,  add  it 
37 :  the  results,  with  their  proper  signs,  placed  in  a  line 
vill  be  the  sum  required. 

It  is  usual  to  begin  at  the  left  hand  column,  and  pro 
m  thence,  in  order,  to  the  right. 

dd  the  following  algebraic  quantities  together  j  2  a  + 

c  +  5a  +  26  — 7c  +  3a  — 26  +  8c+2a  +  6  — 7  c. 

1  ATI  ON.  Explanation. 

3  ^ ^  ^  I  place  all  the  a*s  in  the  first  colamn^  and  because 

Q  1  ^  they  are  all  -f-,  and  likewise  the  leading  quantities, 

^  ^        '  I  omit  the  siga  «  I  then  place  all  the  b'a  with  rheir 

2  ^  -f-  8  C  proper  signs  in  the  second  column,  and  all  the  c*s  in 
b  —  7  c  the  third  ;  I  next  add  up  the  first,  or  left  hand  co- 

Ar  j^        lumn,  by  Art.  36,  and  place  the  sum  12a  below  :  I 

«_«___     then  add  the  second  and  third  columns  by  Art.  87, 

the  sum  of  the  former  being  4'  4^9  ^nd  that  of  the 

)c;  these  three  sums  placed  in  a  line,  with  their  proper  signs,  are 

• 
9 

Id  S  a:  +  5  y  —  6  z  —  2  JP  —  8  y  —  9  a  +  20  a:  +  2  y  —  3  z 
+  z  —  4  together. 

PERATION. 

6z  Explanatian. 

'       ^           ^  Here  I  place  the  ^s  in  one  column,  the 

—  o  y  — '  y  Z  y*s  in  another,  the  2*8  in  another,  and  the 
f2y—  3z  —4  in  another ;  then  I  add  by  Art.37,  an4 
~~     y  +        ^  —  ^  place  the  results,  with  their  proper  signs,  in 

o^.       1^  -        "a     *  hne  below,  for  the  sum* 

—  ^Zy  —  17  2  —  4  ' 

■  ■     ■  -       ■     n  »i  |i    ■  ■     y 

e  following  algebraic  quantities  together^  viz« 


25. 

26. 

27. 

a  —  8a: 
a+     X 
a  —  2a: 

a  +  4a: 

-  4y  +  5 
12y-8 

-  3y  +  2 
2y  +  4 

3-2y+    z 

5  -^4y  —2z 

2-     y—     z 

—  10  ~     y  +  2-« 

a—  5  a; 

7y  +  3 

0 

one  after  the  other,  each  with  its  proper  sign,  thus  a  +  6.  And 
are  several  quantities  concerned,  to  odlect  all  that  are  of  one  kind 
D,  and  all  those  of  another  kind  into  another,  &c.  by  the  former 
hen  write  down  the  several  sums  in  succession,  each  with  its  proper 

A  a3 
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38.  .                                 29.  30. 

ax  —     xy  —     z                  4h  —  5c  jj^z  +  4 

2ax+     xy  +  ^z                  Sb-^Sc  — jc^z-S 

-.4aa;—     xy  +  Sz                 ^b  —  Tc  2a:^z  +  5 

ax—     xy      *    —2           46-|-5c  —  J?  yz  +  2 


31.  S2. 

2  -f  4aa?  o*  —  2ax 

3  —  5ax  a«  +  3aj?-|-5 
2-f  ax  — •  a*— 4aar—  10 
1  —  9aa:  3  a*  -f  5aJ? 


33.  Add  4a-|.  56  4- 6a  —  76  + 8a— 96-f  2a- 26  to- 
gether.    Sutn  20  a  — 13  b, 

34.  Add  3  a?  —  5y  +  22  — 2JP  +  4y  —  8z-|-2x+3y  +  2 

—  a?  +  y  —  z  together.     iSwrn 2xH-3y— 6z. 

35.  Add2  — X  +  4y-f-3  +  3ap— y— 30  — X—  2y  +  l- 
2x4-3^—  10  2  together.     Sum  24  —  x  +  4y  —  10  5. 

36.  Add  2va  —  6c-f3^a-f4  6c—  ^a  —  56c+2V« 

—  6c  +  d  —  8  together.     5mi»  6  ^a  —  3  6c  +  d  —  8. 

39.    7*0  add  quantities  under  a  vinculum  *. 

Rule.  I.  If  the  quantities  tmder  the  vinculum  are  alike,  viz.  if 
they  consist  of  the  same  letters,  numbers,  coefficients,  signs, 
and  indices^  they  are  added  by  taking  the  sum  of  the  coefficients 
without  the  vinculum,  and  subjoining  the  vinctdum^  with  the 
quantities  under  it^  to  this  sum. 

II.  But  if  the  quantities  under  the  vinculum  are  unlike,  (viz. 


^  The  vinculum  connects  all  the  quantities  included  under  it  into  one,  (Art. 
36.)  they  are  consequently  to  be  managed  collectively  like  a  simple  quantity. 
When  the  quantities  under  the  vinculum  are  in  all  respects  alike,  (namely,  in 
signs,  letters,  and  indices^)  the  addition  will  be  performed  by  adding  the  coeffi- 
cients, (or  numbers  connected  with,  but  not  under,  the  vinculum,)  and  safajoui- 
ing  the  common  vinculum  to  the  sum,  as  is  shewn  in  Art.  36.  37. 

But  when  the  quantities  under  the  vinculum  are  not  in  ail  respects  alike, 
(namely,  if  they  differ  either  in  the  signs,  letters,  or  indices,)  they  are  eTidentlf 
unlike  quantities,  and  admit  of  no  other  addition  than  merely  connecting  tbem 
by  the  signs  of  their  coefficients,  as  in  Art.  38. 


I.  ADDITION.  36* 

Ufibr  in  any  of  those  partioidars^)  they  caa  only  be  con- 
ogether  by  their  proper  signs. 


dd  3  v'^  +  y  -f  4  ^x  +  ^  -h  6  v^  4-  y  ^-  >/x  +  y  to- 


PBBATION. 


^^X  +  y  Ejpplanation, 

tx  +  y         The  quantities  under  the  Tinculam  being  alike  in  aU 
respects,  I  merely  add  the  coefficients  3,  4»  5>  and  1, 
'/fJL?      (understood,)  togetiiejr,  by  Art.  36.  and  to  their  sum  1 3 
/X  A-  ti     subjoin  the  vinculum  for  the  answer. 

A/jT  +  y 


Id  -  S.y'^^^  +  2.  y- 4l4^  -  9.y-4l^  +  S.y  -  4l 


Operation. 

«.  3.  y"ir^  I.  Explanation. 

Q  y a]  »  '^^  quantities  under  the  Tinculnm  being  alike, 

'  t. ^  I  add  the  coeflicients  —  3  and  —9  into  one  sum,  and 

—  9.  y  —  4/4-  2  and  8  into  another ;  subtract  the  less  from  the 

8  y 4)  I  greater,  and  to  the  remainder  2  prefix  the  sign  — 

'  ^           ^  (Art.  37.)  and  subjoin  the  Yincalunu 


-2.y^^ 


^dd  2 v^y  —  2  +  S  v'^  +  r  —  V^y  —  ^*  —  2  ^y  —  z 
Operation. 


2     /M  ^  z  JSaepianation. 

ij.jjg  jiyji  ^jjii  j^^.  jj£  these  quan* 

iL^JIl-f-,  titles  destroy  each  other ;  the  re- 

^  2  y  —  ^^  maining  two  being  unlike,  can  be 

J        ■  added  only  by  connecting  them  by 

^  V^y  '^  ^  their  proper  signs. 


dd  3«  +  3,/rT~l  +2a4-4v'x-f-  1  —  a -h  ^T^ 
3  ^ar  -I-  1  together.     Sum  6  a  +  6^^0:4-  1. 

dd  aj?  +  2fr*— 6-1-  a  -f  6J^  —  3 or  4-  fc'*  —  46  +  12 or 
3  6  +  2[.a  4*  ^W  together.     iSum  IOojp -~  56>  —  86 

■5^.  

dd    a^b  4-  v^  4-  y  4-  z  4-  4^0?  -j-  y  —  3  a  v'i  4- 
«4-y4-«~2  V^+^'^v'^  together.    Sum  4j^9  4-  y 

A  a  4 
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43.  Add  x  +  y  —  2— 3fla?;/3  —  a:-t-12  4-2  +  ar^-10 
—  y  +  oa;  ^3  —  2  together. 

40.  SUBTRACTION*. 

KuLE.  I.  Place  those  quantities  from  which  the  subtraction 
is  to  be  made,  in  one  line,  and  the  quantities  to  be  subti'acted>in 
a  line  below  them  3  so  that  like  quantities  may  stand  exacdy  un* 
der  one  another. 

II.  Change  the  signs  of  all  the  quantities  to  be  subtracted,  or 
conceive  them  to  be  changed  -,  then  add  them^  (so  changed,) 
each  to  its  like,  in  the  upper  line,  by  the  rules  in  Addition ;  the 
result  will  be  the  difference  required. 

III.  Wlien  any  quantities  occui*  in  the  upper  line>  which  have 
not  theii*  like  in  the  lower,  those  quantities  must  be  put  down  to 
the  difference,  with  their  proper  signs :  and  when  any  occur  in 
the  lower  line,  which  have  not  their  like  in  the  upper>  they 
must  be  put  down  with  their  signs  changed. 


MM 


^  Subtraction  being  the  converse  of  addition,  its  method  of  operation  wiU 
evidently  be  the  converse  of  that  employed  in  addition :  it  proceeds  on  thii 
principle,  namely,  to  subtract  an  affirmative  quantity,  is  the  same  as  to 
add  a  negative  one  of  equal  value ;  and  to  subtract  a  negative  quantity,  U 
the  same  as  to  add  an  equivalent  affirmative  quantity :  thus,  if  the  pounds 
nhich  increase  my  property  be  called  affirmative,  then  will  those  which  d^ 
crease  it,  (namely,  the  pounds  which  constitute  my  debts,)  be  negiriive.  Now 
to  take  away  (or  pay)  a  debt  of  1  pound,  is  the  same  as  to  add  1  ponnd  to  mj 
property ;  and  to  take  away  1  pound  from  my  property,  is  just  the  same  as  to 
add  a  debt  of  1  pound  to  my  account :  if  this  be  well  understood,  the  reason 
of  the  rule  will  be  obvious,  from  what  has  been  said  in  the  note  on  the  second 
case  of  addition.  That  this  rule  sometimes  requires  addition  to  be  used,  and 
sometimes  subtraction,  shews  that  the  name  subtraction  is  not  sufficiently 
comprehensive  to  express  the  nature  of  the  two-fold  operation  Implied  by  the 
rule  ;  the  business  of  which  is  to  find  a  quantity,  which  being  algebraically  in* 
corporated  with  either  of  two  given  quantities,  the  resiilt  will  be  equal  to  the 
other  given  quantity, 

Mr.  Thomas  Simpson  accounts  for  the  rule  in  this  manner  :  let  — Sa+S^ 
be  subtracted  from  A  a  —  6  &,  as  in  the  first  example.  Now  it  is  plain  that  if  tlM 
affirmative  part,  namely  2  h,  were  alone  to  be  subtractod,  the  remainder  would 
in  that  case  be  (4  a — 6  h — 2  &,  or)  4  a — 8  b ;  but  since  the  quantity  to  be  sub- 
tracted, namely,  ~-  3  0+ 2  5,  is  less  than  2  6  by  the  quantity  3  a,  too  macfa  has 
been  taken  away  by  the  said  3  a ;  we  must  therefore  add  3  a  to  the  remainder|to 
make  it  what  it  ought  to  be  ;  that  is,  instead  of  4  a— 8  6,  the  remainder,  tboi 
corrected,  will  be  (4  a— 8  6+  3  a,  or)  7 a— 8  J,  as  in  the  example. 


SUBTRACTION.  36 1 


Examples. 
n  4a  —  6  6  subtract  —  3  a  -j-  2  &. 


7I0N. 


Explanation, 

I  place  the  latter  quantities  under  tlie  former :  then  the 

~  6  6     quantities  to  be  subtracted  bein^  —  3  a  -f-  3  6, 1  change 

h  2  6     their  signs,  and  they  become  -f-  3a^2  6;  these  I  add, 

Q  »      thus,  4*  3 «  to  4*  4  a,  and  the  sum   U  -}-  7  a  to  put 

"^        down ;  —  S  ft  to  -^  6  &»  and  the  sum  is  —  8  6  to  put  down, 

by  Art.  36. 

1  3  x  -^  5  y  subtract  2  a:  —  7  y. 

I^ON.  Explanation, 

5  2/  Changing  the  signs  of  the  lower  quantities,  they  become 

ij  y  — 2x  +  7y;  then  —  2 x  added  to  -f-  3  x,  gives  +  x,  to 

— ^^  put  down,  and  +  7  y  added  to  —  Sy  gives  +  Sy^  to  pot 

2y  down,  by  Art.  37. 

1  a  —  or  take  —  5  a  —  «• 

S  ATI  ON.  Explanation, 

-ax  Here  —  ax  is  not  in  the  lower  line,  and  -^zis  not 

«    2  *"*  *^®  upper ;  therefore  I  put  the  former  down,  with 

..^ its  proper  sign,  and  the  latter  with  its  sign  change 

•  ax  -{-  z  edf  according  to  the  rule. 


1  the  difference  of  the  following  quantities. 

i.  5.  6. 

p  —  2y  46  —  2(i  Sx  -{-      ^z 

:  +  3y  26—     d  3x4-4  y^z  —  2 

g— 5y  26—     d  *  —  3  yz  4-  2 

7.  8.  9. 

—  22243  2y  +  8  — l-f-8z 

-h2j:*  y  +  4  2  —  22 


10.  11. 


a  3 X  —  4 2  take  2  j:  —  62.     Biff,  x  +  2  2. 

a  ax  —  a;  take  —  2  ax  —  y.     Di^*.  3  a  x  —  x  -|-  y. 

a  3  is  -  1  take  -  4  a  4  6.     Di/f.  3  s  —  1  4-  4  a  —  6^ 
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41.  To  subtract  quantities  under  the  vinculum. 

Rule  I.  If  the  quantities  under  the  vinculum  are  in  all  re* 
spects  alike^  change  the  sign  of  the  coefificieht  of  the  lower  vin« 
culum^  then  add  it  to  that  of  the  upper^  and  to  the  result  sub- 
Join  the  common  vinculimi^  &c. 

II.  But  if  they  are  not  alike^  put  all  the  quantities  down  in 
succession^  with  the  sign  of  the  lower  coefficient  changed  >. 


15,  From  14  ^a  -f  x  take  —  9yy/a  -f  x. 
Operation. 


Explanation, 


14  ^a  -f-  X  q-jjg  quantities   under  the  vinculum  being  alike,  I 

—    9  a/a  +  X  only  change  the  sign  of  the  lower  coefficient,  (-9  to 

■  +  9,)  then  add  it  to  the  upper^  and  to  the  snn  lubjoiii 

25  j^a  4*  X  the  common  vinculum. 


16.  From  12.ax-.«)^  take  15.ar  ^  z)^. 
Operation. 

. — -^  9  ExpkoMttiom, 

12.gX  —  zy^         The  quantities  under  the  Tincutum  are  alike;  I 

15.a  X ^^     change  the  sign  of  the  15  from  -f"  to  — ,  then  addinj 

— 15  to  -f  12»  the  sum  is  —  3,  to  which  I  sobgointk 


— S.ax  —  z[^     vinculum,  &c. 


17.  From  —  3  ^a^z  take  2  ^/a  +  x. 

Operation.  ^    , 

^  Explanation. 

—  3  ^a  —  z  The  quantities  under  the  vincnlam 

2     /aA'  X  being  unlike,  I  only  change  the  signof  ili« 

^  ^ ------  ^ow*r  coefficient  from  +  to  — ,  and  pot 

3      f(i 2 2     /a  -^  X  ^^  ^^^  quantities  down  in  successiwL 


18.  From  5  y^x  —  y  take  2  ^x^y.     Diff.  3  ^o;  —  y. 

19.  From  2  a:  —  ^1  +  .r  take  —  :r  +  ^1  +  x.     Diff.  3i-2 


20.  From  4^a  +  y  take  —  2  ^a  -{-  y  -^ax.   Diff.  6^fl  +  f 
-f  ax. 


21.    From   az  —  2  ^a  —  2    take  —  3  as  +  a?  —  V^  ''^' 
Di/f.  4  «2  —  a:  —  ^/a  —  2. 


1  The  observations  contained  in  the  note  on  Art.  30.  are  applicable  to  this 
rule,  and  therefore  need  not  be  repeated. 


Paet  m.  '  MULTIPUCATION.  S«S 


22.  From   o*  —  2arH-a?  ^j;— 2y  take  3  x  v'.r  —  2y  -h  1. 
£)i/:  a«  —  2  or  —  2  ^jc  —  2  y  —  1. 


23.  From  36  —  4+  >/a  +  6  take  12  —  x  +  S.a  +1]*.    I>i/- 

ference  3  5  —  16  +  a:  -f  ^a+  6  —  3.a  +  6]«.  •  

24.  From  j:«  —  3  ^rt^z  —  y*  take  x«  -f-  3  jryz  —  y*  +  4  —  <*. 
Di/l  --  Cxyz  —  ys  4-  y«  —  4  — ~al\ 

MULTIPLICATION. 

To  multiply  simple  quantities  together. 

42.  fVhen  the  factors  have  the  same  letters  in  each; 

■Rule  I.  If  the  factors  have  like  signs,  (viz.  both  +,  or  both 
— ,)  make  the  sign  of  the  product  +  -,  but  if  they  have  unlike 
ilgns,  (vi^.  one  +  and  the  other  —,)  make  the  sign  of  the  pro- 
duct — . 

II.  Multiply  both  coefficients  together^  and  the  result  will  be 
the  coefficient  of  the  product. 

III.  Add  the  index  of  each  letter  in  one  factor,  to  the  index 
of  the  same  letter  in  the  other,  and  the  sum  will  be  the  index» 
which  must  be  placed  over  that  letter  in  the  product. 

IV.  Place  the  sign,  coefficient,  and  letters,  as  found  above,  in 
carder,  and  it  will  be  the  product  required  ". 


■»  The  rule  for  th€  numeral  coefficieoU  is  plain  from  the  nature  of  arithme- 
maltiplicatton  ;  that  for  the  indices  follows  from  the  method  of  notation : 
tints,  sappose  a^  is  to  be  multiplied  into  a^,  the  product  will  be  a^,  or  a  with 
the  index  5,  which  rises  from  adding  the  indices  3  and  S  together ;  for  o^  » Acccr, 
4kBd  a^  »  aa,  (Art.  20.)  therefore  ai  X  a*'=*a«ta  X  aa^  or  maaaa  (by  Art.  90.) 
bat  this  expression  equals  a^  (Art.  SO.)  therefore  oS  X  a^aa^ ;  or  the  multipli« 
catioii  of  like  algebraic  quantities  is  performed  by  adding  the  indices  of  like  let- 
ters in  both  factors  together,  and  placing  the  sum  as  an  index  over  its  letter  in 
the  product. 

That  like  signs  in  the  factors  give  plus  in  the  product,  and  unlike  signs  in 
the  factors  give  mimis  in  the  product,  is  thus  explained. 

J .  When  +  a  is  to  be  multiplied  hkto  +  6,  it  is  implied,  that  +  a  is  to  be  taken 
ms  many  times  as  there  are  units  in  5  9  that  is,  as  many  a*s  are  to  be  added  toge- 
ther, as  6  contains  units  ;  and  since  the  sum  of -any  number  of  affirmative  terms 
la  «iBrmative,  it  follows,  that  -f-  «  taken  -|-  6  times  is  affirmative,  or  that  -f-  m 

2.  When  quantities  are  to  be  multiplied  together,  it  is  indiiferent  in  what 
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Example^. 
1.  Multiply  4a'  into  5a*. 

.     4  ^3    ,  KtplanaiUn. 

K     2  The  signs  of  both  facton  being  + »  (undentood,)  tkt 

l^f  the  product  will  be  -i-  (understood  ;)  then  4  X  ^  =°  39 


^0  a^  product      for  the  coefficient,  and  2  +  3  »  5  for  the  index ;  wbcKim 
"■""""  20  a  5  is  the  product  required. 

Or  thus, 

4  a^  X  5  a^  =  20  a*  product, 

order  they  are  placed,  for  a  X  ^  is  the  same  as  6  X  a  ;  therefore  when  —a  is  to 
be  multiplied  into  4-  6,  or  +  6  into  ^a,  this  is  the  same  as  taking  ^a  as  bbsb; 
times  as  there  are  units  in  +  (^  and  since  the  sum  of  any  number  of  negative 
terms  is  evidently  negative^  it  follows  that  —  a  times  +  6,  or  4-  a  Umes  — >(  ii 
negative,  that  is,  —a  X  +  6,  or  +a  X  —6,  will  each  produce  —  <i6. 

3.  When  — a  is  to  be  multiplied  into  —  h^  it  is  implied  that  —  a  is  to  be  «>^ 
itacted  (not  added)  as  often  as  there  are  units  in  6,  because  the  sign  — denota 
•subtraction;  but  subtracting  a  negative  quantity,  is  the  tame  as  adding  a 
affirmative  one  of  equal  value,  (see  the  note  on  Art.  40.)  consequently  --« 
subtracted  b  times, is  the  same  as  +  a  added  i times;  that  is,  •*-«  X  *&  is tk 
same  as  +  a  x  +6,  which  produces  +  aft,  as  has  been  shewn  fan  tbe  §mmm 
part  of  this  note.  Therefore  ^  mjqi^ipUed  by  +  >  and  —  multiplied  by  — , 
each  produces  +  ;  also  +  multiplied  by  — ,  ojr  —  multiplied  by  +  >  F^ 
duces  — . 

The  same  may  be  shewn  otherwise ;  thus,  it  is  evident,  that  if  a  coaifoal 
quantity  equal  to  nothings  be  multiplied  by  any  quantity  wtiatever,  tbe  fn- 
duct  will  be  nothing.  Now  since  a— a»0,  let  this  be  mnltiplied  by  +*,<&> 
first  term  of  the  product  will  evidently  be  +  ahy  (by  the  former  part  cf  tk 
note,)  wherefore  the  second  term  of  the  product  must  be  —  afr,  oiherwitetk 
product  of  a^a^O  multiplied  by  +6,  (or  0  multiplied  by  6,}  will  not  be 
equal  to  nothing,  which  is  absurd ;  wherefore  if<fax  'f-(**  +  tf  ^  tbca  v3 
—ft  X  +6a--ali» 

X^t  now  a— 0=0  be  multiplied  by  — & ;  jfcfae  first  term  of  the  prodoet  beois 
«— /xfr,  from  what  has  just  now  been  shewn,  tbe  second  term  most  of  coonclc 
+  ahy  to  make  the  product  =0 :  therefore  —a  x  — h^  +  «fr. 

That  these  conclusions  are  true,  appears  from  their  application ;  ict  8—4 

s=4,  be  multiplied  into  5f— 3as2. 

8—4 
5—3 


40—20 
—24+12 


■*■ 


40.-.44+  12  =  52— 44»8,  but  4X  2=8  also  ; 


Wherefore  B— 4  x  5— 3^4  X  2,  or  the  product  of.  the  two  oompoiiiid 
tities,  (observing  tbe  above  rule  for  the  signs,)  equals  the  product  ef  ttdr 
equivalent  simple  numbers  found  by  common  multiplication  :  wfaich  was  tok 
shewn. 


'  MULTIPLICATION. 


om   o*  —  2ar +  a?  ^ar— 2y  take  3  a:  v'x  — 2y -h  1. 
-  2  or  —  2  ^jc  — 2y  —  1, 


3m36  —  4-f-  v^a-i-6  take  12  —  jc  +  S.a  -KW*.    I>i/- 

i  —  16  4-  j:  +  >/«+  ^  —  3.a  +  6l«.  ♦  

an  j:«  —  3  vTt^z  —  y»  take  x«  +  3  jryz  —  y*  +  4  —  ^1'. 
xyz  —  ys  4-  y«  —  4^"^'. 

MULTIPLICATION. 

To  multiply  simple  quantities  together, 

.  When  the  factors  have  the  same  letters  in  each; 

.  If  the  factors  have  like  signs ^  (viz.  both  +,  or  both 
the  sign  of  the  product  +  -,  but  if  they  have  uoUke 
i.  oue  +  and  the  other  —  ^)  make  the  sign  of  the  pro- 

tiply  both  coefficients  together^  and  the  result  will  be 

lent  of  the  product. 

1  the  index  of  each  letter  in  one  &ctor^  to  the  index 

B  letter  in  the  other,  and  the  sum  will  be  the  index> 

t  be  placed  over  that  letter  in  the  product. 

»  the  sign,  coefficient,  and  letters,  as  found  above,  in 

It  will  be  the  product  required  "■. 


i  for  th€  numeral  coefficients  is  plain  from  the  nature  of  arithme- 
ation  I  that  for  the  indices  follows  from  the  method  of  notation : 
aS  is  to  be  multiplied  into  a^,  the  product  will  be  a^,  or  a  with 
liich  rises  from  adding  the  indices  3  and  S  together ;  for  t^^^aaa, 
[Art.  90.)  therefore  ai  X  a*'=*a«ta  X  aa,  or  maaaa  (by  Art.  90.) 
ssion  equals  a^  (Art.  SO.)  therefore  a^Xa^'^a^\  or  the  maltipli<* 
ilgebraic  quantities  is  performed  by  adding  the  indices  of  like  let- 
kctors  together,  and  placing  the  sum  as  an  index  orer  its  letter  in 

gns  in  the  factors  give  plus  in  the  product,  and  unlike  signs  in 
re  minfis  in  the  product,  is  thus  explained. 
a  is  to  be  multiplied  iifto  +  6,  it  is  implied,  that  +  a  is  to  be  taken 
as  there  are  units  in  5  9  that  is,  as  many  a*s  are  to  be  added  toge- 
ains  units  ;  and  since  the  sum  of -any  number  oi  affirmatire  terms 
it  follows,  that  4~  «  taken  +  ^  times  is  a£Brmative,  or  that  -f-  m 

lantities  are  to  be  multiplied  together,  it  is  indiiferent  in  what 
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sign  X  between  them>  and  a  vinculum  over  the  compound 
quantity. 

II.  Multiply  each  of  the  terms  of  the  compound  quantity  by 
the  simple  one,  by  the  foregoing  rules  3  and  place  the  several 
products,  with  their  proper  signs,  in  a  line  5  these  will  forai  the 
product  required  •. 

14.  Multiply  2  a  —  3  T  by  4  6. 

Operation.  Bspkmation. 

2  a    —    3  a?  2  fl  multiplied  by  4  b,  gives  8  «*,  by  Art.  43. 

4  fj  and  —  3  jr  ronltipUed  by  4  b,  gives  —  ISii". 

therefore  8  06  — <  12  (jr    is  the  product  re- 

Sab —  12  bx  product,  quired. 

Or  thus. 


2  a  —  3  X  X  4  i  =  8  a6  —  12  6^,  product. 

15.  Multiply  3  oo:  —  2  6*  +  z  into  ab. 

Operation.  ExplanatUM. 

^ax    -2  6^     +z  *f  ^•t''*^**^*-v"'?!! 

,  ^  Xai»— Soft*  vid«X«" 

*^^ abz ;  these  products  placed  to  *• 

3  a^x  —  2a63  +  abz  product,     der, with  their prBperrigiit,r'« 
■  the  product  reqoiied.  Ait  ^    ' 

Or  thus. 


3  fljc  —  2  6'^  4-  z  X  a6  =  3  a^  6a:  —  2  a  6*  4-  060:,  product. 

Multiply  the  following  quantities  together. 

16.  17. 

3a?  --2y  2a      -h  36        —2 

4a;  —  ^ax 


VZx^—Sxy  — 4a«a:-.6a6j?  +  4«a? 


18.  19. 

A  a    — a?2y    -fa;y^  —3  2j:— 3y 


— 4  cC^y  -h  oo?^^'^ — aa:y^  +  3  ay 


o  This  rule  follows  from  the  preceding ;  for  the  product  of  the  whole 
pTicand  into  the  multiplier,  is  evidently  equal  to  the  sum  of  the  products  flft^ 
several  parts  of  the  former^  multiplied  into  the  latter ;  the  truth  of  wfcie*  * 
likewise  demonstrated  geometrically,  in  the  first  proposition  of  the  seooad*** 
of  Euclid's  Elements. 
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1. 

21. 

22. 

•2  6 

5—82 

o*+2ar— 6 

—Say 

-2a« 

ply  2  fly  —  ay'^ +3  ay^  into  46y.   Prod,  8  a6y*— 4  aby^ 

ply  —  a« + 2  a:—  6  by  j:y ;     Proi.  — a«d:y + 2a:«y  —  dry. 
ply  i«— 2  arz + z«  into  —4.     Prod.  —4a:*  -f  acz—  4z«. 
Jly  3— a6x4-2a6  into  12.   Prod.  36— 12ate+24«6. 

JVhen  both  factors  are  compound  quaritities, 

lace  the  multiplier  under  the  multiplicand,  and  let 
lud  in  the  same  order. 

fythe  first  or  left  hand  term  of  the  multiplier,  into 
C  the  multiplicand,  and  place  the  products*  with 
ngns,  in  a  line  below,  by  the  preceding  rule. 
)ly  the  second  term  of  the  multiplier  into  every 
multiplicand  3  and  place  the  products,  with  their 
under  the  former  products,  observing  to  set  lUce 
ten  they  occur)  under  each  other. 
d  IB  this  manner  with  every  term  of  the  multi- 
Id  all  the  products  together,  and  tke  sum  will  be 
squired  p. 

y  2a+3  6  into  4a-f  6  h. 

LTION.  Explanmiian, 

A  >  I  finfc  auUtiplj  the  upper  line  by  4  ir» 

'    ^^  aiidtheprodiiet8a^4-12a6i8theintluie 

•    56  of  the  product.    I  then  multiply  the  top 

.l^ab  line  by  &  6^  mi  the  ^radnit  10  <|J» -f  15  (r« 

i£\    ki.\Tih9  is  the  AecQod  line  of  the  psoduet ;  likewise 

tOaO-H5&-  J  pi^^  ^jjg  ^j  under  eadi-^hter.    1  then 

22a6+15  6>     add  these  two  ffoioMl  Hbsptttr,  and  the 
mm  i»  the  hut  liyjij  or  f todirti  Wfiirtd. 


mm*mm«**m 


lie  multiplicand  is  considered  as  mnltif  find  tafca  ^ke  ivMo 
ivory  mcanber  of  the  one  is  anlt^pUsd  iatoreray  wmbtr  of 
ir  products  collected  together,  (a/Cv  at  it  yractiqiMkv)  ivto 
ii  of  this  follows  from  what  has  been  said  in,  the  Bota  oft  the 
d  it  may  be  Ulastrated  and  confirmed  by  partimlar  caodnplct 
IS  the  example  given  at  the  end  oT  the  note  on  Alt.  42. 
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28.  Multiply  x+^y  into  3  a:— 4  y . 

Operation.  Explanation, 

3a:— 4y  

3x^-\-Qxy =3?+2yx      3  x 

^4xySif =:a;-f2yx— 42ir 


Prod.3a:2+2a:y— 8y*.  .  .  .=ar-f2yx     3ar--4y 


Multiply  the  following  quantities  together. 


29. 

30. 

31. 

a  -|-2 

a?  +y 

a«— 2a5+6« 

a  -fz 

a?— y 

a-6 

a^-f'   az  a:2+j:y  flS— 2a«6+  oi^ 

a^^-goz-T-  a:*    *— y«  fl^— 3a»&+3at*-^ 


•32. 

33. 

34. 

5x  — 4z 

X  ^  S 

jf*+y2+«* 

2j:  +z 

X  —  4 

y-« 

IOj:®— 8a:z  a?«—  Sir  y*+y*2+yi' 

-fSxz— 4  2^  —  4j:+32  — y»z-yz»-j^ 

10x«— 3a:z— 4z«  x2— 12x4-32  y*"""*      *    -7 

35. 

a  +6  -fc 
X  — y  —2 


cM:-f-6r-f  cjr — ay— 6y— cy— as— 6z-<3 

36.  Multiply  a+ x  into  a+r.     Prod.  a--f  2  ajc+x«. 

37.  Multiply  2  x+3y  into  3 x— 4 y.     Prod.  6 x«+xy-12|». 

38.  Multiply  x4- 1  into  x—  1.     Prod.  x«—  1. 

39.  Multiply  3+2  into  4—2.     Prod.  12  +  2— 2«. 

40.  Multiply  2  o*— 3  a— 4  into  3a»— 5  a.     Prod.  Sa^-Bi^' 
22a3  +  15a2+20a. 

41 .  Multiply  2 x«+3  xy-5 y«  into  x«-y<.     Prod.  2x»+Silr| 
-7x«y»-3xy5+5y*.' 

42.  Multiply  4  x— 5  a— 2  &  into  3  x— 2  a+5b.    Prod.  12j*- 
•23  ax+ 14  6x+ 10 a«-2l  a6- 10  6^ 
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DIVISION. 

r 

To  d^ide  one  simple  quantity  by  another. 

en  both  terms  consist  of  the  same  letters,  and  the  divi- 
his  the  divisor  some  number  of  times  exactly. 

.  Place  the  dividend  above  the  divisor,  with  their 
is>  and  a  small  line  between  them,  like  a  fraction, 
ic  terms  have  like  signs,  make  the  sign  of  the  quo- 
ut  if  they  have  unlike  signs,  make  that  of  the  quo- 

de  the  coefficient  of  the  upper  term  by  that  of  the 
the  result  will  be  the  coefficient  of  the  quotient  \ 


for  the  coefBcients  is  the  same  as  that  for  simple  division  iu 
\it.  37.  Part  I.) 

t  to  the  subtraction  of  the  index  of  the  divisor  from  that  of  the 

der  to  find  the  index  of  the  quotient,  it  may  be  observed,  that 

the  converse  of  multiplication,  the  methods  of  operation  in  one 

>e  the  converse  of  those  in  the  other.     Wherefore,  since  it  ha^ 

Art.  43.  and  note,)  that  addition  of  the  indices  of  like  letters 

plication,  it  follows,  that  subtracting  the  indices  (viz.  that  of 

1  that  of  the  dividend)  will  produce  division ;  or  in  other  words, 

the  divisor  be  subtracted  from  that  of  the  dividend,  the  re- 

:  the  index  of  the  quotient. 

Lty  be  divided  bj  another  without  remainder,  it  is  plain  that 
1  be  such,  that  being  multiplied  by  the  divisor,  the  resulting 
lal  the  dividend ;  now  it  is  equally  plain  that  the  sign  of  the 
>e  such,  that  when  the  quotient  is  multiplied  by  the  divisor,  the 
>t  only  be  equal  to,  but)  have  the  same  sign  with  the  dividend, 
rule  for  the  signs  in  Art.  49.  Wheniore  it  follows,  that 
i  terms  (namely  the  divisor  and  dividend)  are  + ,  the  quotient 
e  +  ;  for  +  in  the  divisor  must  have -fin  the  quotient,  to  pro- 
idend. 

1  terms  are  -»,  the  quotient  must  be  +  ;  for— in  the  divisor 
the  quotient,  to  produce  —  in  the  dividend, 
er  of  the  terras  is  + ,  and  the  other  — ,  the  quotient  must 
the  divisor  must  have^  in  the  quotient,  to  produce  —  in  the 

divisor  must  have  —  in  the  quotient,  to  produce  +  in  the 
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IV.  Subtract  the  index  of  each  letter  in  the  lower  term,  from 
the  index  of  the  same  letter  in  the  upper,  and  place  the  remaun- 
der  as  an  index  over  that  letter  in  the  quotient. 

V.  Having  proceeded  in  this  manner  with  aD  the  ktten 
concerned,  the  result,  connected  with  the  sign  and  coefRcient 
(found  as  above)  will  be  the  quotient  required. 

If  any  letter  has  the  same  index  in  both  terms,  that  letter  b 
cancelled  firom  the  operation,  and  does  not  oome  into  tbe 
quotient. 

Examples. 
1.  Divide  12a^a8  by  4a^i\ 

Ope  H  ATI  ox.  JErplmnaticM, 

IQ  <^J^  Haring  placed  the  terms,  I  find  that  thej 

=3  a^X*  qnoL    have  Uke  signs;  wherefore  that  of  the  qnolkal 

4  €^1*      •  is  +  understood :  next  I  divide  12  by  4,  and  the 

quotient  3  is  the  coefficieot  of  the  qvtitkA: 
then  I  subtract  3,  the  index  of  a  in  the  lower  term,  from  6,  the  index  of  a  ia 
the  upper,  and  tbe  remainder  3  is  the  index  of  o  in  the  quotient.  I  do  tbe 
same  by  x,  subtracting  4  from  89  and  the  remainder  4  is  in  like  manner  tke 
index  of  x  in  the  quotient. 

8.  Divide  BSx^y^  by  — 7x«y«. 

OpbkatioI7.  Msjilmmmiiom. 

56.i*V®  Unlike  aigns  here  gire — ,  and  .<S  +  T 

^  =— 8a-y*^tlO<.     setbecMfficient;  also  4— 2^2thc  ioia 

—  '  ^^y  of  jr,  and  6-3=4  the  index  off. 

S.  Divide  28  aV  by  —raJi^,  and  — Sx*  by  2x. 

28a^c*  ,    ,,         ,      -8x5 

-- — 7-=— 4a^c*. ottO*.     — -- —  =—4 A  quoL 

4.  Divide  2  y*s*  by  2  y'«,  and  —  jryV  by  — r^s. 

2y'a  — xy« 


The  following  is  a  summary  of  the  whole  doctrine  brooght  intn  one  poiat  «f 
Tiew. 

Divisor.  Dimdead.  Qnoikni. 

1.  +)  +  (4- 

2.  -)  ^  (  + 

1+)  -  (- 

Wherefore  in  division  (as  in  multiplication)  Ukt  sigm  miwtys  frHbta-¥t 
*ind  unliAt  —. 
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ride  2  o'^^c^  by  -r-.otc.    Quat.  —  2  a6c*. 

ride  —  100  abcx'^y^  by  —  5  abcxy.     Quot.  20  ay*. 

'^^en  the  d^ividend  contains  more  letters  than  the  dioisor, 
actly  divisible  by  it, 

Pjoceed  with  the  coefficients,  and  the  letters  that  are 
)>oth  terpas,  by  the  last  xule^  ^ind  place  the  remaining^ 
the  dividend  in  the  quotient '. 

ide  —  8  a^hc  by  —  2  a. 

PER  ATI  ON.  Explflnation, 

a?bc  iFirst,  like  signs  give  +  understood,  apd  3—- 

— -7 — :=::4  (I'bc,     1=2  the  index  of  «  ;  secondly,  I  subjoin  the 
^^  superfluous  letters  be  to  the  part  4a ^,  making; 

Aa^bc  for  the  quotient. 

de  2  x^y^z  by  —^ix^y,  and  —  106Vz  by  bx. 

h  „  "^  10  bVz 

J— =  — xy^z,  quot,     r =  —  10  6x^2.  quot, 

ide  —  x*i/z  by  —  x%  and  4  x^y'^z  by  ^*5.     Qi/o^.  x^y*z 

hen  the  divisor  will  not  divide  the  dividend  exactly. 

In  this  case  the  quotient  will  have  two  terms,  a  nume- 
a -denominator,  like  a  fraction  *. 
le  both  coefficients  by  their  gi*eatest  common  rpeasure, 
quotient  will  be  the  coefficient  of  its  corresponding; 
le  quotient  required. 

le  dividend  and  divisor  contain  the  ssone  letter,  sub- 
ess  index  from  the  greater,  and  place  the  remainder 


dirisor,  multiplied  into  the. quotient,  must.produce  tbe.dlvidend, 
illows,  that  the  divisor  and  quotient  must,  either  joijntly  or  seve- 

all  the  letters  of  the  dividend;  wherefore,  if  the  .divisor  cpn- 
those  letters,  it  is  plain  that  the  remaining  ones  must  be  found 
it,  otherwise  these  two  terntf  multiplied  together  i^otild  not  pro- 
lend  as  they  ought. 

takes  place  only  when  the  dividend  contains  the  divisor;  when 
!  case,  actual  division  is  evidently  impossible,  and  all  that  can  be 

the  dividend  above  a  small  line,  and  the  divisor  below.it,  to  con- 
i  as  a  fraction,  and  (by  throwing  out  every  thing  oommon  to  both 

this  fraeti<Hi  to  its  lowest  terms,  which  will  be  the  nos^  cpiwe- 
m  possible  of  4he  «pKiiticiit.xeqaived. 

B  bS. 
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as  an  index  over  that  letter^  in  the  term  of  the  quotient^  whidi 
corresponds  with  the  greater^  whether  it  be  the  upper  term^  or 
lower. 

HI.  Proceed  in  this  manner  with  all  the  letters  that  are  alike 
in  both  terms,  and  if  there  are  imlike  letters,  they  must  be 
placed  in  the  quotient^  each  in  the  term  corresponding  to  that 
from  which  it  was  taken. 

Like  signs  give  +  in  the  quotient,  and  unlike  — ,  as  before. 

11.  Divide  l^aVy  by— 15a*x. 

Opekation.  Explantaion, 

12  (^X^V  4x^V  Unlike  s^ns  give  — ,  then  the  gretteit 

- — ^  =  -i- --,quot,    common  measure  of  12  and  15  being  3, 1 

— 15  O^JC  5  C^  divide  both  by  it,  and  place  the  qnolienU  4 

and  5  each  in  its  proper  term,  after  tke 
sign—;  next  4 — 2=2  for  the  index  of  a  in  the  lower  term  of  the  quotient,  and 
3 — 1=2  for  the  index  of  x  m.  the  upper ;  then  y  being  found  alone  in  tli* 
upper,  I  place  it  in  the  upper  term  of  the  quotient. 

12.  Divide  — 4  x^jf^z  by  5  x^y*,  and  060*^  by  ofihc. 

— Air'yH         4x^z  abc^      c 

13.  Divide— 12  x*yz  by— 4  x^yz*,  and  27  a*  by  —  54  a'r. 

— 12x*yz      Sx  27  a^  1 

—  4  xi^yz*     z^  —  54  a^x        2r 

x« 

14.  Divide  x'^y  by  4yzy  and — 20  a^z  by   15  cue.     Qw>t-r 

4a 
4tnd  — -r-. 
3 

15.  Divide  10 o:^  by  — 30 oz,  and  2 ex  by  3  oz.     Q^^^'^ 

,2rc 

and  -- — . 
Sax, 

16.  Divide— oap  by— 5aj,  and— 8ai*  by  4a?6«c.     Qiio^-- 


5 


^      26* 

and 

ac 


49.  When  the  dividend  is  a  contpoand  quantity. 

Rule.  Divide  every  term  of  the  dividend  by  the  divisor,  and 
connect  the  quotients  together  by  their  proper  signs ;  the  result 
will  be  the  quotient  required  ^ 

t  The  reason  of  this  nde  will  be  obvioot  from  this  cooslderatioDy  namdj, 
that  the  whole  quotient  is  mada  i|p  of  aU  its  oonstitacnt  parts  ;  now  these  putt 
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Hvide  6 x*+ 12  j:y  —  9 a;yz  by  3 X. 

BxpUmation, 
RATION.  Firrt  —  «2* 

xy—9xyz  \q 

— =2j:+4y— 3yz.  ^tto^    Secondly -ff?-4y 

Thirdly  Z^f??«^Sy^. 

iree  quotients,  connected  by  their  proper  tigns^  give  2  x-f-  4  « — 3y« 
tient  required. 

ivide  3  a'6— 4  a6'  by  5  ox.    . 

Operation. 
3a'6— 4a6^      3a«6       4  6^      3a«6— 4  6^ 


box  5x        5x  507 


.  queU 


Explanation, 

ih     Za^b  — 4a6^         4^3 

"T™    c  ,  >  secondly  — «  — - — ;  these  two  quotients  having 

X         o«*  box  ox 

Sa*b'-4b* 
enominator  5  x,  both  numerators  are  placed  over  it,  thus  — — , 

5  * 
tient. 

vide  21  xyz^l4  ah  by— 7xy. 

^l  xyz— 14  ab                 2ab 
=  — 3  zH .  quot, 

— Txy  xy 

vide  4a6+6  ox  by  2  a.     Quot,  2  6+3  x, 

/ide  9  a»  —3  or— 6  by— 3  a.    Qmo^.  —3  a+x-\ — . 

i^idex'— 2xy+4y»  by4xy.     Omo^.-^^ — -i;-*--- 

4y      2      X 

dde  10a:y— 20a?— y  by  —5a:.     Qttof.— 2y+4-f-~-. 

>.  When  the  terms  are  both  compound  qUiOntitief, 

I.  Place  the  divisor  to  the  left  of  the  dividend,  and 
terms  of  both  in  the  same  order,  so  that  the  highest 
some  letter  (viz.  the  same  in  both)  may  stand  firsts 
lighest  second,  and  so  on. 


tly  arise  from  the  division  of  each  member  separately  of  the  di* 
bte  divisor ;  and  all  the  parts  taken  together  (connected  by  their 
)  will  therefore  constitute  the  quotient,  according  to  the  rule. 

Bbd 


I 
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II.  Divide  the  first  term  of  the  dividend  by  the  fiftt  term  of 
the  divisor^  by  the  preceding  rules^  and  place  the  result  with  its 
proper  sign  in  the  quotient. 

HI.  Multiply  the  whole  divisor  by  this  result^  and  pkcQ  the 
products  undei^  their  like  in  the  dividend. 

IV.  Subtract  these  products  from  the  quantities  under  which 
they  standi  and  to  the  remainder  bring  down  one  of  the  temw 
(or  more,  if  necessary)  of  the  dividend  which  has  rtot  been 
used. 

V.  Divide  the  first  term  of  this  last  line  by  th^  fiftt  ol  the 
divisor^  place  the  result  with  its  proper  sign  in  the  quotient, 
multiply  the  whole  divisor  by  this  result,  place  the  products 
under  their  likie  in  the  said  last  line,  subtract,  bring  down, 
&c.  as  before,  until  all  the  terms  of  the  dividend  are  brought 
down,  and  the  work  will  be  finished. 

VI.  If  there  be  any  remainder  a*  last,  place  it  over  the  divisor 
like  a  fraction,  and  subjoin  this  fraction  with  its  proper  sign  to 
the  quotient ". 


"  This  rule  is  evident  from  what  has  b€en  said  in  the  preceding  note.  The 
mode  of  operation  is  similar  to  that  employed  in  arithmetical  Long  Division, 
and  will  be  easily  unders  ;ood  by  those  who  are  expert  in  that  rule.  The  exam' 
pies  should  be  all  proved,  both  by  multiplication  and  addition.  The  multipli- 
cation proof  consists  in  multiplying  the  quotient  and  divisor  together,  and 
adding  the  remainder  (if  any)  to  the  product,  which  will  be  like  the  divi- 
dend, if  the  work  is  right.  The  proof  by  addition  consists  in  adding  all  the 
lower  lines  (viz.  the  second  line  in  each  compartment)  of  the  operation  and 
the  remainder  together,  and  if  the  operation  be  right,  the  sum  will  be  like  the 
dividend. 

Proof  of  Ex.  24.  Proof  of  Ex.  25. 

Mult,  a    -j-    h  the  quotient,                   Mult.x^ — 2xz    +    z^  qnot. 
By  a    -f-   hthx  diifuor.  By  x  — z divisor, 

a»-J-   ab  x^-~^x^z+   xz' 

aO-\-b2  ^  x''z  +  2xz^  +s' 


Produces a^  +2ab  +  b^  tJie dividend.  Produces x^^Zx^z+Zxz^ +  Z3  dirid. 


I 
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24.  Divide  a*  -f-2  ai-fi*  by  a-\-b. 

Ope  R  a  T  1 0  bf.  Explanation, 

«+6)  «'+2a6+6'  (a+6         I  first  divide  «'  by«,and  place  th. 
'^     ^   '        ,  ^     '  result  a  in  the  quotient;  I  then  multiply 

^   -y    ^^ the  whole  divisor  by  a,  and  place  the 

ah-\-h^  products  a''  -{-ab under  their  like.  I  then 

ah-\-h^  subtract  them  from  the  quantities  above 

.  them,  and  to  the  remainder  ab^  bring 

*      *  down  4"  * '  >  making  ab^b^  'yl  divide  the 

first  of  this,  viz.  a6,  by  the  first  of  the  divisor,  vie.  a,  place  the  result  b  with 

its  proper  sign  -)~  in  ^h*^  quotient,  and  then  multiply  the  whole  divisor  a  -f-  6  b/ 

it^  making  a&  -^  6  ? ,  which  I  place  under  the  last  line. 

25.  Divide  r*^— Sx^z  +  So^z^— z'  hj  x—z. 

Operation.  Explanation. 

X— 2)jr«— 3  xH-{-S  J2*— z3(j«— 2  xz-\-z^  =  quotient, 

^—   ^^z =  i^x*2. 

—2  ^*z4-3  X2* =  the  rem,  with  Zxz'^  brought 

— 23:°2-f-^3?2^  .  .  . =  7^  X  —2*2.         [down. 

jz^ — z^ =  tlt£  rem,  with—z^  brought 

xz^—z^ =  ;iI7x««.  Idown, 

j^— 3x^2+3  jz'^—z^  the  proof  by  addition. 

Divide  the  following  quantities. 

26. 

a'^x)a^  +  5a^X'\-5ax'^+x^{a'^+4ax+x^,  quotient. 
a'  -f    a^x 

4a'^x-{-5ax^ 
4a^x-^4ax'^ 


ax^-^x^ 

€tx'^-\'X^ 


27. 
z— 3)z«— 62  — 9(2«+S2+3,  quotient. 

Z^  —3  2^ 


32«. 

-62 

3  22. 

-92 

32- 

-9 

3  2- 

-9 

« 

•Xr 

B 

b4 
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28. 


x* 


1— x)l       (1  '\'X-\-x^-{'Ofi  + quotient  with  the  remainder. 


X 

X- 

-a:« 

x« 

ar«- 

-0^ 

:rs- 

or*  remainder. 

9.9  \ 
a^^a^x — ax^+x^)a:^ — x*  (     a+i:  ^«ofi€»i. 


€t^x-{-  a^x^ — cur*—  or* 
a^x —  a*x*— (Jtr'-f   a:* 


2a*a:*    *    — 2x*  remainder. 

The  qaotienti  with  the  remainder  subjoined,  w  therefore  a+J+ 
2  a«a:«— 2a:* 


a'—  a*ar  — ax*+a;'' 


30.  Divide  a:* + 2  a:y + y*  by  a:4-  y.     Quot.  x  -f  y ► 

31.  Divide  a«— 2  afe+6*  by  o— 6.     Qao^  a— 6. 

32.  Divide  ac+6c-f  ad+6d  by  a+b,     Quot,  c^d. 

33.  Divide  z'— 10z«+332— 36  by  z— 4.     Qwo^  z*— 6z+9. 

34.  Divide  96— 6a*  by  6— 3a.     Quot,  16+8a+4aH2fl^. 

35.  Divide  z^— I  by  z— 1.     Quot.  z^+^+l. 

36.  Divide  x^— Qx^+SSx— 29  by  x^— 6x+9.     Qmo^  x-3+ 
X  —2 


x«— 6x4-9 


>  In  ex.  29.  the  —  jr«  is  not  brought  down  nntil  it  is  wanted  in  the  last  step. 
The  following  example  shews  how  to  manage  when  there  are  compound  facton 
in  the  work. 

X— r)  s^—ax^  +&X — c  (**  -f"^— «-»  +  2*  — a-  +  * 
x3  — zx- 


'\'Z—a.x^  -^-bx 


+  r— ajr» — z-  —azjc 


JtetHaiuder  -{-z^  ^az*  -{"bz^c 
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FRACTIONS. 

reduce  an  algebraic  fraction,  both  terms  of  which  are 
quantities,  to  its  lowest  terms. 

Find  the  greatest  common  measure  of  both  terms  of 
m,  as  in  arithmetical  fractions^  observing  at  every 
3  you. divide,  to  throw  out  from  the  divisor  the 
Qple  quantity  which  is  common  to  each  of  its  tenns> 
emaining  part  instead  of  the  whole :  the  last  divisor 
est  common  measure. 

le  both  terms  of  the  given  fraction  by  the  greatest 
easure,  and  the  quotient  will  be  the  respective  terms 
fraction,  which  will  be  the  given  one  in  its  lowest 


depends  on  the  following  principles,  namely,  first.  If  one  quao- 

nother,  it  will  measure  any  multiple  of  that  quantity. 

r  a  quantity  measure  two  others,  it  will  measure  their  sum  and 

3ne  quantity  be  divided  by  another,  and  the  preceding  divisor  by 

,  and  so  on  continually,  the  remainder  will  at  length  be  less  than 

Qtity. 

example  1.)  since  .r— >z  measures  ;r'— z',  it  will  likewise  mea- 

'Z'+z^   Xx-^z. 

mtity  is  =^3 — z^,  as  appears  by  actually  multiplying  and  adding 

irding  to  the  import  of  the  signs ;  wherefore  j:— z  measures  both 

)— 2^,  namely,  both  terms  of  the  given  fraction. 

likewise  the  greatest  quantity  that  will  measure  both  terms ;  for 

ater  common  measure  be  assumed ;  then  since  this  greater  mea- 

and  ^3—23,  it  will  likewise  measure  their  difference,  namely, 

compound  divisors  of  arz'— 2^  besides  ar— »,  are  arz*— zS  and 
r  of  which,  as  appears  by  trial,  will  measure  x^  — z',  wherefore 
atest  common  measure ;  the  rule  therefore  is  manifest, 
g  out  the  greatest  simple  quantity  common  to  every  term  of  the 
t  simplifies  the  operation,  does  not  in  the  least  interfere  with 
iivisor  we  are  in  search  of. 
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Examples. 

1 .  Reduce to  its  lowest  terms. 

Operation. 


ThfoiB  out  «^  atd  ^«— 2=* 
hetomea x   —2  )j:^- 


*xz 


xz — z* 
xz — z^ 

wherefore  X — 2  is  the  greatest  common 
measure,  now  divide  both  terms  of  the 
given  fraction  by  it :  and  first  the  nu- 
merator y  thuSyX — z)a?^ — z'^{x-\-z  (as  6e- 
f ore,)  for  the  numerator ;  then  the  de* 
nominator,  thus, 

X — z)x^ — r*  (a?^ + «2  -f  z^  denominator. 

X^'^X'^Z 

3^Z — XZ^ 


Explanation, 

i  divide  the  denomiilaforby 
t\e  ttukemUir,  and  from  tbi 
remainder  xz — sfi  throw  oat 
2^,  which  is  common  to  botli 
term0,  asd  or — » ts  kft :  ivith 
this  I  divid«  tlte  dirUor  jr^— 
c^,  and  as  the  operation  ItaTes 
no  remainder,  x-^r  is  the 
greatest  common  measuit. 

I  next  divide  both  term i  of 
the  given  fractioB  by  4r— «« 
and  the  quotients  x  +  s^  ud 
x^  +  xs+2^,  arc  the  terms  of 
the  answer,  or  tke  lovml 
terms  required. 


xz'^-^z^ 
xz^ — 2' 


Therefore 


x-\-z 


x^-^-xz  +  z^ 


is  the  given  fraction  in  its  lowest  terms. 


2.  Reduce 


a*— M 


to  its  lowest  terms. 


a^b+  a%^^a^-   b* 
a^b"  a2&2-a63-h   b^ 


and  leaving  out  ^b*,  which  occurs  in  each  term  of  this  remainder, 
we  have  a* — 6»  for  the  next  divisor ;  then, 

a""  -^b')a^  —a^b—ab^  -^b^  (a-'b 

fl3       *  — a6*  •. 


a'b 
a*b 
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—6'  is  the  greatest  common  measure:  and  dividing 
oftlic  given  fraction  by  it,  we  shall  have 

-T— ,  the  lowest  terms  required, 
-6 


a*—    az' 
le to  its  lowest  terms.. 

h2az+z*)a^—   a«» (a— .2a: 

— 2a='z— 4az^— 2z' 


-f2az*4-2z',  this  J  by  dividing  by 
quantity  2  z  ^ ,  becomes  a-\-z. 
r}a» -1-2  az4-z=^(a+z 

az-\-z^ 

az+z"  Whence  a -\'Z  is  the  common  measure. 

a*  — .  Qx 

^  both  terms  of  the  given  fraction  by  it, will 

a  ~j"    z 

terms  required, 

a^—a^x'        .     ,  .  ^  fl' 

3 to  its  lowest  terms.    Ans, 


to  its  lowest  terms.    Ans, 


a'''4-2flz  +  z3  a-l-z 

a^y — V  aU'—y 

;  — ^ — 7-  to  its  lowest  terms.    Ans,  ■     ,      . 

a6 — 0  o 

ning  operations  in  Arithmetical  and  Algebraic  frac- 
exactly  alike,  it  was  not  judged  necessary  to  repeat 
t  merely  to  give  an  example  or  two  under  each,  for 
exercise.  « 

X                   a 
ax and  z-\ to  equivalent  improper  frac- 

y  a+6 

the  rule,  see  Art.  172.  Part  I.) 

X     axy—x    ^  ^   ,  a       az-^bz-{-a   ^ 

— = — t Ans,    And  zA r= ; —  Ans, 

y  y  a+&         a+6 

a-\ and  x+y^ —  to  improper  fractions.  An* 

ar+ajf— z 

ta  • 

a 


V 
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9.  Reduce  — ^-r and — to  mixed  quantities. 

(See  Art.  173.  Part  I.) 

Thus  — ^— — =3 VH Am.    And ; =a-2f 

X  X  4b 

3x 
Ans. 


4b 

10.  Reduce V  and l-ILJL  to  equal  mixed 

3x  X'—y  * 

2y*  2v* 

quantities.    Ans.  Sxy-^  —- —  and  x— y  -| — ^— . 

o  3?  x^~'y 

-Jl.  Reduce y  and  a  to  simple  fractions.  (Art  \Tl. 

Part  I.) 

nu,^+J=^^^«,.     And  -^^   ^ ^y     An.. 
—^        zy  :^^""J     3^ — <* 

a:+-         3xy — ^ 
12.  Reduce i  and i  to  simple  fractions.  (Art.  178. 

Parti.)     Ans.   ^'+y'   a„d'f^^'-'y'. 

y'** — xz  48 yz  4-9 J? 

V  Ct        C  X 

^  13.  Reduce  -7-,  -7-,  and  — ,  to  equivalent  fractions^  havuu; 

6     rf  y  ^ 

a  common  denominator.  (Art.  180.  Part  I.) 

Thus  axdx y=cidy'\ 

cxbxy=^cby  >  new  numerators. 
xxbxd=:bdxj 

bxdx y=ibdy,  cmnmon  denominator, 

ady      cby  bdx 

Ans.  -7— — ,  -— - — ,  and 


hdy  '   bdy  '  bdy  ' 

14.  Reduce  — ,  — ,  and ,  to  a  common  denominator. 

2a:     y  z^ 

ayz^   2x^2'  2cr»y— 16j:y 

Ans.  , ,  and • — . 

2xyz»    2ry2'  *itxyz^ 

a  c 

15.  Required  the  sura  and  difference  of  —  and  — ?  (Art.  187. 

192.  Part  I.) 
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axd^^adl 

i_.     f  new  numerators, 

bxd:=bdy  common  denominator. 

ad-^bc  ad-^bc 

— pr — z=.the  sum^  — — — =:the  difference, 
bd  •         bd  "^ 

itiired  the  sum  and  difference  of—  and  —  ? 
*  5z         3* 

+  10yz  \^xy--\Oyz 

z .     -LfU/'  • 

bxz  *^  15  xz 

uired  the  sum  and  difference  of  —  and  —  ?   Sum ^ 

5  7  35 


a     c  X 

tiply  —y  —y  and  — ,  together.  (Art.  198.  Part  I.) 

a       c      X       acx     . 

T-  X  -r  X  — =  ,  ,  ■  the  product, 

bay       bdy 

.  _    2a:  3a?        ,  5wz  ,  »*     , 

tiply  — ,  — ,  and  — ^—,  together.     Proa.  5  x '. 
y     /u  z  ti  X 

a  3  at/  _ 

de  -—-  by  — ^.  (Art.  204.  Part  I.) 

2bc     ^  4cd    ^  ' 

a         4cd       2d         ,.    , 
X  -- — =        ■  quotient. 


2  be      Say      Shy 


I  I  a  -^^  a+b 

inner  the  sum  of r-  and =-  will  be  — r — r;  +"-; — TT^ 

2rf  1  1  a— ft 

'-T — T:.y  and  their  difference,  or  — rT— 1 — r"'"'3 — TT-* 

.ft — a — ft  2ft  *-fy      «•— y 

;«-ft»     =-a«-ft»  5  also^::;;^!-^^- 

— = i — ^  —  ^  an ■     *^,     for  the  sum,  and  ^ 

A«— ya  j;«— y»  '  ;r*— y* 

ice. 
the  product  of X as-; — r TvyWd  the  quo- 
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4x       Ax  X         CL  Stf         hx 

21.  Divide  — -  by  -— ,  and  —  by  -;-.     Qnot,  -r-  and  — . 

h     ^  Za  z     '   b  b  az 

22.  Dinde  ^  by  ^-^,  and  ^  by  ^.     Qmo*.  —  and  ~. 

3         9  4z        3  8  4z 

3a 

23.  Add  the  sum,  difference^  prodoct^  and  €[aotient,  of  — 


,2a^        .  .      12fl*+^a+75 

and  —  together.     Ans. 

5     ^  40 


INVOLUTION\ 

52.   To  invoice  simple  quantities  to  any  poicer. 

Rule  I.  Involve  the  coefficient  to  the  power  required^  fori 
coeflBcient. 

II.  Multiply  the  index  of  each  letter  by  the  index  «f  the  re- 
quired power. 

^  InTolation  being  nothing  more  than  continued  multiplicatioB,  it  wiB  be 
sufficient  to  refer  the  reader  to  the  notes  on  multiplication,  wrfaere  be  wiD  fid 
the  reason  of  this  rule. 

The  Arabians  denominated  the  powers  from  the  consideration  of  the  jfniMdi 
of  the  indices,  calling  tb^m  the  square ,  cube,  ifiquQdratef  tntrsoUd^  twk.  ifrrrf, 
second-sursolid,  qnadratO'quadratn.quadratumy  cube-of-tke-cube,  Sfuare^-thh 
sursolid,  third-sursolid,  &c. 

Diophantus,  Victa,  Oughtred,  and  others^  named  the  powers  aocordio^W 
the  xunu  of  the  indices,  as  root,  square,  cube,  qucLdrato-quadratum,  quadrat*' 
cuhus,  cubo-cubus,  quadrato-quadrato-cubus,  quadrato^ubo-<ubut,  cuho-oAh 
cubus.  Sec, 

Des  Cartes,  and  most  of  the  writers  since  bis  time,  employ  a  much  simpla 
method  than  either  of  the  former,  calling  the  powers  respectively,  the  1st,  Sod, 
^rd,  4tfa,  &c.  according  to  the  index.  And  because  the  side  of  a  square  mitt- 
plied  into  itself  gives  the  area  of  the  square,  and  the  side  of  a  cube  mnltiflied 
continually  twice  into  itself  produces  the  solidity  of  the  cube,  the  terms  «fiMrr 
and  cube  have  been  applied  to  numbers  arising-from  like  opemtions.  Heaeeit 
is  that  the  product  of  a  number  multiplied  into  itself  is  called  a  square;  ani 
if  ibe  number  be  multiplied  twice  into  itself,  the  product  is  called  a  cube. 

It  is  evident  that  all  the  powers  of  an  affirmative  quantity  will  be  afimtt* 
tive,  for  -}*  into  -|-  always  produces  +  ;  likewise  that  all  the  even  powen  of 
a  negative  quantity  will  be  -|-  >  aad  the  odd  powers  —  ;  for  since  —  into  — 
produces  -{-,  and  this  into  —  produces  — ,  and  thi3  into  —  produces  -f  yso' 
so  on  alternately  -f  ^nd  -^ ;  it  follows  that  the  eveo  j>owe^  wtH  be  •4-,ai' 
the  odd  powers  «— . 


Paet  lUs  INVOLUTION.  88S 

HI.  Place  each  product  over  it«  respective  letter,  an4  prefix 
the  coefficient  found  above,  the  result  will  be  the  power  re- 
quired. 

IV.  Of  an  affirmative  quantity  all  the  powers  will  be  -f  ; 
and  of  a  negative  quantity  the  odd  powers  will  be  -— ,  and  the 
even  powers  +  • 

Examples. 

1.  Involve  2  a'  to  the  third  power. 

JExplanation. 

Operation.  I  ^^$1  find  the  coefficient,  by 

'^^'ZX^X^^S  the  coefficient.     niuHiplying   2  twice  into    itself; 

3v3        fi  .7     ,..       ,         .  ttien  I  multiply  S?,  the  index  of  ff,. 

Q    ^   =za^  the  literal  part,  iq^o  3,  the  index  of  the  third 

Wkerefore'^ljl^^=^S  a^,  answer,  power;  lastly  I  prefix  the  coeffi- 

cient 8  to  a^f  waking  8  0^  for  the 
power  required. 

2.  Involve  3  cu:'  to  the  fourth  power. 
Thus  Jo?!'*  =  81  a^x^j  answer. 


3.  Involve  -— ^ z  to  the  square,  and  —Sy"  to  the  cube.  -^-¥3  » 
3=4  r'  the  square,  and—Sy^Vsn  — 2/^^  the  cube. 

4.  Involve to  the  second  and  third  powers.  Ans.  second 

3y^  '^        - 

power ,  third  power  — . 

5.  Involve  xy*z^  to  the  third  power.    Ans,  x^y^z^, 

ax^  a?3fi 

6.  Involve to  the  third  power.    Ans. 


32  "  ^Iz^ 

53.  To  involve  compound  quantities. 

Rule.  Multiply  the  given  quantity  as  many  times  continually 
into  itself  wanting  one^  as  there  are  units  in  the  index  of  the 
required  power^  and  the  last  product  will  be  the  power  re- 
quired*. 

*  This  naU  it  jaerely  multipUc^ion^  and  depwdf  00  tlie  saxoie  piioc^Ie*. 


SM 
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7.  Involve  a-\-^  and  <t— j?,  each  to  the  cube« 

Operation. 


«r  +a?             first  power, 
a  +j? 

a  —X 
a  — X 

fl»+    ax 

ax+x^ 

a' —    ax 

—    ax+x" 

a^-f^or-fx'     'second  power, 
a  +x 

a'— 2ax+x* 
a  — X 

—    a»x+2ax»— x» 

a»+3a»xH-3ax»-fx*      Ctt6e. 

^3  _^3  a:*a:-^  3  ar^  — x^ 

I  multiply  a +ir  and  a — x  each  by  itself,  and  the  prodnct  is  the  sqnare;! 
multiply  this  by  a  +  x  in  one,  and  a — x  in  the  other,  and  the  product  in  tttk 
is  the  cube :  it  will  be  seen  that  these  operations  differ  only  in  the  sigoi  tf 
their  even  terms. 


8,  Involve  x-f  z  to  the  fifth  power. 

Operation. 
X  -^z  first  power. 


X  -j-z 

x'^t    ^^ 
4-    xz  +  z* 

X  *  -f  2  xz + 2  *  second  power, 

X    +    z 


+    x-z-f-2xz^+r-* 


Esplanaiwn. 
The  only  difficulty  in  this  example  ii 
how  to  work  with  the  double  sign  it 
First,  XXX=X»,  secondly,  *X±« 
=  +XZ,  which  is  the  first  line;tk* 
+  zXX=:±XZ,takd±ZX  ±Z^^ 
z>,  which  is  the  second  line  of  tie 
work;  also  ^Xz  added  to  +-^2,  gim 

+  2xz  in  the  next  line,  and  » on 
throughout. 


r^  4-3  x-z  4-3x2 ^-fz^  third  power. 

X   +    z 

'x*-f 3x^2  +  3 x^z-'-l-    xz^ 
-f    x^z  +  3x^z='-f 3xz3+z* 

X*  j- 4  x-» z  -|-  6  x^* z ^  4-  4  xz ^  -f  z *  fourth  power, 
X   +    z 

~    *  -        ■  ■  II- —  —  -  --       ■     .^  .  _  _■    ■  ■     -  - 

x5-f4x'»z4-   6x^z2-f.   4x^z^-{-    X2* 
4-    x*z4-   4x''z»4-   6*x»2^+4.r2*+2^ 

x*+5x*z  +  10x^z-4-ldx='z34-5xz*4-2^  fifth  power, 

9.  Involve  x-1- 1  to  the  cube.     Ans.  x'4-3x'4-3x4-l. 

10.  Involve  2  x-3y  to  the  cube.     Ans,  Sx^— 36x»y+54iy' 

— 272/^ 

11.  Involve  3— X  to  the  fourth  power.  Ans.  81— 108x+54i* 

— 12.rHj^. 


INVOLUTION.  3BB 

»lve  a+b—c  to  the  square.    Ant.  a'+2o4— 2«c+i' 

• 

lAC  NEWTON'S  RULE  FOR  IN\  OLUTION*. 

7  any  power  of  a  given  compound  quantity  may  be 
f  an  easy  and  expeditious  mental  operation. 

54.  For  Binomials, 

To  fold  the  terms  and  indices. 

Write  down  the  leading  quantity  successively^  as  many 
ere  are  units  in  the  index  of  the  required  power, 
the  first  of  these  place  the  index  of  the  power ;  over 
the  index  decreased  by  1 ;  over  the  third,  the  index 
y  2  3  and  so  on,  making  the  index  of  each  term  al- 
than  that  of  the  preceding  term, 
oin  the  following  quantity  to  the  second,  and  every 
term,  of  the  above,  and  carry  it  one  place  beyond. 
3  1  (understood)  the  index  of  the  first  of  these  ',  2 
f  the  second  5  3  of  the  third,  and  so  on,  constantly 
jy  1  to  the  last  3  the  index  of  which  will  be  tliat  of 
I  power, 

fit  be  required  to  involve  a^z  to  the  fifth  power,  the 
id  indices  will  stand  as  follows. 
»g  quantity  a,  thus,  a^,     a*,     a',      a*,     a. 

oing  quantity  z z,      z*,      2',       z^,     2*. 

Uities  connected  ...  a*,     a*2,   a'z',  a^z^,  oz*,  2*. 

To  find  the  coefficients  of  the  terms, 

rhe  coefficient  of  the  first  term  is  always  1,  (under* 
that  of  the  second  term  is  always  the  index  of  the 
ver. 


it  a  branch  of  the  celebrated  Binomial  Theorem,  discovered  by 
>n  in  1669.  The  aathor  first  discovered  it  by  indnction,  namely, 
le  law  which  the  signs,  coefficients,  and  indices  invariably  fol- 
lial  actually  involved  to  several  different  powers.  It  will  be  a 
vf  for  the  learner  to  make  the  same  induction  :  let  him  compare 
e  with  Newton's  rule,  and  be  will  see  that  the  coefficients,  indi- 
if  the  terms,  iti  every  one  of  the  powtrtj  observe  invariably  the 
le  rule  is  founded. 

CC 
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II.  Multiply  the  coefficient  and  index  of  the  leading  quantitj 
in  the  second  term  together^  divide  the  product  by  2,  and  the 
quotient  will  be  the  coefficient  of  the  third  term. 

III.  And  in  general^  if  the  coefficient  and  index  of  the  lead- 
ing quantity  in  any  term  be  multiplied  together^  and  the  pro- 
duct divided  by  the  number  denoting  the  place  of  that  term, 
the  quotient  will  be  the  coefficient  of  the  next  succeeding  term. 

Thus,  in  the  above  example. 

The  coefficient  of  the  first  term  will  be  1,  understood. 

That  of  the  second  term 6,  or  the  index  of  the  power, 

5x4 
That  of  the  third --—=10. 

^  2 

10x3 
That  of  the  fourth — - — =  10. 

a 

That  of  the  fifth i?2i?=:  5. 

4 

5x1 

And  that  of  the  sixth  ....   =  1,  understood, 

5 

Thus,  the  terms  connected  with  their  coefficients  in  the  abate  er- 
ample,  will  be  x^,  bx^z,  lOx^z',  lOx'z^,  Sxz*,  z^. 

To  find  the  signs. 

When  the  signs  of  both  terms  of  the  Binomial  are  +,  all 
the  signs  of  the  power  will  be  + ;  but  when  the  second  term  is 
— ,  all  the  odd  terms  (the  1st,  3rd,  5th,  &c.)  will  be  + ,  and  the 
even  terms  (the  ^nd,  4th,  6th,  &c.)  — .  Thus  in  the  exampU 
above  proposed^  where  it  is  required  to'  involve  a — z  to  the  fifth 
power  3  the  second  term  being  — ,  the  1st,  3rd,  and  5th  termi 
of  the  power  wQl  be  +,  and  the  2nd,  4th,  and  6th  temns  — . 

Wherefore  x^— 5  x^z-f  lOx^^t^iox-z'-fSxa;* — x^  will  be  tl» 
fifth  power  (signs,  coefficients,  and  indices  conjplete)  of  tbe 
given  quantity  x — 2. 

IS.  Involve  a 4- 6  to  the  sixth  power>  by  Newton's  rule. 

The  leading  quantity  a, . .  o^,     a^,    tf*,      a*,      a»,      a. 

The  following  quantity  b b,      b* ,      fc*,       6*,       6*,    h\ 

Both  connected d9,     a%  a*6%  €fib^,  a'k^,  a6*,  6«. 

The  coefficients  1,  6,  —— ,  — - — ,  — - — ,  — - — ,  -— -. 

Or,  1,  G,  15,  20,  16,  6,  I. 
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'  of  the  terms  are  all  + . 

e  by  connecting  the  signs,  coefficients,  and  terms,  a-f  61' 

i+  l5a*6»-|-20a36=i+15a»6*-|-6a6H6^  =  <^e  power 

Ive  a— 2  to  the  9th  power. 

Terms. 
«2,  aTz\  a^z^,  a^z*,  a*z\  a^z^,  an\  ai^,  z^. 

Coefficients, 
SGx7     84x6     126x5    126x4    84x3     36x2 
3      '       4      '       5      '       6      '       7      '       8      ' 


36,  84,   126,  126,  84,  36,  9,   I. 
of  the  odd  terms  are  + ,  and  the  even  terms  — . 
II?9=cf9— 9  a^z  -f  36  a72«~84  aV  -f  126  a'^z*—  126a* 
-36  a^z"^  +  9  az** — z^=zthe  power  required, 

'6  J? +3  to  the  fourth  power. 

r*,  x^xS,  x"'x3\  a:x33,  3^. 
nts  1,  4,  6,  4,  1.     Signs  all  -f. 
a:*  +  4a^'x3^-6a:^x3^4-4a'x33  4-3^  «/irti  w,  x*4- 
■I-  10Sa:+81,  is  the  power  required, 

e  a4-&  to  the  square.     Ans.  a»-|-2a64-6», 

I — »]■*.     Ans.  m'^ — 4m%-f6wi»«* — 4m»^-f-n*. 
^^  .4w*.  a*— Sa^z+lOa^z'  — lOa^z^  +  Saz*— z^ 
i^7.    -rfw5.z7— 7z6-f21z*— 35z-'+352'— 21z»-^- 
,    ,         ,  -  ^      .         n  n— 1 
€d  the  nth  power  of  a+xr    Ans.  a     ±_na 

n— 2   „         w—1   w— 2     n— 3    „         n— 1  n— 2 

x^-fw. . a  a^4-«. . . 

-        2         3  2         3 

♦+,  &c.  &c. 

65.  For  Trinomials*. 
two  of  the  terms  of  the  given  trinomial  be  consi« 

18  Mr.  Abraham  Demoivre  has  given  a  method,  whereby  any 
a  multinomial,  consbting  of  any  number  of  terms  whatever^ 
ich  may  be  seen  in  the  Philosophical  Transactions,  No.  230. 
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dered  as  one  fbctor,  and  the  remaining  term  as  the  other,  and 
proceed  as  before. 

22.  Involve  a-|-6+c  to  the  third  power. 

Let  a  be  one  factor,  and  b-^-c  the  other;  then  will  a  +  6-|-c\' 
^a^+3a'.  6+c+3a.  6+^*+  6-hr/^  which  6y  expanding  the 
powers  of  b-\-c  becomes  0^-^-3 a\  6+c-f-3a.  6'H-2  6c-i-c«-|-6'+ 

TTiis  by  multiplication  becomes  a'+3a^6+3a»c4-3a6*+6ak 
-f  SflC'  +  ^'+St^^c-f  Stc^'+c^,  the  power  required. 

23.  Involve  x-f-y— 2  to  tlie  fourth  power. 

Let  X  be  one  factor,  and  y — z  the  other ;  then  wiU  j-fy— :■• 
=x*  +  4  x^.y-^z -r 6 X-  .y  — z^  ^  +  4  jr^— zV  +  y — 3 *,  u'/iicA ezpondeii 
anrf  muUipliedy' becomes  r*-f  4x^^—4 2^2+6 r-y* — 12x«yz+6i* 
2^+4ay~12r?/2zH-12jn/z-— 4  jz^^y*— 4y52  +  6y*2»— 4yz»+ 
r*,  the  fourth  power  required. 

Or  thus. 
Let  x-\-y  be  one  factor,  and — 2  the  other;  then  will  x+y— i^ 
=x-fy!-*— 4.a-j-//" ^2 4.6.x +  y}».2»— 4.x 4-y.23  +  2'».-  thisexpandd 
and  multiplied,  becomes   x*-^4x^y  +  6x*y'  -\-4Ty^  +  y*^4J^2'' 

l2x'yz-'l2Ty^z^4y^Z'hSx'z^-\'l2xyz*+6y'z''-4x2^'-Ap* 
4-*S  the  fourth  power  as  before. 


EVOLUTION. 

56..  To  extract  the  roots  of  simple  quemtities. 

Rule  I.  Place  the  fractional  index  denoting  the  required  root, 
over  the  given  quantity. 

II.  Extract  the  root  of  the  coefficient^  and  the  result  will  be 
tlie  coefficient  of  the  root. 

III.  Multiply  the  index  of  each  letter  by  the  index  of  tbc 
root,  and  place  the  results  each  over  its  proper  letter  for  tin 
literal  part  of  the  root,  to  which  prefix  the  coefficient  ^ 


'  The  rule,  as  it  respects  the  namecal  coefficiei^  is  sufficiently  |»Uui» 
merely  the  evolution  of  the  root  of  a  number,  which  is  explained  ia  tt> 
Arithmetical  part,  (from  Art.  268.  to  Art.  S85.)  With  respect  to  the  lilrti 
party  we  maj  consider  CTolntion  and  involution  as  parts  of  the  sane  geiieiilnl% 
differing  in  one  particular  only,  naaiely,  the  indices  9  thote  eipploffd  Jm  iiib 
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ff  the  given  quantity  be  affirmative,  all  its  roots  will  be 
f  negative,  its  odd  roots  will  be  — ^  and  its  even  ones 


«  • 


Examples. 
act  the  square  root  of  9  a*. 

5RATI0N.  Explanation, 

S  a'' ,  the  root.         Here  -^  is  the  index  of  the  square  root,  and 

is  placed  over  9  a*y  then  the  square  root  of  9  is 
ficient,  and  4  X  7=^^  ^^  ^^^  index ;  wherefore  3a^  is  the  root,  the 
I  is  +  . 

ict  the  cube  root  of  —64  x^y^, 

— 64x^^7  =  — 4xy^,  the  root, 

ict  the  fourth  root  of  x^y^z, 

v^y*z]i=:x^yz^,  the  root, 

4x* 
ct  the  square  root  of        ^; 

AU  Z 

the  root. 


\5z*l  ""  5z'' 


ct  the  square  root  of  4  a'x*.    Root  2 ax*, 

ct  the  cube  root  of  —8  x^z^.    Root  —2  x'z, 

It  the  fourth  root  of  81  y^x*z.     Root  3y''xz\, 

It  the  fifth  root  of  ^xY^,    Root  —xy » . 

\Qa*z  Aa^zT 

:t  the  square  root  of  ^^^  ^»     Root 


""343  a3    /   ' 


JRoo^  — 


5a?*yS 


7a 


)  extract  the  square  root  of  compound  quantities. 

Range  the  quantities  according  to  the  dimensions  of 

concerned,  as  in  division.  Art.  50. 

lie  root  of  the  left  hand  term,  (Art.  56.)  set  it  in 


'egers,  and  those  in  evolution  fraction^ ;  hence  the  process  in 
e  same  as  far  as  it  respects  the  letters,  as  may  be  seen  by  com- 
!  with  the  rule  for  involution. 

lent,  because  no  quantity  multiplied  into  itself  can  possibly  pro* 
product;  for  4"  into  -|-  produces  +,  and  •—  into  —  produces 
fore  a  negative  power  can  have  no  even  togIL,  or  ia  other  words, 
'ali  negative  quantities  are  imposHble. 
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the  quotient^  and  its  square  under  the  said  left  hand  term^  and 
subtract. 

III.  Bring  down  the  two  next  terms  to  the  remainder  for  a 
dividend >  and  set  double  the  root  on  its  left  for  a  divisor. 

IV.  Divide  the  dividend  by  the  divisor,  and  subjoin  the  result 
to  both  the  quotient  and  the  divisor. 

V.  Multiply  the  divisor  (so  increased)  by  the  term  last  put 
in  the  quotient,  subtract  the  product  from  the  dividend,  and 
bring  down  the  two  next  terms  to  the  remainder  for  a  new  di- 
vidend. 

IV.  Bring  down  the  divisor,  with  its  last  term  doubled,  to 
the  left  of  the  new  dividend,  for  a  divisor ;  divide  -,  subjoia 
the  result  to  both  quotient  and  divisor  -,  multiply ;  subtract ; 
bring  down  two  terms,  &c.  proceeding  in  this  manner  until  all 
the  terms  in  the  dividend  are  brought  down,  and  the  work  is 
finished. 

The  operations  may  be  proved  either  by  addition  or  invo- 
lution ••. 


^  Evolution  being  the  converse  of  involution,  niecessarily  requires  4  conrffK 
operation,  which  as  far  as  it  respects  simple  quantities  is  sufficiently  plain ;  bit 
when  the  roots  of  compound  quantities  are  to  be  extracted,  the  mode  of  openl- 
ing  is  not  so  obvious  :  indeed  it  does  not  appear  that  the  rule  here  given  is  c^ 
pable  of  an  investigation  a  priori,  but  that  it  owes  its  origin  to  the  mechaoial 
procesa  of  trial  or  experiment.     Thus  it  was  known  by  involution,  that  tin 
square  of  a  +  b  h  a^  +  ^2  ab+b' ,  but  the  difficulty  was,  how  to  frame  a  nk 
whereby  the  square  being  given  the  root  could  be  obtained  firom  it :  the  tnt 
member  a  of  the  root  evidently  arises  by  taking  the  root  of  a'  ,  the  first  member 
of  the  square ;  but  the  next  inquiry  was,  how  the  other  member  6  of  the  tool 
could  be  had  frpm  2ab+b^  (the  remaining  members  of  the  sqoare''  witbont 
remainder.    By  trials  it  was  found,  that  the  first  member  a  of  the  root  bciif 
doubled,  and  the  second  member  b  added  to  it,  the  whole  will  form  a  divisor  of 
'2  a6+  6^,  which  will  exactly  give  b  (without  remainder)  in  the  qaotient;  sod 
this  method  (continued  according  to  the  precepts  given  above;  will  give  the 
roots  of  all  other  compound  quantities,  as  is  proved  by  the  converse  process  d 
involution,  from  whence  alone  the  truth  of  the  rule  is  manifest.     In  the  sane 
manner  rules  for  finding  the  roots  of  higher  powers  were  discovered,  which,  u 
they  are  not  wanted  in  this  place,  are  reserved  for  the  exercise  of  the  mles  «f 
approximation,  given  in  the  following  part  of  the  work. 
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o  extract  the  square  root  of  a?* + 4  x»  +  6  x*  +  4  j:+ 1. 

Operation. 

a?*4-4x'+6a:'-i-4a?+l(ji;*+2a:+l=:  the  root. 

X*  z^  the  square  ofx*. 

)  ...4j?^  +  6a:' =:  first  dividend. 

4x^'\-4x' =:(2a?»+*2x)x2ar. 

r+ 1) 2  J?"  +4 a?+ 1    =  second  dividend, 

2a?»+4a:+l    =5  (2x»+4x  +  l) 

[XU 

a?*  +  4a:*4-6a?'-f4ar-fl  proof  by  addition. 

Proof  by  involution, 

X*  4-2  X  -f  1 root. 

a:'  +2  r  +1 root, 

a?*-i-2a?^+    0?* 

2a;*  +  4x'+2x 

j'-{-2j:4-1 

r*H-4a?*+6a?*-{-4a:-i-l  square. 

Explanation, 

est  square  in  x**  is  x**  ;  I  put  its  root  x*  in  the  quotient,  subtract 
and  bring  down  4jr3+6a:';  I  next  double  the  root  r',  making 
I  place  on  the  left  for  a  divisor ;  I  divide  407^  by2ar'9  and  place 
r  both  in  the  quotient  and  divisor,  making  the  latter  2x'  +  ixi 
)ly  by  2 X,  making  4x^  +  4 x', which,  subtracted  from  the  qnanti* 
saves  2  jr'  ;  to  this  I  bring  down  4  x+  1,  making  S  x^.  +  4x+  1  for 
nd  ;  to  the  left  of  this  I  bring  down  the  divisor,  after  doubling  its 
f  which  it  becomes  2jr'  +  4;r;  I  divide  the  new  dividend  by  this, 
[uotient  figure  1  both  in  the  quotient  and  divisor :  then  J  multiply 
f  it,  place  the  product  below  the  dividend,  and  the  work  is  finished* 
addition,  as  well  as  that  by  involution,  will  be  sufficiently  obvious; 
eing  the  sum  of  the  seyeral  products,  or  lower  lines,  and  the  latter 
Iv^  to  the  square. 

[Hired  the  square  root  of  4  a:*  — 12ar»+25«»— 24* 

4a?'»  — 12jc^+25a:»— 24x+l6(2f«-5Sx+4rd^t 
4a?*  

3x),..  — 12a?^+25ac'' 
— 12a?^-f  9x' 


f4) 16a:^—24a:+16 

16x^—24  a?  4- 16 

4a?*^12a?3+25a:*4-24a:-fl6  proof. 
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13.  Extract  the  square  root  of  a'— ay+— . 

«*  y 

a* 


14.  Required  the  square  root  of  a:*4-^y-F 


x^y*     3i* 


4 


3xy       9  ^ 
4    "^16  * 


4:»y«       3a7»       Sjcy       9  ,  ,  .  ^y    ^ 

X^ 


x'y-^ 


x^y^ 


3,  3a?'       ^xy      9 


4' 2  4        16 

—3  a:'       3a:y      9 


5  4        16 


15.  Required  the  square  root  of  a:'  +2  a:+ 1  •     ^oot  x+l* 

16.  Extract  the  square  root  of  a? '  — 2  xy + y '  •     ^ooi  a:— Jf. 

17.  Extract  the  square  root  of  16  z'  — 40z+25.  Root  42-5. 

18.  Find  the  square  root  of  y*—6y^  + 13 y2—12y-|-4.  B«>< 

J9.  Required  the  square  root  of  x-*— 4a:'y+6j:y-4Jy* 
+y*  ?     Root  x^^^xy+y\ 

20.  Required  the  square  root  of  9a:'— 3x+— «?     fioo*3x 


2' 


»  That  this  part  of  the  subject  may  not  appear  imperfect,  the  following ffJ« 
for  extracting  the  roots  of  powers  in  general  is  here  given,  as  it  may  be  o»* 
for  finding  the  cube  root ;  but  it  is  too  laborious  for  roots  of  a  big)ier  deo«W 
nation. 


SURDS.  StSi 

SURDS". 

surd^  or  irrational  quantity^  is  a  quantity  under  a  radi- 

Find  the  root  of  the  first  term,  and  place  it  in  the  quotient. 

act  its  power  from  that  term,  and  bring  down  the  second  tenn  for 

lye  the  root  last  found  to  the  next  lower  power,  and  multiply  it  by 
the  given  power,  for  a  divisor. 

e  the  dividend  by  the  divisor,  and  the  quotient  will  be  the  next 
root. 

e  the  whole  root,  subtract,  divide,  and  proceed  as  before,  until  the 
;hed. 

Examples. 
ed  the  cube  root  of  ar« -f-ftrs  +  ISx* -|-20*3 -|- l5a?a -|-ear+l? 

rs  +  15 JT*  4- 20 a:3  -f  15ar»  +6jr+ l(jr» -f-2ar+l  theroot, 
=cube  ofx^ . 

tfi —second  term  ~^Zx*, 

rs  ^1^0:44.   8  A3 ^cubeofx^  -h2x. 

3  j: -»    ^remainder  -4-3  x*. 

ps  4-  lox'*  +20^'  4-  15ar«  -\-^X'\-i    '=cube  ofx^  +2  ar+  1. 

the  cube  root  of  a^  -}-3a»6  +  3rt6«  +*^'     Roota  +  b. 
id  the  cube  root  of  ara  — 15  a:'^ -f- 75  jr  —  1 25  ?     Roots— 5, 
d  the  cube  root  of  jre -^8x5  — 40x»  -f-9Gx— 64?     Roai  ar» + 

I    the    fifth   root    of  xs  — lOx« -f  40  jr* -,80dr» +80  jr—32? 

iwing  method  is  convenient  for  some  of  the  higher  roots, 
uadrate  root,  extract  the  square  root  of  the  square  root. 

th  root, , .  the  square  root  of  the  cube  root. 

ith  root, the  square  root,  of  the  square  root,  of  the 

[square  root. 

th  root, the  cube  root  of  the  cube  root,  &c.  &c. 

neraJ,  all  powers  whose  indices  are  any  powers  or  products  of  3 
unfolded  by  the  rules  for  the  square  and  cube  root ;  but  the  5th, 
,  must  be  found  directly  by  the  above  rule,  or  by  some  of  the  me- 
•ximation.  Another  method  is,  by  finding  the  roots  of  some  of  the 
•rms,  (Art.  56.)  and  connecting  them  by  the  sign  +  or  — :  then 
mpound  root  to  the  required  power,  which,  if  equal  to  the  given 
)t  is  found  ;  hut  if  it  differ  in  some  of  the  signs,  let  the  signs  of 
«rms  of  the  root  be  changed  from  -|-  to  — ,  or  from  —  to  -J-, 
^ees  in  all  respects  with  the  given  power, 
ner  should  find  what  is  here  given  on  surds  too  difficult,  he  may 
i  whole,  or  any  part,  for  the  present ;  he  should  however  resume 
loon  as  he  has  passed  through  quadratic  equationt. 
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cal  sigo  or  fractional  iodex,  the  root  of  which  cannot  be  ex« 
actly  obtained. 

Simple  surds  are  such  as  are  exprcased  by  one  single  term>  as 

V^*  * \/^>  *3a!^,  &c. 

Compound  surds  are  such  as  consist  of  two  or  more  simple 
surds^  connected  by  the  sign  +  or  — ;  thus  ^3+  v^«,  *-v^- 
^  V^*  ' ^/^  ^+  a/^>  ^c*  ^^  compound  surds :  the  latter  is  calle4 
an  universal  root  ^ 

REDUCTION  OF  SURDS-. 

59.  To  reduce  a  rational  quantity  to  the  form  of  a  turd. 

Rule.  Involve  the  given  quantity  to  a  power  equivalent  to 
that  of  the  surd^  over  which  place  the  index  of  the  surd^  and  it 
will  be  the  form  required  ". 

Examples. 

1.  Reduce  3  to  the  form  of  the  square  root. 

Thus,  51*=:3x3=9.     Wherefore   ^    is  the  answer  rt" 
quired. 

2.  Reduce  2  to  the  form  of  the  cube  root^  and  3  x  to  the  fonn 
of  the  fourth  root. 


1  A  surd  is  a  quantity  incommensurate  to  unity,  or  that  is  inexpressible  io 
rational  numbers  by  any  known  method  of  notation,  otherwise  than  by  its  pro* 
per  radical  sign  or  fractional  index ;  hence  these  numbers  are  called  irratioiui 
or  incommensurable  numbers,  and  sometimes  imperfect  powers. 

When  it  is  proposed  to  extract  any  root  from  a  quantity  which  is  a  complete 
power  of  the  same  name  with  the  root,  such  root  can  be  exactly  obtained; 
but  if  the  given  quantity  be  not  a  complete  power  of  that  name,  then  the  pi*- 
posed  root  (which  cannot  be  exactly  found)  is  denoted  by  placing  the  sign  v 
index  over  the  quantity :  this  expression  (as  we  have  observed)  is  what  is  pi^ 
perly  called  a  surd. 

The  fractional  index  is  mostly  to  be  preferred  in  practice  to  the  radial 
sign,  because  all  the  rules  of  fractions  may  be  conveniently  applied  to  fractional 
indices,  whereby  the  operations  are  irendered  extremely  perspicuous  and  e»sj> 

°>  Reduction  of- surds  does  not  alter  their  value,  it  merely  changes  tbein  fro* 
one  form  to  another  ;  a  process  which  is  frequently  necessary  to  prepare  tbo 
for  operations,  and  for  estimating  their  value. 

"  The  reason  of  this  rule  is  extremely  plain,  for  if  any  quantity  be  iorohed 
to  a  power,  that  quantity  is  (not  only  equal  to,  but  is)  the  root  of  the  fowoi 
thus3  =  (^32=)V9i  j:=*V^5  y="Vy">^« 


'< 
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Thus,  2]^=^  X  ^  X  2—8.     Then  8  ^,  the  oJisioer. 

And ^lcl4=3 xxSxxSxxS a:=  81  x*,  and  81  a;* It,  the  ans, 

3.  Reduce  (tIt  to  the  form  of  the  square  root. 
Thus,  a4/ ^=a4=a4-.     Then  ^a^,  the  answer, 

4.  Reduce  a—x  to  the  form  of  the  square  root. 

Thus,  a — a)  2= a-  —2  ax-{-x^',  then  ^c^ — 2ar-far^,  the  ans, 

5.  Reduce  7  to  the  form  of  the  square  root,  and  \^a  to  the 
form  of  the  cube  root.     Ans.  ^49  and  ^  ^\a^, 

60.  To  put  tlie  coefficient  of  a  surd  under  the  radical  sign. 

Rule  1.  Reduce  the  coefficient  to  the  form  of  the  given  surd, 
by  the  preceding  rule. 

II.  Multiply  the  quantities  under  the  radical  sign  by  the  re- 
duced coefficient,  and  the  product  will  be  the  answer  ®. 

6.  Given  2  ^x,  in  order  to  put  the  coefficient  under  the  radi- 
cal sign. 

First  reducing  2  to  the  form  of  the  square  root,  we  have  2=  ^4, 
4hen  multiplying  x  by  4,  and  placing  the  common  radical  sign  over 
.the  product,  we  have  ^4xfur  the  answer, 

7-  Introduce  the  coefficients  of  S^^a  and  2^>/a— a?  under 
the  radical  sign. 

|.        Thus,  3=3x3x3^^=V27>  then  ^  ^27a,  the  answer, 

*         And  2=2x2x2x2x2  3-  =  ^ ^32  3    then  V^^.a— a:,   or 
^ ^3^2  a —S'-Zx,  the  answer. 


;   8.  Given  5y2,  Sa^  ^5x,  xy*^3,  and  «*^2H-:r-— z,  to  place 
ihe  coefficients  under  the  radical  sign.     Ans,  y'SO,  ^^ISSa^x, 

^Sx^y'^,  and  ^^a*x2+x-^z- 

61.   To  reduce  dissimilar  surds  to  equivalent  ones,  having  a 

common  index. 

•  Rule  I.  Reduce  the  indices  to  fractions  having  a  common 
nominator,  and  place  each  new  numerator  over  the  quantity 
which  it  belongs,  for  a  new  index. 


This  rule  is  equally  obvious  with  the  preceding;  for  it  is  evident  that  2  X 
lx=  \/4  X  ^/x=  \^4x,  as  in  the  6th  example,    lict  a:=9,  then  2/x/x«=  ^ 
^/9^  ^4  X  5)=  /v/36=6«2  X  3  ;  whence  2  Vj?=  ^4a:, 

I 


I 
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II.  Write  1  over  the  common  denominator,  and  place  this 
fraction  as  an  index  over  the  given  quantities,  with  their  new 
indices  5  if  those  quantities  are  numbers,  involve  them  to  the 
power  denoted  by  the  new  index,  over  which  place  the  said 
fraction  for  an  index  p. 

9.  Reduce  3)^  and  ^^^  to  equivalent  surds,  having  a  common 
index. 

Operation. 


o     c»     ^  ?•  new  numerators. 
3x3=9/ 


First  ^X4=:8 
3x3=9 

And  3  X  4=  1^2  common  denominator. 


Then  3*nA=3 x3  x3 x 3x3x3x3x ^|TV=656i)-rT  <mt. 
Also  29]tV=2 X 2x'2x ^X^X^xSx-^x 2)TV=512KV,fliu. 

EjrplauatioH, 
I  first  reduce  4-  ^^^  4  ^  ^  common  denominator,  I  place  the  nomerator  8 
over  the  quantity  3,  and  the  numerator  9  over  2 ;  then  putting  1  for  a  numm- 
tor  over  12, 1  place  this  fraction  over  3«  and  2*,  making 3*7tt  and  2^tt> 
I  then  involve  3  to  the  8th  power,  and  2  to  the  9th ;  orer  each  of  which  I  pot 
the  index  ^  for  the  answers. 

10.  Reduce  xr  and  y^  to  equal  surds,  having  a  cooimon 
index. 

First  I  x3=3  new  index  of  x, 

1x2=2 '. . ..  ofy. 

2x3=6  common  denominator. 
Wherefore c^^^  and^y^^  are  the  surds  required, 

11.  Reduce  "ir+y)^  and  x— y]-s^  to  a  common  index. 

Thus  1  x3=3  index  of  x-^-y, 

1x2=2 of  x—y. 

2x3=6  common  denominator. 

Therefore  (x+yplr=^'+^3^H-^M^^,  ans. 
And  {x — y)K=j:' — ^xy-^-y^v,  ans. 


P  The  reason  of  this  rule  will  appear  from  the  9th  example;  for  4.  and  4  re- 
duced to  a  common  denominator,  become  respectively  ^  and  ^^  wherelbre  3t 
becomes  3-rr  and  24  becomes  2i'7 :  but  3~rr  implies  the  12th  root  of  3  in  the 
8th  power,  or  JFl  rV  s=  656  i  I  tV  ;  and  2tV  implies  in  like  manner  2^HV" 
5l2^-rr>  as  in  the  example,  and  the  like  of  other  quantities  ;  wherelbre  the  rate 
is  manifest. 
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12.  Reduce  7^  and  St  to  a  common  index.  Ans.  1176491^ 
and  4096  T. 

13.  Reduce  xtj  y-r  and  rr  to  a  common  index.  Ans,  i^J-rr^ 
y*)"rr^  and  z^-rr. 

14.  Reduce  a»  and  6"  to  a  common  index.     Ans,  o^.ii  and 

15.  Reduce  a-^x]^  and  z^  to  a  common  index. 
Ans.  a*-f4a'j:4-6  a*x^+4ax^-j-a:-»)^  and  71  J-. 

62.   To  reduce  surds  to  equivalent  ones  having  a  given  index. 

Rule  I .  Divide  the  indices  of  the  surds  by  the  given  index, 
and  place  the  quotients  each  over  its  proper  quantity,  for  a  new 
index. 

II.  Over  the  given  quantities  with  their  new  indices/write 
the  given  index,  the  results  will  be  the  surds  required  •*. 

\    16.  Reduce  2^  and  3^  to  equal  surds,  having  the  common 

|l  index  7. 

Operation. 

^        1114       4^,.,^ 
First  ---s— --=--- x-r=-r=2  the  index  qf% 
2       4       2       12  -^ 

1114       4^.,,^ 
-^-^-^-—X—^—th^xndexofS. 


Then 


Wherefore  "^FV^^"^-^  and^.-i=8l4-lT>  are  the  quantities  re- 

'iquired. 

Explanation. 

^  1  first  divide  ^  and  4-  each  by  4,  and  the  quotients  are  2  and  4->  these  I 
place  as  new  indices  respectively  over  2  and  3,  and  over  these  the  given  index 
i4^  I  then  involve  2  to  the  square,  and  3  to  the  4th  power,  by  which  the  new 
Index  of  the  former  is  taken  away,  and  that  of  the  latter  reduced  to  4-  >  over 
!thc  results  I  place  the  given  index  \  for  the  suiswer. 

17.  Reduce  am  and  zq  to  equal  surds^  having  —  for  a  common 

Index. 

1       ^       1       5       «       .   ,       - 

= —  X  — = — =  index  of  a. 


m      s       m      r      mr 


^  Dividing  the  indices  is  equivalent  to  extracting  the  root  denoted  by  the 
i8or ;  and  placing  the  divisor  as  an  index  over  the  result  is  equivalent  to  in* 
^*Og  the  result  to  the  power  denoted  by  the  divisor :  wherefore  since  equal 
f^tion  and  involution  take  place,  the  value  of  the  given  quantity  is  not  al- 
"HI  by  the  transformation  effected  under  this  rule ;  this  is  evident  from  Ex. 
^here  2t  is  evidently  equal  to  4  //sp*  =  *  a/2^=*  *  a/ 2*  ="34,  and  3-ar 
"^  like  manner  evidently  equal  to  4  >v/3?t^  »  *  //8t"s=«  *  y^3i)Tai8I-f)^, 
^hich  is  sufficiently  plain  from  Art,  60,  ' 
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m 

1       r       1       «       *      .    ,       ^ 

= —  X  — = — = inaf  j:  of  z. 


n       8       n       r      nr 

•        T 


Wherefore  {a-^)^  and  (z^)Ti  ^he  answer. 

18.  Reduce  ^^  and  3i  to  equal  surds,  having  the  common 

index  — .     Ans.  51^  and  5TI  t- 
3 

19.  Reduce  x-\-y  and  S^r  to  equal  surds,  having  —  for  a  com- 

mon  index.     Ans.  j;'+2xy+y"k  and  sTli-- 

20.  Reduce  X",  y«n  awd  z'  to  equivalent  quantities,  having  i 
for  a  common  index,    -^w*.  xi*\ ,  y";;;:^^ ,  a/wi  2«/ . 

63.  To  reduce  surds  to  their  simplest  terms, 

RuLB  I.  Divide  the  given  surd  by  the  greatest  power  (of  the 
same  name  with  it)  that  will  divide  it  without  remainder,  and 
place  the  said  power  and  the  quotient,  with  the  sign  x  between 
them,  under  the  radical  sign. 

II.  Extract  the  root  of  the  fore- mentioned  power,  and  place 
its  root  before  the  said  quotient,  with  the  proper  radical  sign 
between  them '. 

21.  Reduce  ./32  to  its  simplest  terms. 

Operation. 


^/3'2=v'l^x  2=4^2,  the  answer. 

Explanation. 

Tlie  greatest  square  that  will  divide  32  is  16,  and  the  quotieot  is  2;  the  root 
of  IG  is  4,  therefore  4  ^2h  the  answer. 


'  In  this  rule  the  given  surd  is  resolved  into  two  factors,  one  of  which  is  t 
power  of  the  same  name  with  the  surd. 

Now  it  is  evidently  the  same  thing  to  multiply  the  remaining  factor  bythi* 
power,  both  being  under  the  radical  sign,  or  to  multiply  the  f&ctor  under  tit 
ugn  by  the  root  of  the  power  not  under  the  sign;  thus,  Ex.  21.  V^^  * 
evidently  equal  to  ^ \G  x  2= -/tG  >f  \/2,  but  v'l6=4,  wherefore  V^^X 
.v/2=4  X  /v/^=4v^2,  as  in  the  example;  wherefore,  the  transformatioii 
which  tekes  place  under  this  rule  does  not  alter  the  value  of  the  given  siiH, 
which  was  to  be  shewn. 
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22.  Reduce  5^108  jr*y*  to  its  simplest  terms. 

^  ^lOS x*y^=:^  ^27  c^y^  X  4 xy'  =3  ay^  ^4 xy\  Ans. 

23.  Reduce  ^8  37^—12  x*y  to  its  simplest  terms. 


^8073— 12x»y=^4a:*  x2j:— 3y=2xv^x-3y.  Am. 

24.  Reduce  ^50  to  its  simplest  terras.  ^Am,  5  ^2. 

25.  Reduce  ^4  to  its  simplest  terms.  Ans,  2^6. 

26.  Reduce  ^  ^4a^xy^  and  3'*^16x^  to  their  simplest  terms. 

Am,  ay^  ^4  xy  and  12  r*  ^x, 

3 

27.  Reduce  Sx^— jr»y-f 32ir»2-|T  and  --^^lOOOx''  to  their 

5 

simplest  terms.     Ans,  x* ^3 . j: — y  4- 32  z '  and  6x*  ^  ^x. 

64.  To  reduce  a  fractional  surd  to  its  equivalent  integral  one. 

Rule  I.  Multiply  the  numerator  under  the  radical  sign  by 
that  power  of  its  denominator,  whose  index  is  1  less  than  the 
index  of  the  surd. 

II.  Take  the  denominator  away  from  under  the  radical  sign, 
and  divide  the  coefficient  by  it,  and  the  surd  part  will  be  an 
integral  quantity,  which  must  be  reduced  to  its  simplest  terms 
by  the  foregoing  rule  '. 


■  To  prove  the  truth  of  this  rule,  let  a  ^    /—  be  a  given  surd,  of  which  it  i» 

^  c 

b 
required  to  reduce  the  radical  part  ^  ^ —  to  an  integer,  without  altering  the 

c 

Tldue  of  the  given  quantity.    Now  it  is  evident,  that  if  both  terms  of  a  fraction 

.  be  multiplied  by  the  same  quantity,  (let  that  quantity  be  whatever  it  may,)  the 

value  of  the  fraction  is  not  altered ;  wherefore  kt  both  terms  of  the  given  surd 

ic»  ^ 

•    be  multiplied  by  c^,  and  it  wiU  become  a^  V™  y  ^^^  the  denominator  c^  is 

*'  ft  ccHuplete  power  of  the  same  denomination  with  the  surd,  and  therefore 
;.  (Art.  63.)  it  may  be  taken  away,  provided  its  root  c  be  made  the  divisor  of  the 
<  eocfficieot  irf  (for  dividing  by  c  is  the  same  as  dividing  by  3  ^cs  ;  and  divid- 
ing either  one  factory  the  other  factor,  or  the  product,  by  the  same  or  equal 
quantities,  produces  in  each  case  the  same  result ;)  wherefore  the  given  surd 

b  bdi  a 

m*  v^  —  becomes  successively  a*  V""!  ^°^  "T"^  ^bc^  i  in  the  latter  of  which 

i  a 

\   Hbt  turd  part  is  reduced  to  an  integer,  and  the  whole  —   y^bc^  is  of  the  same 

\ 

^.   value  with  the  given  turd  a^  V — >  which  was  to  be  shewn. 
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2  1 

28.  Reduce  the  radical  part  of  —  ^—  to  a  whole  number. 

3  3 

First,  the  numerator  1  being  multiplied  by  its  denominator  3, 

produces  3  for  tlie  surd ;  then,  dividing  the  coefficient  -r-  fcjf  3, 

o 

2  •  2 

the  quotient  is  —  j  where/ore —  ^3  is  tlie  answer. 

3       4 

29.  Reduce  the  radical  part  of — ^ —  to  a  whole  number. 

^  4^5 


Multiplying  the  numerator  4  by  5,  gives  20  for  the  surd-,  thet 

3^ 
20 


3  3 

dividing  the  coefficient  —  also  by  5,  gives  —  for  the  coefficient; 


3 

uhence  —  ^20  is  the  surd,  which  reduced  to  its  simplest  term 

^'^^'  20^^^~20^^^^'^20^''^^10^^-^^''  '^^  ^^^^' 

2a 

30.  Reduce  '  ^ —  to  an  integral  surd. 

Multiply  2  a  by  (the  square  of  5x  or)25x^ ,  and  the  product 
50flu?'  will  be  the  surd  part ;  then  divide  the  coefficient  1  {under- 

stood)  by  5x,  and  the  quotient  -—  is  tlie  coefficient:  vsherejm 

—  ^  yJhOax^  is  the  answer, 

50  3 

31.  Reduce  ^ — ;^  and^^ — to  equivalent  surds,  having  the 

5  1 

radical  parts  whole  numbers.     Ans.  —  ^6  and  — ^  ^6. 

3  12  a?  2:' 

32.  Reduce  the  radical  parts  of  4  v — >  ^  aZ-t— :>  and3  Vrj 

7  13  a*  /  jr 

4  1  3 

to  integers.     Ans.  —  V21>  rrr^^  ^^028 a'^x,  and  —  * ^GSSz'i 
°  7  13a^  ^  7y 

32  2  150 

33.  Reduce  the  radical  parts  of  ^  ^— — ;•  and  ^ — -  to  whole 

*^  ^  250a-  ^  441 

2  5 

numbers .     Ans.  — -^  ^2  xz  and  — -  ^6. 

5.r  21 


G5.  ADDITION  OF  SURDS. 
Rule  I.  Reduce  the  quantities  to  a  common  index,  tbe 
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ictions  to  a  common  denominator^  (Art.  180.  Part  I.)  and  the 
rds  to  their  simplest  terms^  Art.  63. 

II.  If  the  surd  part  be  alike  in  all  the  quantities,  add  the 
efficients  together^  and  to  their  sum  subjoin  the  common 
rd. 

III.  If  the  surd  parts  be  unlike,  the  quantities  cannot  be 
ded,  otherwise  than  by  connecting  them  together  by  means 

their  signs  ^ 

Examples. 
I,  Add  ^8  and  v'lS  together. 

These  reduced  to  their  simplest  terms,  are, 

V'18=vi^X  2=3^2 
And  by  adding  ...  5  ^2  the  sum  required, 

%  Add  3  ^24  a,  ^  ^192  a,  and  ^^Sla  together. 

Thus  ^^^4  fl=3^  8x3a=2V3a. 
3  ^192  ct=3  ^64x3a=4^  ^3  a. 
V  81a=V27x3a=3V3a. 

Their  sum  9^  ^3  a  the  answer* 

11  8 

3.  Add  ^  — ,  ^—,  and  ^—  together. 

These  reduced  first  to  a  common  denominator,  and  then  to  their 
^lest  terms,  become 

'  1  _      54  _       9X6_  3      ;^_  1 

^3""  ^l62~  ^iu^^  9"^       3  ^^• 

i.—      ?!.-.       9x3_3      £^ 
'^6  ""^I62'"'^81x2""9  "^2* 


8  _      48  _     16x3_4      ^ 
^27""  ^162"" '^Sl  X  2""  9  ^  2  • 


TAcir  ««m  y  a/ 2"+ y  >v/3=l8^^^+ 


-»«T" 


lis  rule  is  sufficiently  plain,  without  any  further  iilustration  than  what  h 
oed  in  the  notes  on  addition  of  rational  quantities^  Art.  36.  to  40. 


pOh.  I.  B  d 

,    I 

i 


i 
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4.  Add  j^  and  ^32  together.    Sum  6^. 

6.  Add  ^4x*zand  ^16  a:* 2  together.     SumSx^z. 

6.  Add  5  ^32,  3  VS^^^  and  2'  ^4  together.     iStfw  9'  ^4. 

7.  Add  VS^'y'  2ui<i  '  v^^^'y^  together.  Sum  2x'  ^y"  + 
2x5  v2y'. 

8.  Add  3^64^*^-320*^2'  and  2*^64  a*«— 32  a^z»  tc^ether. 

Sttm  lOa^v^z— az". 

9.  Add  2*v'A  3*^x',  and  4* v'^  together.  Sum  2x>/iH 
3*v'^^+4x*v'^. 

20  5  7 

10.  Find  the  sum  of  ^—  and  ^— .    5ttwi  7^>v/15. 

2/  1^  lo 

66.  SUBTRACTION  OF  SURDS. 

Rule  I.  Prepare  the  quantities  (if  they  require  it)  as  io 
addition. 

11.  Consider  which  surd  is  to  be  subtracted,  and,  if  both  surd 
parts  are  alike,  subtract  its  coefficient  from  the  coefficient  of 
the  other,  subjoining  the  common  surd  to  the  remainder. 

III.  But  if  after  the  necessary  reduction  the  surd  parts  are 
unlike,  change  the  sign  of  the  quantity  to  be  subtracted,  and 
then  connect  it  with  the  other  quantity  «. 

Examples. 

1.  From  3  ^^28  take  ^^63. 

These  reduced  to  their  simplest  terms,  are, 

3  ^28=3^4x7=3  x  2^/7=6  ^7 
and  ^63=    ^9  X  7=^3  ^7 

th^ir  differenc€:=:S  ^7  the  Answer. 

2.  From  4'  ^IStSa*  take  2»  J\6a* 


Thus  4'  ^128a*=4^  ^64a»x2asal6a'  ^  a 
^'^16   a*=2*^  8a»x2ass:  4a^^a 


Diff.  12  a^^  a  Ans. 


2  27 
3.  From  ^  -  subtract  ^-~> 

3  50 


•  Subtraction  of  surds  evidently  depends  on  the  same  principles  with  «ih> 
traction  of  rational  quantities,  as  will  readily  appear  from  a  bare  conlciapbtMt 
ttf  the  rule. 
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First  reducing  these  to  a  common  denominator, 
A/ir=  Vt77,'  cind  V— =  ^ 


150  ^50     ^  150 

Then  to  their  simplest  tefms, 


100_      10()xl_10      1  .       SA_     81x1  _  9       1 

^150~^"253^~T^6"''"''^  ^150~^2576""5"^T 

Then    by  subtracting  -—^^ --^— -=  — ^— j  xthich   bit 

5        0        5        6        5        6 

making  the  surd  part  a  whole  numher,  becomes ./I  x6=— »■ 

.  5x6^  30 

^6^  </ie  answer, 

4.  From  ^50  take  ^18.     Diff.  2^2. 

5.  From  3^175  take  2^28.     Diff,  11  ^7. 

6.  From  ^  ^2500^'  take  ^  ^16a^jr.     Di/f.  3  a'  ^2  J. 

7.  From  ^Satake  ^8 a".     Di/.  2^^0—2 a ^2. 

8.  From  ^  ^f  take  ^  ^^.     D^J.  L  a  ^is. 

9.  From  3^  ^189 a; * 2/  + 27 j:-*   take  4^  ^56jc^yT8^.    Di/. 

67.  MULTIPLICATION  OF  SURDS. 

Rule  I.  Reduce  the  surds  to  the  same  index^  (if  they  require 
it,)  by  Alt.  61.  then  multiply  the  coefficients  together  for  the 
rational  part  of  the  product. 

II.  Multiply  the  surd  parts  together,  and  having  placed  the 
radical  sign  over  the  product,  subjoin  it  to  the  former  product; 
and  reduce  the  surd  to  its  simplest  terms  *.  Art.  63. 

Examples. 

1.  Multiply  4^2  by  5^8. 

Thus  4x5=20,  the  coefficient,  and  v^2x  v^8=j^16,  the 


X  To  shew  that  this  mode  of  operation  agrees  with  known  principles,  let 
example  1  be  proposed,  where  4^^  i^  ^  ^^  multiplied  by  5/^8;  let  the 

*  coefficients  be  put  under  the  radical  sign,  (Art.  60.)  and  these  quantities  be  - 
-    «ome  >/32  and  ^200;  wherefore  >v/32  X  ^200=  ./6400=80,  as  in  the 

■■  example.  Again^  ex.  2,  where  5  /v/6  is  to  be  multiplied  by  4  Vs,  proceeding  as 

•  before,  we  have  >/150  X  >n/48=  v7200=  V3<5oOX2  (Art.  63.)=60>/2,  M 
.  ia  the  example^  and  the  like  may  be  shewn  in  aU  other  cases. 

D  d« 
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iurd  part  .'therefore  30^16,  or  SlO>/4  x  4=20  x  4=80,  <Af 
aruwer.  • 

%  Multiply  h  ^6  hy  4^3. 


Thus    5^6x4v'3=20Vl3=20^9x  2=20X3^2=60 
^2,  the  product, 

2       5  3       1 

3.  Multiply  --  ^-^  and  ~V^  together. 

2       3        1 

T^i»  —  X  -— =—  <^e  ra^iowaZ  par^* 

And  ^~  X  V~=  v'tt  *^  *«**^  /'«'**• 
7  2  14 

ft  1 

7%e»  ^ —  reduced  to  an  integral  surd  is  — v'^O. 

Whfrefore  -^  X  —  ^70  w  —  ^70,  </iC  product  required* 

4.  Multiply  2+v3«and3— V^y  together. 

Thus  ^+^3  a 

3— v^y 

6+3  v^3a— 2  >^2  y—  v^6  ay,  iAe  product 

5.  Multiply  a:-f-^-3-  and  j?-f  yj-r  together. 

T/ie«e  reduced  to  a  common  indexy  become 


^4-yU=^+2/|«^=(^+5f)MKa»<ii+y4-==a:-fy-»==(a:4-y)*:i. 
Wherefore  (x+y)']^  x  (iTyF)i=  (^+yF)  ^= 
a;*-f  5a:*y+10j;*y''+10a?''y*-h5xy*-f^*l^>  the  product  requlrd 

6.  Multiptf  2  v^8  by  3  ^6.     Prod.  24  ^^3. 

7.  Multiply  v'^x  2  ^3,  and  3  ^5  together.     Procf.  6^- 

8.  Multiply  2^  V^'  and  4^  ^a'y  together.     Prod.  SaV*^' 

9.  Multiply  x^  and  x-^  together.     Prod,  x*  ^x. 

2  115  1 

10.  Multiply  ---^—  and  —  V—  together.     Prod.  —^15- 

3  >»  .«        o  lo 

11.  Multiply  a-f  >/2  and  a—  ^2  together.     Prod,  a'  — z. 

68.  DIVISION  OF  SURDS. 

Rule.  Reduce  the  surds  to  the  same  index^  (Art.  61.)  if  tb«f 
require  it^  then  divide  the  rational  parts  by  the  rational  afl^ 
the  surd  by  the  surd;  the  former  quotient  annexed  to  theliUff 
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'Will  be  the  quotient^  which  raust  be  reduced  to  its  simplest 
terms  as  beforay. 

^   Examples. 

1.  Divide  20^21  by  4./3. 

20 
Thus  — =5  the  rational  part  of  the  quotient. 

And  ^ —  =  ^t  the  surd  part. 

Wherefore  5  ^7  is  the  quotient  required, 
^,  Divide  12*  ^48  by  6^  ^, 


Thus 


12V48_ 


^3^  =2^  V^4=2*  y'8x3=4V3^  ^^  quotient. 


3.Divide|.v|-by|v|. 

2       12       2       4 
Thus  ——3-—=-—  X  — =-—  the  rational  pari, 

,    ,  ,      3  2  3  3  9     ,  . 

And  ^  Vt""^  '*  Vt"=  '*  ^T  X  *  '/"TT  =  *  V^  *^  «"^^  V^^^- 
4  o  4  2  o 


2 


•  V256X  18=---*  Vl®=T*  Vl^>  *^^  9Uotient  required. 

G  3 

*■ 

/4.  Divide  x'-'X^Zj^zhy  x-'X^z, 

^  x^x^z)x'--x'z^z(X'\-x^z+xz.     Quotient, 

x'  ^  z—x'z 


x'z—x'z^z 

X^Z-'X^Z^Z 


y  Division  being  the  converse  of  multiplication,  ^ts  method  of  operation, 
licb  is  manifestly  the  converse  of  that  of  multiplication,  must  needs  be  true ; 
it  may  likewise  be  shewn  to  be  so  in  a  similar  manner  to  that  employed  in 
preceding  note:  thus  ex.  1.  where  30/^^21  is  required  to  be  divided  by 
^3  ;    putting  the  coefficients  of  both  under  the  radical  sign,  (Art.  60.)  and 


V'8400 


I 

i 


liDg    the  former  by  the   latter,   we  have — 773- =  ^/ITS-sy^gSX  7 

63.)  "=5  >v/7,  as  in  the  example  referred  to;  and  the  same  may  be  shewa 
told  true  io  all  other  cases. 

Dd3 
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5.  Divide  12  ^15  by  4^3.     Quot.  3  ^5. 

6.  Divide  30  v'  10  by  5  ^5.     Quot.  6  ^2. 

7.  Divide  » ^35  a'fe'  by  *  v7'«.     Q"^*-  ^  V^  «6'- 

8.  Divide  3  ^8  by  2  v^.     Qmo#.  3. 

9.Dividei-v^by|.vi-.     Q«o^  ^^30. 

10.  Divide  x^  by  x^.     Quot,  — ^. 

11.  Divide  16—  *  ^^  by  4+  ^  ^3.     Qmo^.  4— '  ^3. 

69.  INVOLUTION  OF  SURDS. 

Rule  I.  Involve  the  coefficient  to  the  power  required,  for  the 
rational  part  of  the  power,  (Art.  265  to  267.  Part  I.) 

II.  Multiply  the  index  of  the  surd  by  the  index  of  the  power 
to  which  it  is  to  be  raised^  and  the  product  will  be  the  surd 
part. 

III.  Annex  the  rational  part  of  the  power  to  the  surd  part, 
and  the  result  wiU  be  the  power  required  *. 

Examples. 

1.  Involve  2'  j^x  to  the  fourth  power. 

Thus  2l*  =2  X  2  X  2  X  2= 16  </<c  rational  part. 

Andxl)'^=:x^^  *=arT=3^a?*  =  3^a:^  XJr=a?*  ^x  theswi 
part. 

Whence  16  x  i:*  >v/a?=  16  a?  ^  ^x,  the  power  required. 

2 

2.  Involve  —  ^5  to  the  third  power. 

o 


Thus  — 
3 


8     , 
= —  the  rational  part. 
27  ^ 


^nd  ■^^=5^X '=54=5^•3■=i25l4-=25l<5)i=5v5 /or 
the  surd  part, 

^FTience— -x5^6=-~v^5=l--;  ^6,  the  answer. 

27  27  27 


<  This  rule  Is  founded  on  the  same  principles  with  involution  of  ratioiul 
«|ttantities>  (Art.  52.)  and  multiplication  of  sufds.  Art.  67, 
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8.  Involve  3 a?  —  4y  ./z  to  the  square. 

Thus 3 X  —  4y  ,/z 
3'x  —  4y   ^z 

—  l^xy^z  +  lGy'z 
9 x' --24 xy ^z-\'  \6  y" z  the  square  required. 

4.  Involve  2«  ^2  and  3  ^3  a:  each  to  the  square. 
j/ins,  4*^4  and  27^. 

5.  Involve  -r- V' —  ^>^<^  — *  V —  ^^wih  to  the  cube.     Answer 

— -  a/2  ana  — . 
108  ^  64 

2  4 

6.  Involve  — *  ^jc  and  4*  j^a  to  the  square.    Answer  — *  ^x* 

and  16^  ^a. 

7.  Involve  1+  ^3  to  the  cube,  and  -T-*y/a'  to  the  fourth 

,  1 
power.    Ans.  10+6^3  and  —  a^ 

70.  EVOLUTION  OF  SURDS. 

Rule  I.  Eictract  the  required  root  of  the  rational  part  for 
the  coefficient. 
i         II.  Multiply  the  index  of  the  surd  into  the  (fractional)  index 
of  the  root  to  be  extracted^  for  the  index  of  the  surd  part. 

III.  Annex    the  rational    part  to  the  surd   for   the  root 
required '. 

Examples. 

1.  Extract  the  square  root  of  16 » ^9. 
Thus   ^16=4  the  rational  part,  and  9"i*^"3-i5:9T  the  surd 

part ;  whence  4*  ^9  is  the  answer. 

2.  Required  the  fourth  root  of  81  a'y^z. 
Thus  *^81=3,  and  *  ^a*y^z=:c^yTzi^aiy^zT. 


.3       3      » 


Wherefore  3  arryirzT  is  the  answer. 


•  This  rule  depends  on  the  same   foundation  with  erolution  of  rationi^ 
"•  qaantities,  Art.  56. 
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3.  Required  the  square  root  of  1— 2  ^'2+2  ? 
Thus  1—2^2+2  (1— V2  the  root. 


2->/2)— 2^2+2 
--2^2  +  2 

4.  Extract  the  square  root  of  Q^^/S  and  of  -3-a'.       ^ooU 

2T       3 

5.  Required  the  cube  root  of  a*  ^3  and  of  — ^^^ — .     Eoofi 

3        3 

a'  ^a  X  3ir  and  — »  ^ — . 

6.  Required  the  square  root  of  a: '  -^  2  x  ^jj  4-  y  ?    Root  x—  ^y. 


EQUATIONS. 

71.  An  algebraic  equation**  is  an  expression  whereby  two 
quantities  (either  simple  or  compound)  are  declared  equdi  to 
each  other,  by  means  of  the  sign  =  of  equality  placed  between 
them. 

72.  In  equations  consisting  of  knoton  and  unknown  quantities, 
when  the  unknown  quantity  is  in  the  Jlrst  power  only,  the  ex- 
pression is  called  a  simple  equation ;  when  it  is  in  the  second 
power  only,  it  is  named  a  pure  quadratic  3  when  in  the  third 
power  only,  a  pure  cubic,  &c.  But  when  the  unknown  quantity 
consists  of  two  or  more  different  powers  in  the  same  equation, 
it  is  then  named  an  adjected  equation, 

73.  REDUCTION  OF  SIMPLE  EQUATIONS,  INVOLV- 
ING  ONE  UNKNOWN  QUANTITY  ONLY. 

The  business  of  equations  is  to  find  the  value  of  the  unknown 
quantities  concerned  in  the  equation,  by  means  of  those  that  are 
known  5  this  process  is  called  Reduction,  and  its  operations  are 
founded  on  the  following  self-evident  principles:  namely,  if 
equals  be  added  to,  subtracted  from,  multiplied  into,  or  divided 
by  equals,  the  results  will  respectively  be  equal. 

i 

^  The  word  Equation  is  derived  from  the  Latin  eequtis,  equal. 
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The  reduction  of  an  equation  consists  in  managing  its  terms 
%o  that  the  unknown  quantity  may^  at  the  end  of  the  process, 
^tand  alone  and  in  its  first  power>  on  one  side  of  the  sign  =,  and 
jLnown  quantities  only  on  the  other :  when  this  is  effected^  the 
Imsiness  is  done  -,  for  the  value  of  the  unknown  quantity  is  found, 
it  being  equal  to  the  aggregate  of  the  known  quantities  incor- 
porated together^  according  to  the  import  of  their  signs. 

74.  To  transpose  the  terms  of  an  equation^  that  is,  to  remove 
them  from  one  side  of  the  sign  =  of  equality  to  the  other. 

HuLE.  Make  a  new  equation^  in  which  place  the  quantity  to 
be  transposed  on  the  opposite  side  of  the  sign  =^  to  that  on 
vhich  it  stood  in  the  preceding  equation^  observing  to  change 
its  sign  from  +  to  — ,  or  from  —  to  +  5  and  let  the  rest  of  tht 
^piantities  stand  as  in  the  preceding  equation  ''. 

Examples. 
1.  Given  4+5— 2=:6-|r3-f  7—9,  to  transpose  the  terms. 

Operation. 

1st  step.  To  transpose— 2.  ii^M*  44-5=6+34-7— 9+^. 

2nd  step.  To  transpose.-}- 5. . .  .  4=6+34-7—9+2—5. 

3rd  step.  To  transpose  +  6 4—6=3  +  7—9  +  2—6. 

4th  ^tep.  To  transpose+3 4—6—3=7—9+2—5. 

5th  step.  To  transpose +7.  ...  4— 6— 3—7=— 9  +  2— 5. 

.:    6th  step.  To  transpose— 9. .  .  .  4— 6— 3— 7+9=s2r-5. 

r'    7th  step.  To  transpose+2 4— 6—3—7+9—2=— 5. 

>    8th  step.  To  transpose— 5.  .  .  .  4—6—3—7+9—2  +  5=0. 


«M> 


«  This  rule  is  founded  on  the  following  self-evident  principle;   namely, 

V*  If  equals  be  added  to  equals,  the  sums  will  be  equal  ;**  for  transposition  is 

^either  more  nor  less  than  adding  equals  to  equals  :  thus  in  ex.  1.  there  is  givea 

^'                                                  4  +  5-.2=6  +  3  +  7— 9 
tf        Add  to  both  sides +2= +2 

^  the  sum  is 4  +  5=6  +  3+7 — 9  +  2>asin  the  second  step. 

k       ,Ag^i^9  add  to  both  sides  ..—5= — 5 

»*;  the  sum  is 4      =6+3  +  7 — 9  +  2— 5> as  in  the  third  step. 

V,       Again,  add  to  both  sides      .-,6^  -*6 

%he  sum  is 4~*b'=3  +  7 — 9  +  2— 5,  as  in  the  fourth  step. 

so  on  throughout  the  operation :  whence  it  appears,  that  transposition  is 
livaient  to  adding  tbequaptity  to  be  transposed,  with  a  contrary  sign,  to  both 

of  the  equation  ;  and  consequently  that  the  quantities  resulting  from  this 
liticm  sire  equal. 


f 


* 
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Explanation, 

In  the  first  step  we  obsenre  that  the— 2,  being  traoepotedy  beccmefl  -|-2 ;  ia 
the  second  step  ^  b,  being  transposed,  becomes  —  5,  &c..  it  must  be  likewise 
observed,  that  transposing  does  not  afiTect  the  equality  ;  the  quantities  on  one 
side  the  a  being  equal  to  those  on  the  other,  as  well  after  trantposingy  as  belDre: 
thus,  in  the  given  equation^  the  aggregate  of  the  numbers  on  each  side  the  ^ 
is  7  ;  in  the  first  step  it  is  9>  in  the  second  4,  in  the  third  ~  2,  in  the  fimrtk 
--—5,  in  the  fifth— 12,  in  the  sixth  --3,  in  the  seventh  — &,  and  in  the  eigfatb  0 
nothing ;  in  every  step  the  sum  of  the  numbers  on  one  side  the  =  »  incorpontcd 
together  according  to  their  signs^  is  equal  to  that  of  the  numbers  so  inoorpe> 
tated  on  the  other. 

75.  When  several  quantities  are  to  be  transposed,  it  is  not 
necessary  to  take  them  one  at  a  time,  as  in  the  foregoing  opera- 
tion; they  may  be  transposed  all  together^  observing  to  change 
the  sign  of  each  of  them. 

5.  Given  a4-6— c=(i,  to  transpose  6— c  *. 
Thus  a=:d— 6-f  c,  the  answer. 

3.  Given  a:=6— z-f  y— 4,  to  transpose  — z+y— 4. 

Thus  07  -f  z— y  -f  4=  b,  the  answer, 

4.  Given  a-ffe— c=3— y,  to  transpose  +&— c  and— 2^. 

Thus,  to  transpose -{^b-^c  ....  a=3— y— 6-f-c. 
And  to  transpose  '^y  ....  a-f  y=3— 6-f  c. 

76.  The  unknown  quantity  in  an  equation  being  connected  with 
known  ones  by  the  sign  +  or  —  ^  to  find  its  vcUue. 

Rule.  Transpose  all  the  known  quantities  which  are  cod- 
nected  with  the  unknown  one^  and  (Art.  75.)  collect  them  together 
into  oncy  according  to  their  signs  3  the  result  wiU  be  the  vabe 
of  the  unknown  quantity  \ 

d  This  operation  (as  was  observed  in  the  preceding  note)  is  equivaleit  ti 

adding  —  d  +  c  to  both  sides :  thus  to  the  given  equation 

a^b^c^d 
add    —^-l-c^r    — *-fg 

the  sum  is  a    =s     d'-b-^c^thttst' 

Again,  in  ex.  3.  to  the  given  equation  x  —  ^_«  ^y_4 

add  +2-y-f4«-|-,-3r+4 

the 'sum  is  jp-|-z— y+4ss* 

and  the  same  of  other  examples. 

c  In  the  foregoing  rules  we  are  tangbt  how  transposition  is  performed,  Iki* 
we  learn  Us  ohject;  namely,  to  get  the  unknown  quantity  by  itself  on  onesidt^ 
the  equation.  In  the  operation  of  ex.  5.  we  have  x=4 — 1+2—3;  ns* 
4^1  .^2^3  equals  6—4,  and  6-^4  equals  2,  therefore  x  equals  2,  bccaost 
<<  .things  that  are  equal  to  the  same  are  evidently  equal  to  one  another." 
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5.  Given  a?+ 1—2+3=4,  to  find  the  value  of  a?. 

Operation. 
a:=:4^  1  +  2^3=6— 4=2.  Answer, 

JEsplanation, 

Having  transposed  +  1—2+3,  they  become  on  the  opposite  side — 1  +  2—3  ; 
-whence  x=4— 1  +  2— 3,  where +  4  and +  2  added  together  give+O,  and— 1 
and— 3  give— 4 :  whence  6— 4,  or  2^  is  the  answer,  or  value  of  je, 

6.  •Given  a:— 1—8+2=3,  to  find  the  value  ofx. 
Thus,  by  transposing-' I  S-i- 2 1  we  have 

x=3+  1  +  8— 2=10,  the  answer  '. 

7.  Given  ar+5=6,  to  find  x,    Ans.  ^7=1. 

8.  Given  x— 5=6,  to  find  x.     Am.  a7=ll. 

9.  Given  jc+  1  —2=3,  to  find  x.    Ans.  j?=4. 
10.  Given  j?-«-8+7— 6=5,  to  find  x,     Ans.  a:=12. 

77*  When  the  unknown  quantity  is  negative. 

HuLB.  Transpose  the  unknown  quantity,  and  proceed  as  be- 
fore 5  or  if,  after  the  known  quantities  are  transposed,  the  un- 
known one  be  negative,  change  the  signs  of  all  the  terms  of  the 
equation  '. 


<*  To  prove  that  the  number  found  by  the  operation  is  really  the  value  of 
the  unknown  quantity,  and  that  no  other  number  can  possibly  be  its  value, 
ibis  is  the  rule. 

Substitute  the  value  found  instead  of  the  unknown  quantity  in  the  equation 
proposed,  and  if  by  the  adding,  subtracting,  &c.of  the  other  quantities  connect- 
ed, according  to  the  import  of  their  signs,  the  result  come  out  the  same  as  the 
given  one,  the  number  found  is  the  value  of  the  unknown  quantity  :  thus,  ex.  6. 
If  the  number  found,  viz.  10,  be  substituted  instead  of  x  in  the  given  equa- 
tion JT— I— 8-»-2=3,  it  will  become  10—1—8  +  2=3.  Also  ex.  7.  If  1  be 
substituted  for  or,  the  given  equation  becomes  1+5—6;  and  it  may  be  re- 
marked, that  if  any  number  greater  or  less  than  the  proper  answer  be  sub- 
stituted, it  will  givje  a  result  different  from  that  prbposed  in  the  equation, 
and  consequently  shew  that  the  number  substituted  is  not  the  true  answer. 
See  note  *  at  the  bottom  of  the  following  page, 

B  It  is  usual  to  retain  the  unknown  quantity  on  the  left  side  of  the  equa- 
tion, and  to  transpose  all  the  known  quantities  to  the  right ;  and  then,  if  the 
unknown  quantity  happen  to  be  negative,  the  sign  of  every  term  of  the  equa- 
tion is  to  be  changed,  in  order  to  make  it  affirmative. 

This  change  of  signs  is  equivalent  to  transposii^  all  the  terms  of  the  equa* 
tion,  and  therefore  depends  on  the  same  reaMiw  as  Art.  74.     Otlierwise, 
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11.  Given  6=14—*,  to  find  the  value  of*. 
Thus,  by  transposing -^x 6+a:=14. 

And  by  transposing  -f  6 jr=14-*6=;8>  the  ans. 

Or,  by  changing  the  signs  of  all  the  terms  of  the  given  equalmt 
we  shall  have-^6:=  — 14 + x ;  whence  transposing — 14^  we  have  —6 
^  14=x,  or  8=r,  as  before, 

12.  Given  4=5— x,  to  find  x.     Ans,  x=:l. 

13.  Given  2— x=3,  to  find  x.    Ans,  x= — 1. 

14.  Given  10— x=ll — 5,  to  find  x.     Ans,  x=4. 

78.  When  the  unknown  quantity  has  a  coefficient  or  multipHer, 

Rule  1.  Transpose  all  the  known  quantities  to  the  opposite 
tide>  and  collect  them  together  as  in  the  former  rules. 

II.  Take  away  the  coefficient  from  the  unknown  quantity,  and 
divide  the  sum  of  the  known  ones  by  it ;  the  quotient  will  be  the 
value  of  the  unknown  quantity  ^. 

15.  Given  3x — 6=9,  to  find  the  value  of  x. 
By  transposing^^  we  have  3x=(9  +  6=)  15. 

Now,  by  taking  away  the  coefficient  3,  and  dividing  15  ly  t7| 

15 
we  have  x=  (—=)  5  i,  the  answer  required. 


When  the  unknown  quantity  is  found  in  two  terms,  and  on  opposite  sides  of 
the  equation,  if  you  would  make  the  unknown  quantity  affirmatiTe,  obsem, 
that, 

1.  When  both  terms  containing  the  unknown  quantity  are  afiBrmatire, /A? 
least  must  he  transposed. 

2.  When  both  terms  are  negative,  the  greatest  must  be^ransposed. 

3.  When  one  term  is  affirmative,  and  the  other  negative,  the  negative  ter» 
must  be  -transposed. 

^  ''  If  equals  be  divided  by  equals,  the  quotients  will  be  equal  ;**  this  selP 
evident  truth  is  the  foundation  of  the  rule ;  for  t^ing  away  the  coefficieot 
from  the  unknown  quantity,  is  the  same  as  dividing  the  term  which  coo- 
tains  it,  by  that  coefficient ;  wherefore,  taking  away  the  said  coefficient,  and 
dividing  the  rest  of  the  equation  by  it,  is  dividing  equals  by  the  seme;  conse* 
quently  the  results  will  be  equal. 

^  Proof  of  ex.  15.    It  is  affirmed,  that  x—h 

for  then  S  or— 3  X  5=  15 

and  3  ;r— 6=  15—  6  =s9>  as  in  the  exsqnple.    If  any  nom- 
ber  less  than  5  be  put  for  x,  suppose  4,  then  the  result  will  be  3  x  4— 6=b' 


I 


Part  III.  SIMPLE  EQUATIONS.  413 

16.  Given4y  +  5— 6=7,  tofindt/. 

By  transposing -\' 6—6,  we  have  4y=  (7— 5  +  6=)  8. 

g 

By  dwiding  by  4,  we  have  y=( — =)  2  \  the  answer, 

4 

17.  Given  2a?-|- 10=12,  to  find  x,    Jns.  a?=l. 

18.  Given  4x4-9=21,  to  find  x,     Ans,  a;=3. 

19.  Given  12  z— 3=8,  to  find  z.    Ans,  2= — . 

12 

3 

20.  Given  5  y— 6+4=11,  to  find  y.    Ans,  y=:2— . 

5 

21.  Given  21  a?+22=50,  to  find  x,    Ans.  a:=rl— . 

3 

79.  When  the  unknown  quantity  has  a  divisor. 
Rule  I.  Transpose  all  the  known  quantities  to  the  opposite 

tide,  and  collect  them  together  as  before. 

II.  Take  away  the   divisor,  and  multiply  the  sum  of  the 

known  quantities  by  it  5  the  product  will  be  the  value  of  the 

unknown  quantity  *. 

X 

22.  Given  —+4—5=7^  to  find  the  value  of  a;. 

X 

By  transposing -\'4-S,  w€get-—=z  (7—44-5=)  8. 

Then  taking  away  the  divisor  3,  and  multiplying  8  by  it,  vse 
shall  have  x=  (3  x  8=)  24,  the  answer  *. 


—6—6,  too  little.    Let  a  greater  number,  as  6,  be  proposed ;  then  3  x  6— &» 

,'-     18 -~ 6  =s  12,  too  much:  for  the  result  proposed  is  9;  wherefore  neither  4  nor 

i    6  can  equal  x,  since  one  gives  a  result  too  little,  and  the  other  too  much. 

h         ^  Proof  0/  ex,  16.     If  2  be  substituted  for  y,  the  given  equation  becomes 

I     (2X4  +  5 —6,  or  8  +  5  —6,  or)  13— 6=*7,  as  was  proposed. 

i  This  rule  depends  on  a  well  known  self-endent  principTe,  namely,  *'  U 

equals  be  multiplied  by  equals,  the  products  will  be  equal."    Now  taking 

away  the  divisor  from  the  unknown  quantity,  is  the  same  as  multiplying  the 

term  containing  it,  by  that  divisor ;  then,  if  the  divisor  be  taken  away,  and  all 

the  rest  of  the  equation  be  multiplied  by  it,  equals  will  be  multiplied  by  tkt 

same,  and  consequently  the  results  will  be  equal. 

"  Proof  of  M,  22,  By  substituting  24  for  x  in  the  given  equation,  it  becomes 

24 
<^+4— 5«8+4-5=)  12-5«7.    Ex.  23.  By  substituting  - 13  for  y,  the 

-12 
equation  becomes  (-jr-  +  2«=)  —I  +  2«  1>  as  required. 
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23.  Given  T5+2=1>  to  find  y. 

By  transposing -^2,  we  obtain  — =  (1— 2=)— 1. 
Whence  multiplying  by  12  . .  y =(12  X  —  1=)— 12,  the  ans, 

X 

24.  Given  — =20,  to  find  x.    Ans.  ar=40. 

X 

25.  Given  ---4-4=5,  to  find  x.    Ans.  x=3. 

26.  Given  —  — 10=  1 1,  to  find  2.    Ans,  z=84. 

4 

27.  Given  ^ — 10-1-21=32,  to  find  y.    Ans.  y =420. 

Z  1  1 

28.  Given 5=—,  to  find  2.    Am.  «=21-— . 

4  3  3 

SO.  fVhen  the  unknown  qtumtity  has  both  a  muliipUer,  and  a 
divisor  3  that  is,  a  fractional  coefficient. 

Rule.  Transpose,  &c.  as  before  5  then  take  away  the  divisor 
by  the  preceding  rule,  and  the  multiplier  by  Art.  78.  the  result 
will  be  the  answer. 

Or,  To  take  away  the  whole  fractional  coefficient  together  j 
invert  it,  then  multiply  the  known  quantity  by  it,  (so  invert- 
ed,) the  result  will  be  the  answer  as  before  " . 

3a: 

29.  Given  --—9=12,  to  find  the  value  of  x, 

4 

3x 
By  transposition  (Art.  76.)  — =  (12  +  9=)  21. 

By  multiplication  (Art.  78.)  3a;=(4x21=)  84. 

84 
By  division  (Art.  79.)  a;=( — =)  28  %  the  answer. 


^  The  taking  away  of  the  multiplier  depends  on  Art.  78.  and  of  the  divisor 

oo  Art.  7d*  but  if  the  learner  chuses  to  take  both  away  together,  he  must 

consider  both  together  as  forming  a  fractional  coefficient ;  then  the  difision  of 

the  rest  of  the  equation  by  this  fraction  is  evidently  performed  by  inrerting  it, 

and  multiplying,  agreeably  to  the  rule  for  division  of  fractions.     Art,  £04. 

Parti. 

X    8 
•  Proofs  —■ — ^.9=»3  X  7-9=)  21-9=12,  as  required. 
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Or  thus, 

^  3r  3  4 

Because  ---=21,     invert  — ,  and  it  becomes  — . 
4  4  3 

««  4      84 

Then  x=(2l  x— =—-=)  28,  the  answer  as  before. 

11 X 

30.  Given  —  +  13=14,  to  find  x. 

11  T 

By  transposition =  (14—13=)  1. 

By  multiplication  11  J7=(l  x  12=)  12. 

12  1 

By  division  x=z( — =)  1  —  p,  the  answer^ 
^  Ul     ^      11 

31.  Given  -i^+8=12,  to  find  y.     Ans.  y=6. 

4z 

32.  Given  ---—1=3,  to  find  z.     Ans.  z=9. 

%f 

K>x  3 

33.  Given  —+9=10,  to  find  x.     Ans,  x=l  — . 

81.  When  the  unknown  quantity  is  under  the  radical  ngn. 

Rule  I.  Transpose  the  known  quantities  as  before,  and  if  the 
fuiknown  quantity  have  a  coefficient  or  divisor  not  under  the 
radical  sign,  these  must  be  taken  awiay  by  the  former  rules  i 
then, 

II.  In  order  to  take  away  the  radical  sign,  involve  the  knowa 
l^e  to  that  power  which  is  implied  by  the  index  of  the  root, 
IBkI  it  will  be  the  answer  "*. 


^  V  Proofs rT-23"^]3=-._|.i3^^  i^l3^14^a8wasrequired 

Pi. 

Jp4  The  equal  powers  of  two  equal  quantities  are  evidently  equal  ^  thus^  if 

rhy  then  will  a  X  a^&  x  6,  or  a^  e=5i',  for  this  arises  by  multiplying  equals 
eqtials ;  again,  »ince  a^:*^l'y  then  a'  X  a^b*  X  i»  that  b,  a^  szb^,  and 
Pift  same  is  manifestly  true  of  all  other  powers :  to  apply  this,  let  ex*  34.  be 
■pposed,  where  ^x=s4 ;  multiply  the  former  side  by  ^x,  and  the  latter  by  its 
^■al  4,  and  we  shall  have  ^jf  X  //«a4X4>  or  (^4r>sL6^  that  is)  of 
Ilkl6,  as  in  the  euunple. 
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34.  Given  v^a: 4-5=9,  to  find  the  value  of  x. 
By  transposition  ^x=i  (9 ^5:=:) 4, 

By  involution  x=(4*=)  16  %  the  answer, 

2'a/x 

35.  Given  — ^ 4=5,  to  find  x, 

3 

By  transposition  —^=(5  +  4=)  9. 

By  multiplication  2^  ^a?=(3  x  9=)  27. 

27 
B^  di»isio«  5^0?= (•—-=)  13,5. 

By  involution  a:=(13,  5|'=)  2460,375  s  t^  answer, 

36.  Given  v^+ 15=22,  to  find  z.     Jns.  z=49. 

37.  Given  3^  ^y— 6=3,  to  find  y.    Ans.  y=27. 

38.  Given  —^+2=6,  to  find  x.    Ans.  a:=25. 

5 

12*   /z 

39.  Given ^ — 20+ 13=5,  to  find  z.    Ans.  z=2S5Gl. 

82.  When  tltete  are  known  quantities  under  the  same  radical 

sign  with  the  unknown  one. 

Rule  I.  Transpose  all  the  known  quantities  which  are  not 
under  the  radical  sign,  as  before  -,  and  if  there  be  a  multiplier 
or  divisor  not  under  it,  they  must  be  taken  away. 

II.  Involve  both  sides  to  the  power  implied  fey  the  radical 
sign,  whereby  it  will  be  taken  away. 

III.  Transpose,  multiply,  or  divide  afterwards,  as  the  case  may 
require,  and  the  result  will  be  the  answer  *. 


'  Proof  {y/  16+  5=)  4  +  5=9,  as  required. 

2X'>v/2460.375  2X13.5  27 

»  Proof  {  „  —4  =  — r — — 4=~— 4s=)9-"4=5,asrequirw. 

*  This  rule  is  evidently  a  compound  of  all  the  preceding  ones,  and  is  meaot 
to  shew  in  what  order  they  are  to  be  applied  in  disentangling  the  unknovo 
quantity.  We  follow  the  same  maxim  here  that  women  do  in  cleaiiog  • 
tangled  skein ;  we  clear  the  outside  tangle  first,  and  proceed  in  order,  alwajs 
taking  the  outside  one,  until  at  last  we  arrive  at  the  unknown  quantity,  after 
having  disengaged  it  from  a  complication  of  multipliers,  divisors,  radicsi 
signs,  &c.  always  proceeding  in  the  reverse  order  to  that  in  which  the  coo- 
plication  is  made. 
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40.  Given  ^3^  +  4-8+20=16,  to  find  tbe  value  of  a:. 

By  transposition  ^3x  +  4=(16+8— 20=)  4. 
By  involution  3ar+4=(4]»=)  16. 
By  transposition  Sx=:  (16 -^4^  12. 

By  division  a:=(— =)  4  ",  the  answer. 


41.  Given  — ^^^ — = — ,  to  find  z, 

3  4      12 


n    .  '.'     ^'V7z-6     .25      3      25-9     16    ,4 

By  transposition  — ^ =  ( =r = — =) — . 

^  ^  3  ^2      4         12        12     ^  3 


By  multiplication  2'^7z— 6=( — x3=)  4. 


By  division  3^7^— 6=( — :^)  3, 

By  involution  7  2 •-'62=  (5)^=)  8. 
By  transposition  72=  (8 +  6=)  14. 

14 
By  division  z  =(— =)2  *,  the  answer. 


r 


42.  Given  ^^2  2^  —  1 =5,  to  find  y.     Jns.  y=zlS. 

43.  Given  ^lla:+ll-- 10=  I ,  to  find  x»    Ans,  x=z  10. 
.  Given  4*^'^ -2—16+5=21,  to  find  2.    Ans.  2=40. 

^4    /gx 27  5 

,  Given  — ^-— ^2=-—,  to  find  x.    Ans.  z=12. 

83.  When  the  unknown  quantity  is  in  any  power, 

LuiE  I.  Transpose,  multiply,  divide,  &e.  as  before,  until  the 
IT  of  the  unknown  quantity  remains  alone  on  one  side  of 
^equation. 

f-  Extract  the  root  implied  by  the  index  of  the  unknown 
itity  from  both  sides,  and  the  result  will  be  the  answer  ^. 


proof.  (  VS  X4+4-8  +  20=  ^1^+  12=)  4+  12=  16. 

2X3^7   X2— 6      3      2X3^8    3      2x2     3         4        3 
^o/.^ +  T=~3~-^T=~i~  +  T=^T  +  "r 

»    25 

•=a  TTj  as  proposed. 

i^  been  shewn,  that  like  powers  of  equal  qaantities  are  equal ;  whence 
*B,  that  their  lilj^e  roots  will  be  equal :  or  it  may  be  proved  thus ;  let  ^ 

!-•  I.  E  e 
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46.  Given  -= f-5=80,  to  find  the  value  of  x. 

4 

By  transposition  —=(80—5=)  75. 
By  multiplication  S  a?®=(4  x  75=)  300. 

By  divuion  a:*=( =)  100. 

By  evolution  j:=(^100=)  10,  i^  answer, 

47.  Given  iflti-200=15,  to  find  x. 

8 

By  transposition    ^         =(15+200=)  215. 

o 

By  wiMZ^ipZicaiiow  5x3 4-5  =  (8x215=)  172Q. 

By  transposition  5  x^  =  ( 1 720—  5 = )  1715. 

1715 
By  division  x'=( — r— =)  343. 

By  evolution  x=('^343=)  7>  *^  answer, 

48.  Given  3  y*— 40=68,  to  find  y.    .<^jw.  y=6. 

49.  Given  12  23-1-32=800,  to  find  z.    Am.  2=4. 

2  X* 

50.  Given  -—  +  100—24=130,  to  find  x.     ^f/w.  x=3. 

51.  Given     ^  ""    +7=8,  to  find  x.     Jns.  x=  1.6583,  &c. 

6 

84.  When  the  unknown  quantity  is  in  the  form  of  a  fraction,  iit 

two  or  more  terms  of  the  equation. 

Rule  I.  Multiply  each  term  of  the  equation  successively  by 
every  denominator  except  its  own,  whereby  all  the  denominators 
will  be  taken  away  5  this  is  called  clearing  the  equation  of 
fractions. 


o=s6  ;  then,  if  ^a  be  not  eqnal  to  /y/6,  one  of  them  is  the  greater;  letftisbe 
^a;  then,  because  ^a  is  greater  than  /^/ft,  /^o  X  ^/a  (=»«)  is  gretter 
than  y^bX  >v/A,  (*ir)  that  is,  a  is  gFeater  than  b ;  but  they  are  equal  by  hypo- 
thesis, which  is  absurd ;  wherefore  y^a  is  not  greater  than  ^b :  and  in  the  saae 
manner  it  may  be  shewn,  that  it  is  not  less ;  wherefore  they  are  equal :  and  tbc 
same  may  be  proved  of  any  other  like  roots  of  these,  or  of  any  two  e^i^ 
quaotilies. 
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II.  Reduce  the  resulting  equation^  as  the  case  may  require,  by 
the  foregoing  rules,  for  the  answer  *. 

•  •* 

52.  Given  — — |-— =7H ,  to  find  x, 

2Jc  X 

By  multiplying  by  2,  we  have  x-i =14-|--— -. 

3  2 

3x 
By  multiplying  by  3 3a?+2a:=:42H . 

By  multiplying  by  2 6x-\'4x=S4-{'3x. 

By  transposition  ....  {6x-\-4x'^3x^)  7j?=84. 

84 
By  division x=z{ — =)  12,  ihe  answer, 

2cr-4-3  7x 

53.  Given  — ^-p h^=37 — ^,  to  find  x. 

35  a? 

Multiplying  by  5,  we  have  2  j;+ 3 +  5  07=185 . 

Multiplying  by  8 16  a: +  24  +  400;= 1480— 35  a:. 

By  transposition ......  (16T+40o7+35o:=)91a:=(1480  — 

24=:)  1456. 

^nd  by  division^  o?=( =)  16,  the  answer, 

85.  This  operation  may  be  more  expeditiously  performed  by 
taking  any  common  multiple  of  all  the  denominators,  (the  least 
is  the  most  convenient,)  dividing  it  by  each  denominator  sepa- 
jrately,  multiplying  the  quotient  by  the  numerator,  and  making 
the  result  the  coefficient  of  the  term  frona  which  it  is  derived  •. 


!.  •  This  rale  requires  only  the  successive  multiplication  of  equals  by  the  samej 
^  and  therefore  the  resulting  products  will  be  equsil,  as  is  manifest  from  what  has 
I    been  shewn  in  the  note  on  Art.  78. 

\.        •  This  rule  depends  on  the  axiom  we  have  frequently  quoted,  viz.  "  if  equals 
'  be  multiplied  by  the  same,  the  products  will  be  equal  j"  now  here  it  is  proposed 
to  multiply  both  sides  of  the  equation  (or  equals)  by  the  least  common  multiple 
of  all  the  denominators,  and  this  multiplication  is  evidently  performed  by 
dividing  in  each  instance  the  common  multiple  by  the  denominator^  and  multi- 
'plying  the  quotient  by  the  numerator:  for  let  ex.  54.  be  proposed,  where 

i  ''tr'— "4~="g"'~  *2  5  multiply  every  term  of  this  equation  by  the  least  common 

E  e  S 


/ 
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54.  Given  -- — -^=-^ — 12,  to  find  the  value  of  a:. 

The  least  common  multiple  of  3,  4,  and  6,  is  \2, 

12  12  12 

Wherefore  -r-=4  the  first  coefficient,  — =3  the  second,  —-=2 

12 
the  thirdy  and — =12  the  fourth;  wherefore  if  the  several  deno- 

minators  be  taken  away,  and  the  first  x  be  multiplied  by  4,  the  se- 
cond by  3,  the  third  by  2,  and  the  —12  by  12,  we  shall  have 
4  a;— 3a:=2a:— 144.     ^nd  by  transposition, 
144=2a:+3a;— 4jr,  that  is  a:=144,  the  answer, 

2z  52 

55.  Given 1-4= 1,  to  find  z, 

5  7 

Tfie  least  common  multiple  of  5  and  7  is  35. 

35  35 

Whence  the  multipliers  are  — =7,  and — =5,  and  35. 

5  7 

Therefore  142+ 140=25  z— 35^  which  by  transposition  be* 
comes  11 2=175,  whence  z=(-— =)15-— ,  the  answer* 

X  X 

56.  Given— —I- ~=  5,  to  find  37.    Ans.x=6. 

y      y 
ty7.  Given  -^ a^^'  required  y  ?     Ans,  ^=24. 

2z      2       z-l-2 

58.  Given —= f- 1,  to  find  2.     Ans.  2=30. 

52       108 — 2z 

59.  Given  42-f -~-= +46,  to  find  z.     Ans.  2=12. 

6  7 

86.  To  turn  an  analogy  into  an  equation. 

Rule.  Multiply  the  two  extreme  terms  together,  and  also  the 
two  mean  terms  together,  and  make  the  former  product  equal 
to  the  latter ;  then  reduce  the  equaticm  as  before  \ 


\2x     12ar     I2s  12         12         12 

multiple  12,  and  there  arises  —  —  -7-=— ^144;  but  "T=4,-t-=  3,-g 

12 
~2,  and  —  =  12  ;  therefore  our  equation  becomes  4;r— 34J'=2r— 144,  as  in  the 

example ;  whence  the  rule  is  evident. 
''  If  four  numbers  are  proportionals,  the  product  of  the  extremes  is  equal  to 
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60.  If  j; :  12  :  :  2  :  3,  required  the  value  of  x  ? 

Thus  (a?  X  3= 12x2,  or)  3vr=24,  whence  by  division  xs^ 

24 

( — =)8,  the  answer, 

•J 

61.  If  z— 2  :  20  :  :  2  :  5,  required  z  ? 

Thus  (2—2x5=20x2,  or)  5  z— 10=40,  whence  52=50, 
and  2=10,  the  answer, 

62.  Given  — - —  :  5  :  :  —  :  — ,  to  find  y. 

5  5      2  ^ 

Thus  (^i-x-^=5x— ,  or)  ?^^=1,  whence  y+3=10, 
5  2  5  10 

aiid  y=7,  the  answer, 

63.  Given  2  c  :  3  :  :  3  :  2,  to  find  z,     Ans.  2=2^. 

64.  Given  2-f  7/  ;  IG  :  :  7  :  8,  to  find  y.     Ans.  y=12. 

>».    ^.         ^'154^^,  ,  23 

65.  Given  — -  ;  —  :  ;  —  :  — ,  to  find  x.    Ans.  x=  1 


3       4         7       9' 112 

X         X 

66.  Given  ~-H :  x— 2  :  :  10  :  11,  to  find  x,    Ans.  a:=24. 

87.  When  the  same  quantity,  with  the  same  sign,  is  on  both 
fiides  of  the  equation,  it  may  be  taken  away  from  both  3  and  if 
every  term  of  an  equation  be  multipHed  by  any  (the  same) 
quantity,  or  divided  by  any  (the  same)  quantity,  such  multiplier, 
or  divisor,  may  be  taken  away  from  them  all  *". 

2x      7      2a: 

67.  Given  4x = ,  to  find  the  value  of  a;. 

3       8       3 

2a? 
Leaving  out  the  common  quantity ,  we  shall  have  4a:= 

^7  77 

^    — ,  whence  by  division  a:=( s-4=) — ,  the  (jimwer. 

58  8  ^32 

'  ab 

68.  Given  3  02 +---=2  a6— 3<i,  to  find  z* 

2 


[p   the   product  of  the  means;  this  will  be  ob.vious  froiu  any  .example  of  four 
\  pumbers,  which  are  known  to  be  proportioQals ; 

Thus  if  2  :  4  :  :  3  :  6,  then  will  2X6=4X3. 
And  if  12  :  4  :  :  21  ;  7,  then  will  12  X  7=4  X  21. 
And  the  same  will  appear  in  every  instance. 

«  This  is  merely  taking  equals  from  equals,  dividing  equals  by  equals,  or 
Ipplti  plying  equals  by  equals ;  wherefore  in  each  case  the  results  will  be  equal. 

E  e  3 

f: 

A- 

/ 


1 


4n 
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Leaving  out  the  common  multiplier  a,  we  shall  have  3z+-r- 

=26—3,  which  by  transposition  becomes  3  2i=2  6— 3— — ,  and 

^b  b  b 

by  division  2=(-r — 1 — ~)  =-r — 1>  the  answer. 

^.        2j:     3      a:»      4      X*         ^    , 

69.  Given  — --H — =^-r-\ — *  ^o  find  x. 

5       5       a       5       a 

X*  Sx"      3       4 

Leaving  out  — ,  we  have = — ,  and  leaving  out  the 

a  5       5       5 

common  divisor  5^  we  have  2  a:— 3=4,  whence  by  transposUion 

7 
2  j:=7>  and  by  division  a;=( — =)34^,  the  answer. 

At 

70.  Given  2  x + 3  y =x+ 3  y  +  8,  to  find  x.    Ans.  x= 8. 

■*  3 

71 .  Given  3  y  -f-  3  =3  y  -f  5  a:,  to  find  x.   ^W5.  x= — . 


72.  Given 


jr-f.3 


X 


5       4 


-,  to  find  X.    Ans,  j;=:l. 


88.  Promiscuous  Examples  for  Practice* 

1.  Given  6x— 5=3a?-f  4,  to  find  x. 
By  Art.  7^^    3j:=9. 

By  Art,  78.      x=3,  ^^  answer. 

2.  Given  21— 2  j;=2x— 21,  to  find  a:. 
J5y  Art,  75.     4  j?=42. 

%  /^r^.  78.       a:=10^,  i/ie  answer. 

22 

3.  Given  ——--=2,  to  find  x. 

x-^-o 

Sy  Art.  79.    22=2a?+6. 

By  Art.  7^.     2a:=16. 

By  Art.  78.      x=8,  the  answer. 


Sx 


4.  Given  ^--  :  v'^— 1  :  ;  3  :  1,  to  find  jr. 

4t 


By  Art.  86. 


3a:     ^     

>v/-2-=3v'a:-l 

307 


By  ^r^Sl.  — =(9X0?— l=)9a:— 9. 

By  Art.  79.  3a:=18a:— 18. 

By  Art.  7b.  15a?=18. 

By, Art,  78.         «:=li-,  ^^  answer. 
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^       -,.  2—3  2,2—5^, 

5.  Given  -- — j--^=10 -—,  to  find  z. 

2  3  4 

By  Art8S.     6z— 18-f-4z=120— 3z+ 15. 

By  Art.  7^'     13  2=]  53. 

By  Art  78.     2=11^,  the  answer, 

45  57 

6.  Given r'=": >  to  find  x. 

2a?+3      4a;— 5 

By  Art.  79.     ISOa?— 225=114a:-hl71. 

By  Art.  7 S-     66x=396. 

By  Art.JS.     xz=:6,  the  answer, 

8 

7.  Given  y+  ^4-hy'=  ,  to  find  y. 

/4+y^ 

By  Art.  79.    y  v4+y^+4+y^=8. 

By  Art.  7^.  y>/4T?=4— y^ 

J5y  ^r*.  81.  4yHy*?=16— SyHy*. 

JBy  ^r^  87.  4  y^=  16— 8  y^. 

By  Art.  7^'  12y^=16. 

By  Art.  7S.    V^^-^' 

2 
JBy  -^r^  83.     y= — -=1.1547,  ^c.  fAe  answer, 

8.  Given  13—  ^3 x=  y'l^^^ ^^  ^^  ^^^  ^• 

^y  ^r/.  81 169— 26v'3x4-3a:=13+3ar. 

By  Art.  87 169^-26 ^3 x=zl3. 

By  Art.  77 26v3a?=156. 

By  Art.  78 ^3x=6. 

By  Art.  81 3a:=36. 

By  Art.  78. a;  =  12,  */ie  answer, 

*  1 

9.  Given  v'a?^-  ^a-|-a;=  .  to  find  x. 

By  Art.  79 j^ax-^x"  +a+x:=zl. 

By  Art.  75 ^aa:+a?»  =  l— a— x. 

%  ^r*.  81 aa?-ha?»=l— 2  a^2a:4-a»+2a«+a?». 

%  Art.  87 aa:=l— 2  a— 2a?-fa''4-2ar, 

jBy  Art.  75 2a:— ac=l— 2a4-a' 


,9 


.Dv  Art.  78 a:=  — — ,  the  answer, 

n;  2— a 

^  £64 


i: 
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.    10.  Given  — | =39 ,  to  find  x.     Am,  x=36. 

2       3  4 

11.  Given  ^i--+^-T-=^^  + 1^>  ^o  fi^d  ^-    -^«*-  ^=41. 

3  4  5 

22/  — 3      V      4v — 4        69 

12.  Given  — ~-=-~: 3---,  to  find  y.   Ans,  y=8. 

475  140 

13.  Given  -^ —  +  16=20,  to  find  z.    Arts.  2=20. 

5 


f^ 


14.  Given  —  -- — =r=,  to  find  x.    Ans.  d;=14. 

35  z      42  z 

15.  Given  * = ~,  to  find  z.     Ans,  z=8. 

2—3     2—2 

2a^'     Sx     4x^     20? 

16.  Given  -—+—=-- --,  to  find  x,    Ans.  a;=3.259,*c. 

2  +  2 


17.  Given  3  x  2— 2=— — +2  z,  to  find  z.    Ans.  2=10. 

18.  Given  b^-\-x*\l=^a'^-^x'^r^  to  find  x,  Ans,  x= — a/ 


89.  REDUCTION  OF  SIMPLE  EQUATIONS,  INVOLVING 
TWO  OR  MORE  UNKNOWN  QUANTITIES. 

When  there  are  two  or  more  unknown  quantities,  whose 
values  are  required,  in  order  to  obtain  determinate  answers,  it 
is  necessary  that  there  should  be  as  many  equations  (independent 
of  each  other)  given,  as  there  are  unknown  quantities  to  be 
found  **  5  thus,  when  there  are  two  unknown  quantities,  two 
equations  must  be  proposed  j  for  three  unknown  quantities, 
there  must  be  three  equations )  for  four,  four  equations,  &c. 

p 

^  If  there  are  more  equations  than  unknown  quantities,  the  superflaous 
equations  will  either  coincide  with  some  of  the  others,  or  contradict  them ; 
wherefore,  in  the  former  case  they  arc  unnecessary,  and  in  the  latter,  detri- 
mental ;  rcnd(;ring  the  proposed  solution  impossible. 

If  there  are  fewer  equations  than  unknown  quantities^  the  problem  will 
admit  of  many  answers;  thus,  let  x-^-y^Ay  here  is  but  one  equation,  and 
two  unknown  quantities  to  be  found ;  now  x  may  equal  3,  then  y=\\  if  x— 
2,  then  ,y  =  ^  ;  if  a:=  1,  then  y  —  Z\  wherefore,  in  this  instance,  both  x  and  y 
admit  of  three  interpretations,  using  whole  numbers  only  j  if  fractions  be 
admitted,  the  values  of  x  and  y  will  be  innumerable. 
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'In  all  these  cases  there  is  one  general  mode  of  procedure, 
namely,  we  exterminate  all  the  unknown  quantities  from  the 
operation,  except  one,  the  value  of  which  is  to  be  found  by  the 
foregoing  methods  3  having  obtained  the  value  of  this,  the  value 
of  each  of  the  other  unknown  quantities  will  be  readily  found 
by  means  of  it,  from  some  of  the  preceding  equations. 

For  two  unknown  quantities, 

90.  First  Method. 
Rule  1.  Find  the  value  of  one  unknown  quantity  in  each  of 
the  equations^  by  the  foregoing  rules ;  it  may  be  either  of  the 
two  quantities  at  pleasure,  but  must  be  the  same  unknown 
quantity  in  both  equations. 

II.  Put  the  two  values  thus  found  equal  to  each  other  *;  this 
equation  will  then  contain  but  one  unknown  quantity,  the  value 
of  which  is  to  be  found  by  the  preceding  rules. 

III.  Having  thus  found  the  value  of  one  unknown  quantity, 
substitute  it  for  that  quantity  in  either  of  the  preceding  equa- 
.tions,  and  the  value  of  the  other  unknown  quantity  will  be  found. 

Examples. 

1.  Given  0:4- 2/ =13,  and  a:— -^=3,  to  find  the  value  of  a:  and  y. 
First,  to  find  the  value  of  x  in  each  equation. 

From  the  first,  J7=13 — y ;  and  from  the  second,  j:=3-f-y; 
H^ese  two  values  of  x  are  evidently  equal  to  each  other  ;  wherefore 
[13 — y=S-\-y,  whence  2y=lO,  and  ^=5^  noio  substitute  this 
palue  of  y  in  either  of  the  former  equations,  suppose  in  x=^3  +  y, 
fmd  it  becomes  x=  (3  +  y=)  3-|-5=8. 
'-'■         Wherefore  x=S,  and  y=5. 

■i    2.  Given  2 a:-|-3  y=17,  and  3  jt— 2 y=6,  to  find  x  and  y. 
From  the  first  equation,  2a:=:17— 3y, 

And   x-=. , 

2 

From  the  second  equation,  3x=6-|-2y, 

Atid   x= . 


3 


These  two  values  being  eqaal  to  the  tame  nnknown  quantitj,  are  evidently 
to  one  another :  the  unknown  quantity,  whose  two  values  (or  rather,  two 
nrent  expressions  of  the  ittme  %'alae)  ^e  thus  found,  is  said  to  be  extermir 
idy  bceauM  it  does  not  appear  la  tbe  rcf  tiH'iDg  eiputioii. 
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Making  these  two  values  of  x  equal  to  each  other,  we  $haU  haoe 

?= ;   this  equation  cleared  of  fractions^  (Art.  79.) 

becomes  51— 9y=124-4y. 

Whence  13y=39,  and  y={— -=)  3. 

^13 

^3         ^3         3 

3.  Given  4ar— y=26,  and  — 1-=:2,  to  find  x  and  y. 

2       3 

^  ,        26+y     „  ^y 

From  eq,  1.  x= .    From  eg.  2.  ar=4H — ^. 

4  ^  3 

Whence'^^±y^A^^J.. 
4  ^3 

r^cn  78+3y=;48+8y. 

Whence  5  y=30,  and  y=6. 

uru      r             /26+y     V  264-6     32     „ 
Wherefore  x^{ — ^=) — = — =8« 

.    4.  Given  j?+4y=l8,  and  x— 3y=4,  to  find  x  and  y.    M. 
a?=10,  y=2. 

5.  Given  4a:-f-3y=25,  and  6  a:— 4y=8,  to  find  x  and  y. 
Ans.  x=4,  y=3. 

6.  Given  ^Zi^=l0,  and    "^       ^=12,  to  find  x  and  y.    Af»* 

x=12,  y=8. 

0?      2i/  3x      V 

7.  Given  —+—=20,  and r-=12>  to  find  x  and  y.  i«. 

2       3  4       5  ^ 

a:=20,  y=15. 

J? 

8.  Given 1-3 y=217>  and  ^a: :  y y  ; :  5  :  4,  to  find  x  andy. 

^n5.  x=100,  y=64. 

91.  Second  Method, 
Rule  I.  Find  the  value  of  either  of  the  unknown  quantities 
in  one  of  the  given  equations,  and  substitute  this  value  for  that 
quantity  in  the  other  given  equation ;  this  equation  will  then 
contain  only  one  xinknown  quantity,  which  may  be  found  as 
before '. 


'  This  rule  is  evident,  for  it  is  plain  that  in  any  expression  whateroi  «< 
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II.  Find  the  value  of  the  other  unknown  quantity,  as  directed 
in  the  preceding  rule. 

9.  Given  a?-f  y=20,  and  j:— ]y=8,  lo  and  x  nnd  y. 

From  eq.  2.  x=r8-\-tj  ;  thi^  rulue  being  s"hstituted  for  x  in  the 
first  equation,  (x-\-y=.^0,)  gives  8-ry  +  »/=:20,  or  2y-|-8=20^ 
whence  2  y=  12  and  2/=5 ;  this  value  of  y  being  substituted  for  y 
in  the  equation,  ^=8  +  ^,  gives  x=8  +  6=14. 

10.  Given  ^x-\-Sy=7,  and  3x—2y=4,  to  find  x  and  y. 

From  eq,  1.  a?= ~ ,  whence  3  a?= ;  this  value  sub' 

^  2  2 

21— 9m 
sHtutedfor  Sxin  the  second  equation,  it  becomes 2  y=4, 

which   by   multiplication   and  transposition,    becomes  13y  =  13, 

whence  ^=15  this  value  being  substituted  for  y  in  the  equation 

7^3  y  7—3      4 

a?c=.  ,  it  becomes = — =2,  for  the  value  of  x, 

2  2  2*^  "^ 

11.  Given  ^^4.^!— ?=  59,  and  y  :  Sz  : :  1 1 :  5,  to  find  y  and  z. 

33  2 

JV*(W7i  ^/ie  analogy  5y=z33z,andy=^ 5    <Ai«  value  of  y 

5 

33  z           33  2 
peing  substituted  in  the  given  equation,  we  have,  -— -  +  2 2 

-h^ 

3  4 

,  33z+5z     332—52     ^  382     7«      ^ 

s=595  whence  — -- — + — ——=59,  or  -rr-h-z-=^9,  or 

15  20  15        5 

592 

=595  whence  59  2=59  X  15,  or  2=15  5  this  value  substituted 

15 

33  2  33  X  15 

for  z  in  the  equation  y=. ,  it  becomes  y= =33  x  3=99. 

5  5 

12.  Given  a?-|-y=10,  and  j:— y=2,  to  find  x  and  y.    Ans, 
9=6,  y=4. 

13.  Given  2a?+3  2=38,  and  6x-f  5z=82,to  find  x  and  2. 
)dn$,  x=7,  2=8. 

^14.  Given  y— 2  2=7^  and  2y — 2=20,  to  find  y  and  2.     ^/w. 
=  11,2  =  2. 

I : 

I 

kpui  substitute  their  equals,  instead  of  any  of  the  quantities  which  compose  it, 
p!i|tboat  altering  the  value  of  that  expressiun. 
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15.  Given  2xH-3y=34,  and  x-fy  :  t— y  :  :  7  :  1>  to  findjj 
and  y.     Jns.  a;=8,  y=6. 

92.  r/iirrf  Method. 

Rule  I.  Multiply  the  first  equation  by  the  coefficient  of  one 
of  the  quantities  in  the  second,  and  the  second  equation  by  the 
coefficient  of  the  same  quantity,  in  the  first  -,  the  products  will 
be  two  new  equations^  in  both  which  the  coefficients  of  that 
quantity  will  be  the  same. 

J  I.  If  the  terms,  with  equal  coefficients^  have  like  signs,  sub- 
tract one  of  the  new  equations  from  the  otJier  5  but  if  they  have 
unlike  signs,  add  the  new  equations  together :  the  result  wiH 
be  an  equation  with  only  one  unknown  quantity,  which  may  be 
found  as  before  '. 

16.  Given  3  JP+ 5^=23,  and7^— 3y=19,  to  find  j:  and  y. 
To  exterminate  x,  multiply  the  first  equation  by  7,  (^^ 

the  second  by  2,  and  the  products  (or  new  equcUions)  will  bt 

And  14^-^J=_38.  j  ^'"^  equations. 
Whence  41y=123  by  subtracting  the  lower  from  the 

upper,  whence  y=( =)  3. 

41 

Now  to  exterminate  y,  multiply  the  first  given  equation  by  3, 

(hid  the  second  by  5,  and  the  new  equations  will  be 

6x-f  I5y=69.  ">    jvr  /• 

And  35x-15y=95.J  ^"^  equations. 

164 

Whence  4\  X     =     164  (by  adding)  and  x=:( =)  4. 

^x  4x      V  3 

17.  Given  — --f  y=24,  and  —-—^=1  -— ,  to  find  x  andy. 


»  We  arc  at  liberty  to  employ  any  process,  where  equaU  operate  in  a  similsi 
manner  upon  equals  :  under  this  restriction,  we  are  authorised  to  make  use  of 
addition,  subtraction,  multiplication,  division,  involution,  and  evolution, 
according  as  it  suits  our  purpose  ;  in  this  rule  equal  multiplication  is  used,  W 
sometimes  equal  division,  when  it  can  be  used,  makes  the  work  shorter. 


Part  III.  SIMPLE  EQUAl  IONS.  429 

4  2 

Multiply  eq.  1.  hy  —,  and  eq.  2.  by  -— ,  and  the  new  equations 

Sx    Ay     96 


And 


Sx      y       .2         3       2       8      .  16 


15      3 


=^y^^-5"=T^-5-=>rg- 


.      4y      y      96     16       288-16     ,27« 

By  subtraction  -^-f  ~=- =( =) . 

^  5       3       5      15     ^      15  ^5 

This  equation  multiplied  by  {the  least  common  multiple  of  its 

denominators,  viz.)  15,  gives  (12y+5y=)  17y=2725  whence  y=z 

{i =)  16;  this  value  substituted  for  y  in  the  first  given  equation, 

we-  have  ( f-y=) H  16=24,  or  —-=85  wherefore  2x=24, 

and  x=12. 

18.  Given  x+y=l,  and  x— 2/=-— ,  to  find  x  and  y. 

-Here  multiplication  is  unnecessary ;  therefore  by  adding  both 

14  2 

equations  together,  we  get  2  a:=(l-^=)  ---,  whence  a?=---;  and  h^ 

■■ 

1       2 

mhtracting  the  second  from  the  first,  2y=(l — —=)— ,  whence 
1 

'=3- 

19.  Given  2^+3  y=  13,  and  5j— 2y=4,  to  find  x  and  y- 
tf;?s.  x=:2,  y=3. 

20.  Given  a:-fy=5,  and  a— y=l,  to  find  x  and  y.     Answer 
js=3,  t/  =  2. 

21.  Given7y  +  9  2=169,  and8;:-9y=--2,  tofind  y  and  r. 
ins.  y=10,  z=ll. 

22.  Givea2x-f9=5z-f  8,  and3z— :c=x4 ,  to  find  a: and*. 

5 

Ins.  j:=-~,  2=— . 

\-  For  three  unknown  quantities* 

^:  93.  First  Method, 

'.  Rule  I.  Let  x,  y,  and  2,  be  the  three  unknown  quantities, 
fhose  values  are  sought  5  first  find  the  value  of  x  in  each  of 
he  three  given  equations. 
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II.  Make  the  value  of  x  in  the  first  equation  equal  to  tbe 
▼alue  of  X  in  the  second^  and  a  new  equation  will  be  formed, 
involving  only  y  and  2,  with  known  quantities. 

III.  Make  the  value  of  x  in  the  firet  equation  equal  to  tbe 
value  of  X  in  the  third,  and  a  second  new  equation  will  be  form- 
ed, involving  in  like  manner  only  y,  z,  and  known  quantities  \ 

IV.  Find  the  value  of  y  and  z  in  these  two  new  equations,  by 
either  of  the  former  methods  5  then,  by  substituting  these  values 
for  y  and  z  respectively,  in  either  of  the  given  equations,  the 
value  of  X  will  be  readily  obtained. 

23.  Given  a? 4-^+2=9,  a:+3y— 32=7,  and  J?— 4^+ 8z=8ij 
required  the  values  of  x,  y,  and  z  ? 

From  the  first  equation  a- =9 — y  — z* 

From  the  second x=7 — 3y+3  2. 

From  the  third a:=8  +  4y — 8z. 

AT  *•«      f  9— y— 2=7--3y-|-3  2. 

New  equations  <  ^    ^  o.>.o 

^  \9 — y — 2=8-f4y— 82. 

From  the  first  new  eq.  2  y=4  2— 2,  whence  y=i2z — 1. 
From  the  second  new  eq.  5  7/=7z-f  1,  whence  y= . 

By  making  these  two  values  of  y  equal,  we  have  22—1— 

724- 1 

-^ ,  whence  10  2 — 5=7  2+1,  or3z=6,  and  2=2  j  also  y= 

5 

(2z-— 1  =  )  3,  and  x=  (9— y— 2,  as  above  =)  9—3 — 2=4. 

24.  Given2jc+3y  +  42=20,  3jc— 4y-i-5  2=lO,  and  4x-[-5y 
—  2=11,  to  find  X,  y,  and  2. 

20—3  z/— 42 


From  the  first  eq,  x=: 


2 


From  the  second  x== . 

3 

^          T       T.    ,          11  — 5v-|-2 
rrom  the  third  .r=— . — . 


^  From  an  attentive  consideration  of  the  rule  it  will  appear,  that  the  object 
proposed  is  to  exterminate  one  and  the  same  unknown  quantity  from  two  at 
the  given  equations ;  when  this  is  effected,  we  have  two  new  equatioas  opfyt 
involving  two  unknown  quantities  only :  the  subsequent  part  of  tbe  operstioo 
will  therefore  depend  on  tbe  rules  for  two  nnknown  quantities. 
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*20— 3  y— 4  z_  10+4y— 5z 

— — — I— ^  ^ 

3 


20-3y— 42_ll-.5 
-  - 


New  equations  ^  ^^_  ^  ,_^  ^     1 1  ^5  ^ ^    ^ 

From  the  first  new  eq,  60 — 9y— 12  2=204-8  y— 10  z,  or  y= 

40— 2  z 

— — — — . 

17 

From  ^^  second,  80— 12^—162=22— 10  y +2  z,  or  y= 

39— 9  z. 

40— 2  z 

IVherefore =29— 9z,  or  40— 2z= 493— 153  z^  townee 

17 

20—3  v—-4z 
z=.S',  aZsoy=(29— 9z=)2,  and  x:={ ^ =)  1. 

25.  Given  — ?-L-j^x=:.\Z,  ~^-^+z=ll-i-,  and  x+y-f  2  :  ^ 

+y — z  :  :  9  :  1,  to  find  x,  y,  and  z. 

From  the  first  eq.  a:= ? . 

From  the  second  a:=34 — y— 3z, 

5z— 4|/ 


From  the  analogy  x= 


4 


Wherefore ^ ==34— y— 3  2,  and = =•. 

These  equations  reduced  as  before,  give  y=6,  z=8,  and  a;=4. 

26.  Given  j?+y-f  2=15,  a:+y— 2=3,  and  x— y+z=5,  to  find 
p,  y,  and  2.     ^w^.  x=4,  y=5,  2=6. 

27.  Given  2  a;— y— 2=10,  3x— 2y-hz=23,  and  5a?— 4 y— 
I  z=9,  to  find  X,  y,  and  2.     ^/25.  a:=  12,  y=9,  2=5. 

28.  Given-^+-^+2=13,  2a;— 3y-f-— =4,  and  a:-f2y  :  2jf 

1-2  :  :  6  :  8,  to  find  X,  y,  and  2.     ^«5.  a:=4,  y=3,  z=10. 

94.  Second  Method, 

Rule.  Find  the  value  of  one  of  the  unknown  quantities  in 
ither  of  the  equations,  and  substitute  it  for  that  quantity  in 
oth  the  remaining  equations  -,  these  two  equations  will  thea 
ontain  only  two  unknown  quantities^  which  may  be  found  as 

leiore  *. 

■■■■■»■■  I  I        ■    .1       ■  ■   .  I       -  .    ■         II  I 

^  The  foregoing  rule  is  similar  to  the  first  method  for  two  unknowa  quaB'* 
ii9t>  t}/^$  is  similar  to  the  second. 


i 
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29.  Given  T-f-y+z=15,  jr+^— z=ll,  and  ar— y— 2=5,  to 
find  X,  y,  and  z. 

From  the  first  equation  x^=.\S^y — 25  this  value  being  sn}h 
stituied  for  x  in  the  second  and  third  equations,  we  shall  hact 
15--y—2-fy— 2=11,  w/ience  22=4,  and  25=2;  and  15— y— 2- 
y--z-=h,  whence  2y=10— 225  and  y=r-5— 2=  (5— 2=)3,  and 
a:=15— y— 2=  (15—3—2=)  10. 

30.  Given  2  jr+3y  +  2=40,  3x+y— 2=13,  and  4a?+5jf=2 
-f  46,  to  find  T,  y,  and  2. 

From  the  third  equation  2=4a:+5  jf — 46  5  this  value  substi- 
tuted for  z  in  the  first  and  second  equations,  gives  2j:+3y+4i+ 
5  y— 46=40,  and  3x+y— 4  a:— 5y-f46=13  3  whence  by  reduc- 

86— 8y     .43— 4y        ^        «„     .  .  43-4y 

tion  x:=:  ( ^=) -y  and  J7=33— 4y:  whence  — - — > 

^63  3 

=:33'-'4y,  whence  y=7 ;  and  a;=33— 4y=  (33—23=)  6,  also 

2=4a:-f  5y— 46=  (20+35—46=)  9. 

31.  Given  a:+y+2=90,  a?— 2  y +  3  2=40,  and  jr-f  4^—52= 
60,  to  find  X,  y,  and  2.     ^/w.  a;=40,  y=30,  2=20. 

32.  Given  2a:-|-3y+4  2=32,  4a?-f-3y+2=23,  and  jr-y+ 
22=11,  to  find  X,  y,  and  2.     Ans.  a;=3,  y=2,  2=5« 

95.  Promiscuous  Examples  for  Practice. 

It  frequently  happens,  that  the  unknown  quantities  may  be 
exterminated  by  methods  more  simple  and  easy  than  any  of  the 
foregoing  3  the  application  of  these  must  be  left  to  exercise  the 
skill  of  the  operator,  as  no  general  rules  can  be  given  that  will 
apply  to  evei7  case. 

1.  Given  a:+3t/— 42=10,  3a:+5y-|-3  2=66,  and  5x+2y+ 
72=80,  to  find  Xy  y,  and  2. 

From  the  sum  of  the  first  ami  third  subtract  the  second,  and 
there  remains  3  a: =24,  whence  x=z8;  substitute  this  value  for  x  in 
the  first  and  second,  and  8-f3y— 42  =  10,  also  24+5y+32= 
66;  these  two  equations  reduced,  give  y^=^6,  and  2^=4. 

2.  Given  aH-2?/-f^^=  144,  x^\^yT^ "^=3,  and  —7+71-3^= 

2 

-—,  to  find  X,  y,  and  2. 
2 

From  the  square  root  of  the  first,  subtract  the  square  of 

the  second,  and  there  arises  2/=3;  subtract  twice  the  third  fron 
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the  square  of  the  second,  and  4z=^8/  tohence  z=2;  substitute 
these  values  of  y  and  z  in  tJie  square  of  the  second,  {viz.  x+y-f « 
3=9^)  mid  we  shall  have  x=4. 

3.  Given.a?+5!4^=19,  w+^i^=15,  and  z-f  ^1^=12,  txy 

^  *^        3  4 

find  X,  y,  and  z. 

From  three  times  the  second  take  twice  the  first,  and  2  jf— a:=: 
7,  or  j:=2y— 7.  From  six  times  the  second  take  twice  the  first, 
and  5y+z=52,  or  2==52 — t^y.  In  four  times  the  thirds  viz. 
4r+x+y=48,  substitute  the  values  of  x  and  z  as  found  (d^ove, 
and  it  becomes  208— 20y-i-2y— 7-fy=48j  whence  y=9,  «= 
(5y— 7=)  11,  andzz=  (52— 5y=)  7. 

4.  Given  xy=^6,  and  a'*-f  y*=s97j  to  find  a:  and  y. 

-^dd  ^icice  </ie  square  of  the  first  eq.  to,  and  subtract  it  from 
Ae  seoondy  then  find  the  square  root  of  the  sum  and  differenfe, 
which  will  be  respectively  a:^-f  y*=13,  and  a?*— y*=5  j  by  ^uiding^ 
these  two  together,  we  get  2a:^=18,  or  j;®=9,  whence  X:s:3}  and 
iff  subtracting  the  latter  of  them  from  the  former,  2y®=8,  or  y* 
ap4^  whence  y=2; 

5.  Given  x*— y«=:7,  and  xyz=zl%  to  find  x  and  y. 

To  the  square  of  the  first  add  four  times  the  square  of  the 

mcond,  the  square  root  of  the  sum  will  be  ^-f  y^=:25 ;  add  tfie 

first  equation  tOy  and  subtract  it  from  this,  and  22:^=:32,  07^=16, 

JMdx=4^  also  2y^z=:l8,y^=:9,  and  y=3. 

i  xy  xu 

i   6.  Given  — ^=j:— 50,  and  — ^=j?+200,  to  find  x  and  y, 

k  y-f3  y-2 

It       Multiply  the  first  by  y-\-3,  and  the  second  by  y — 2,  and  we 

60y+150 
tkall  have  xy=a:jr— 50y+3x— 150^  whence  r= — 2— ,    and 

y  s=:a:y+200y— 2x— 400,   whence  a:=100j/— 200j    therefore 

isi^i =  100y— 200,    or    50y+160=300y— 600;    whence 

pOy=750,  and  y=^S;  also  ar=(100y— 200=)  100. 

)  ••      a:         2  — — 

7.  Given =ir^  and  y  x  x-\-y=:48,  to  find  x  and  y. 

x+y     3 

2 
^     Multiply  both  equations  together,  and  a"y=:(---x48=s)  32; 

o 

»t  (yxa'+y=)  a:y-fy*= 48  3   subtract  the  preceding  equation 

inn  this,  and  y^=16,  whence  y=4  ;  this  value  substituted  for  y 

the  equation  xy=:32,  gives  4:r=32,  whence  x:=zS* 

VOL.  I.  F  f 


u. 
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S.  Given  jr^^-^y^lS,  and  a^-^y^zsS,  to  find  x  and  y. 

Subtract  tkb  second  from  the  first,  and  ^-f  y^=:10$  odd /&li 
/o  the  first,  and  j:^-f  ^xy+y*=^5  >  extract  the  square  root  of  this, 
and  x-Hy=5  ;  substitute  this  value  for  x-^y  in  the  first  equation 
(s^-^xfj^z)  x-^yxxszis,  and  it  becomes  5 x=ilS,  whence  x:x^', 
this  vahiis  substituted  for  x  in  the  equation  x+y=z5,  gives  ^£=2. 


?-«« 


9.  Gben  x+y  x — »C0,  and  x+y  x — =2— ^  to  find  x  and  y. 

y  X        5  ^ 

Multiply  both  equaiitm^  together,  andx-\-y]^^^l44,  the  square 

root  of  which  x^yz=il^',  substitute  this  for  x-^-yin  ike  first,  and 

I'ix 

at 60,  whence  12xs=60y,  and  x=5y ;  this  vcdue  substituted 

fhr  X  in  the  equation  x-^ystl^,  gives  6y=Bt2,  or  y=2 }  whence 
x=:(5y=)  10. 

10.  Given xxx+y4-2==36,yxx+y+2=:27yaiidxxx+jf+« 
s=:18,  to  find  X,  y,  and  z. 

Atld  the  three  equations  together^  and  the  $um  is  (x-^y-^zx 
x+y+2=i=yx+y-f*«\*==581  r  extract  the  square  root  of  this,  and 
ff^y^z^=i9^  substitute  this  value  in  the  three  gitfen^ equations,  and 
9x=?36,  orx=:4f  9y^^7,  or  jr=35  a»rf9r=18,  orzz::^, 

X— y 

11.  Given  x+y  X3=640,  and  -— ^=b5»  to  find  x  and  y.  Ans. 

x=^100,  y=80. 

12.  Given    x  +  y  :  x— v  :  :  8  :  5,    and    x-f  y  :  2*y  :  :  8  :  3,   to 
find  X  and  y.     -i^^.  x=:65,  y=15. 

13.  Given  4x+^=545  3a  +  i^=40,  and  2x-^= 

•il,  to  find  X,  y,  and  z.    Ans,  x=  12,  y=9,  x=a^. 

14.  Given  2  xx-fy-f  2=18;  2xx-|-y-fz=lG,  and  2x+y+r 
1=13,  to  find  X,  y,  and  z.     Ans,  x=4,  y=3,  2=2. 

15.  Given  100— x-~y=68;  68— y— x=48,  and  48— x-zs 
"•io,  to  find  X,  y,  and  z.     ^ws.  x=20,  y=12,  z=8. 

1^     r^.  2x+3y-f42  3j+4y  +  52  2         , 

16.  Given =50,    ^-I =256 — ,    and 

ux-f-6y-f72  ^    , 

g =G5,  to  find  X,  y,  and   2.     ^/w.   «=a40,  y=30, 

:=20. 
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REDUCTION  OF  AFFECTED    QUADRA- 

TIC  EQUATIONS. 

96.  An  affected  quadratic  ^  equation  is  that  which  contains 

both  the  first  and  second  powers  of  the  unknown  quantity; 

eveiy  equation  of  this  kind  is  comprehended  under  one  of  the 

three  following  forms,  viz. 

First  form,  x«-f  flx=  b.^  WTiere  x  is  the  unknown 
Second  form,  x*— ax=  b.  > quantity  to  be  found,  and  a 
Third  form,    x^—ax=z  —  b,J  and  6  known  quantities. 

The  value  of  the  unknown  quantity  x,  in  each  of  these  three 

Ibmis^  is  found  by  one  general  method,  as  follows. 

97-  To  find  the  roots  of  affected  quadratic  equations, 

RuLB  I.  Range  the  terms  of  the  given  equatioo  according 

to  the  dimensions  of  the  unknown  quantity ;  namely,  let  the 

^tenn  containing  the  square  stand  in  the  first  place,  (to  the  lefr,) 

and  that  containing  the  first  power  in  the  second,  on  that  side 

of  the  equation  in  which  the  square  will  be  afEimative. 

II.  Transpose  all  the  known  quantities  to  the  other  side  of 
the  equation ;  and  if  the  square  of  the  unknown  quantity  have 
m  multiplier  or  a  divisor,  it  must  be  taken  away  by  the  methods 
employed  in  simple  equations. 

III.  Take  half  the  coeflScient  of  the  uokriown  quantity  in 
the  second  term,  square  it,  and  add  this  square  to  both  sides  of 
Abe  equation,  then  will  that  side  which  contains  the  unknown 
^Hiiantiiy  be  a  complete  square  ^ 


-  k  Quadraiic  is  denvcd  firom  the  Latin  ^[umdrmtmt,  squared.  The  tera  adr- 
fpetedf  or  q^eded,  [from  afftdo  to  pester  or  troable,}  was  introdoced  by  Vieta, 
pipe  peat  improver  of  Al|$ebra,  aboat  the  year  IGOO  :  it  is  used  to  distiof^uish 
Maatioos  which  invf^Te,  or  are  affected  with  different  powers  of  the  unknown 
loanCityy  from  those  which  contain  one  power  only,  which  are  thercfiire  called 

Pu     Dr.  Hntton  scMoetimes  calls  the  former  compoumd  equations :  this  tesm 
T«M»able  and  learned  Barun  Maseres  highly  approres  of,,  obscrriof;  that 
k  Sft  less  dbscarr,  and  therefore  more  proper,  than  that  of  mfecttd  or  md/etied 

^.  1  Since  the  square  of  every  simple  quantity  is  a  timpie  quantity,  and  the 
jknare  of  erery  binomial  is  a  trijtomiaJ,  it  follows  that  no  quantity  in  the  form 
|r  a  iimowumi  can  be  a  complete  square ;  but  that,  in  order  to  make  it  sndi^ 
ifethff  terai  most  be  added  to  it,  which  term  may  in  errry  case  be  found,  ffon 
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IV.  Extract  the  square  root  from  both  sides  of  the  equation^ 
prefixing  to  that  of  .the  known  side  the  double  sign  +  ■*. 

V.  Transpose  the  knov?Q  part  of  the  root ;  this  incorporated 
(according  to  the  import  of  its  sign)  with  the  root  of  the 
known  side^  will  be  the  value  required. 

Note.  The  root  of  the  unknown  side  is  readily  found  by 
taking  the  roots  of  the  first  and  third  terms,  and  connecting 
I  hem  by  the  sign  of  the  second  •». 


the  two  given  ones  :  to  make  this  appear,  let  a+  6  be  any  binomial,  the  square 
of  which  isa'+2a6+6';  now  suppose  a'  +  2a&  to  be  given,  if  half  the 
coe£Bcient  (2  6j  of  a  in  the  second  term,  viz.  6,  be  taken,  and  squared,  tlus 
square,  viz.  fr',  will  be  the  remaining  term  ;  in  like  manner  if  6'  +2a&  be 
given,  if  half  the  coefficient  (2  a)  of  b  in  the  second  term  be  squared,  its 
square  a^  will  be  the  remaining  term;  wherefore,  since  this  quantity  bdog 
added  to  both  sides  of  the  equation  does  not  affect  their  equality,  this  part  of 
the  rule  is  manifest. 

"*  The  reason  for  the  double  sign  is  this — every  square  has  both  an  afir- 
mative  and  a  negative  root;  thus  a'  may  arise  either  from  the  multiplication 
of  +  a  into  +  a,  or  —a  into  —a  ;  therefore  a'  has  both  +  a  and  •^-a,  or+a  for 
its  roots,  and  the  same  is  evidently  true  in  general. 

"  Because  the  square  root  of  a*  4*2  a6-f-('  is  a-)- 5,  and  that  of  a»— 2s( 
-f-  ('  is  A— 6,  it  follows,  that  in  every  complete  square,  the  root  of  the  fint 
term  (a')  connected  with  the  root  of  the  third  term  (6')  by  the  sign  oS  the 
middle  term  (2  a6),  will  be  the  root  of  the  square  :  thus  in  the  above  example, 
a-\-bi%  the  root  in  the  first  instance,  and  a — b  is  the  root  in  the  second. 

In  the  first  form  of  quadratics,  where  or  ^ -f'''^=^> -^  ^*11  always  have  two 
values,  one  affirmative,  and  one  negative,  and  the  negative  value  will  be  the 
greatest ;  fur  from  the  solution  of  the  above  equation,  we  have  x^  -v 
\^b'\'\aa—-ja\  now  the  former  of  these  values,  namely,  +  /v/6-f--T  •'*'"?*'» 
M^il  be  affirmative,  since  ^b-^\  aa  is  always  greater  than  -^  aa,oi  its 
equal  -J-  a. 

The  second  value,  namely,  —  ^b-^-^aa — -J-  er,  being  composed  of  two 
negative  terms,  will  evidently  be  negative :  moreover,  since  the  affirmatiTe 
root  is  the  difference  of  the  two  quantities,  ( ^b  -f*  -^  aa  and  -^  a,)  and  the  ne« 
gative  root  their  sum,  it  follows  that  the  negative  root  will  be  the  greatest. 

In  the  second  form,  where  j^'-'tuc^bt  x  will  likewise  have  two  values,  one 
affirmative,  and  one  negative,  and  the  affirmative  value  will  bie  the  greatest; 
for  from  the  solution  jr=  i  \/b'\-^aa'\-^ay  the  first  value  of  x,  namely, 4* 
^6-J--^aa  +  -J-  a,  being  composed  of  two  affirmative  terms,  will  cn- 
dently  be  affirmative.  The  second  value  of  x,  namely,  — ^/b-^j^aa-^-^^i 
will  always  be  negative,  for  since  b-^-j^aa  is  greater  than  (-J-  aa,  or  than  it$ 
equal)  -J-ff,  it  follows  that  — /v^5-f^«a-f-J-«  will  be  negative;  and  beeanie 
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Examples. 

I .  Given  x«+6x=40,  to  find  the  values  of  x. 

a 
Half  the  coefficient  of  x  in  the  second  term,  is  ( — ss)  3,  this 

squared  is  (3*=)  9,  which  being  added  to  both  sides,  the  equation 
6ecome5x*-f-6jc-f  9=(40-|-9=)  49. 

The  square  root  of  which  is  x-f  3:;;=  (+  >v/49=)  +7. 


the  former  root  is  the  sum,  aad  the  latter  the  difference,  of  two  affirmativt 
quantities,  it  f6Uo\vs  that  the  affirmative  root  is  the  greatest. 

.hi  the  first  aad  second  forms,  the  quantity  under  the  radical  sign  is  always 
affirmative,  and  therefore  it  can  never  happen  that  either  of  the  roots  in  these 
two  forms  is  impossible. 

In  the  third  form,  where  x'^—ax—'-b,  or  s^-^  ,v^aa--&-f""J"«>  there  are 
three  cases ;  b  may  be  either  greater  than  -^  aa,  equal  to  -J^  aa,  or  less  than 
■^aa;  if  6  be  greater  than  ^  aa,  the  quantity  under  the  radical  sign  will  be 
negative  ;  and  since  the  square  root  of  a  negative  quantity  is  impossible^  both 
values  of  x  will  evidently  in  this  case  be  impossible. 

If  b  be  equal  to  -^  aa,  the  quantity  under  the  radical  sign  will  be  s=  nothing, 
and  X  will  have  but  one  value,  namely,  -J- a.    But  if  b  be  less  than  -iaa,  x 
will  have  two  values  both  affirmative ;  for  the  first  value  of  x,  namely,  -f- 
^■^  aa—b-^-j^a,  will  be  the  sum  of  two  affirmative  terms,  and  will  therefore 
be  affirmative. 

The  second  value  of  jr,  namely,  —  v^-J-  aa— 6  4*  I  «>  ^»1'  likewise  be  affirma- 
tive ;  for  since  :^aa  is  greater  than  b,  it  is  plain  that  ^^aa,  or  its  equal  ■}-  a, 

is  greater  than  ^^aa—b,  and  therefore  —  ^:J-aa  — 6 -f'^'^  ^'^  always  be 
affirmative  t  therefore,  when  x^-^ax^ — b,  if  -^  be  greater  than  b,  we  shall 

have  jr=» -j" 'V^"J'fi«-"* +  ■«'»>  ^^  x^^^^-^aa-^b'^-fa,  both  affirmative 
rttlues  of  X :  hence  this  is  sometimes  called  the  ambiguout  form. 

Either  of  these  roots,  whether  affirmative,  negative,  or  impossible,  wimi 
mswer  the  algebraic  conditions  of  the  equation  from  whence  it  is  derive4 1 
t>nt  in  the  application  of  quadratics  to  the  solution  of  problems,  impossibte 
oots  always  imply  inconsistency  in  the  conditions,  or  that  the  problem,  as  to 
my  real  use,  is  impossible. 

The  affirmative  roots,  in  the  first  and  second  forms,  are  in  most  cases  the 
iBwers  to  the  question  proposed ;  sometimes  however  the  negative  roots 
re  to  be  taken,  when  the  quadratic  forms  a  subordinate  part  of  some  more 
xtensive  solution :  in  the  application  of  algebra  to  geometry,  bpth  the  %Mir 
Mtive  and  negative  roots  have  place,  each  having  a  distinct  and  necessary 
iiport.  Of  the  two  affirmative  roots  in  the  tbtrd  form,  one  only  will  lor  ihe 
lost  part  be  the  answer  to  a  numerical  problem,  the  conditions  of 
fbich  will  always  point  out  which  it  is :  in  geometrical  problems  hoth 
M>ts  hare  place,  as  we  have  ahready  observsi. 
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Whence,  by  transposition  x=:  (-f7— 3=)   4,  or— 10,  the 
answer. 

2.  Given  j:*— 8x=20,  to  find  x. 

Half  the  coefficient  8  is  4,  this  squared  is  \6,  and  the  square 
added  to  both  sides,  gives  a:*— 8x+ 16=  (20-f  16=)  36. 
By  evolution  t— 4=  (+  >v/36=)  -J-6. 
By  tr€fnsposition  x=(-f-64-4=)  10,  or  — 2,  the  answer. 

3.  Given  x*— 4x= — 3,  to  find  x. 

Htlf  the  coefficient  4  is  ^,  this  squared  is  4,  which  added  to 
both  sides,  we  have  x^— 4  j:-f-4=  (— 3-f4=)  I. 

Whence  by  evolution  x— 2=  (+  .v/l=)  +!• 

And  by  transposition  x=  (2+1=)  3,  or  I,  the  answer. 

4.  Given  2  x«+ 16  x=40,  to  find  x. 
Divide  by  2,  and  xT+8x=20. 

Complete  the  square,  and  x*+8x+16=  (20+1 6=)  36. 

Extract  the  root,  and  x+4=  (+  ^^0^)  ±6. 

IVhence,  by  transposition  x^  (  +  6— 4=)  2,  or  —10,  iAcflW. 

5.  Given  5x«—6<)x— 12=788,  to  find  x. 

By  transposition  6x*-60x=  (788+12=)  800. 

By  divmon  x* — 12x=160. 

Complete  the  square,  and  x^— 12x+36=  (160+36=)  196. 

Extract  the  root,  and  x— 6=  (+  ^196=)  +  14. 

By  transposition  x=  (6+14=)  20,  or  — 8,  the  answer. 

6.  Given  8x*+8x— 4  =  12,  to  find  x. 

By  transposition  Sx'^-\-Sx^=z  (12  +  4=)  16. 

By  division  x*+x=2:  here  the  coefficient  of  x  is  \,  half  of 

1  ~r*    1 

which  is  — ,  the  square  of  which  (— -i  )  w  —  5    therefore,  to  com- 
^2  4/4 

1  19 

plete  the  square,  x^+x+---=  {^-7'^)~r' 

1  9  3 

By  evolution  ^+y^  (±v^'T=)  ±"o'' 

,31       +3-1 

By   transposition  ar=    (+—-  — — =t=_ — — )   1^  of-.?, 

the  answer, 

X*       X        1         1 

7.  Given 1 = — ,  to  find  x. 

3       4       5       6 

»    *  .^.       x«      X         1       1      5-6     .        1 

By  transposition  — •  — ~=  (-r — ^""377"=) 


3       4       '6       5        30       '      30' 
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By  multiplication  x* — —  s=  (— — =)  —  ttt' 

oS         9,      1.9.   18- 
By  comp,  the  sq.  a;«~-x+-==(--+-=)  — . 

3  13 

By  evdlution  ar— — =5:  +  J-tt' 
'  8      —  ^  320 

By  ^ranspositum  x::=:{^±  >/^=^  375+  v'-^^^^^Srr .375 

•  +  .«0155,  Ac  «=)  .57655,  *c.  or  .17344,  Ac  the  answer. 

8.  Given      "''^    =.gf±:?,  to  find  x. 
.34a:— .5       .89r 

By  multiplication  .  01068 3:*sss. 204 ar*—.  062 r — 35. 
By  transposition  .  19332a;*— .062 a?=*. 35. 

By  diuwiojj    /a?*—- ^^ — ^1— =s  ■'  ■  ^,    or)    a?*— .320raP= 
^  ^        .19332     .19332'        ' 


1.81046. 


.3207 
Completing  the  square^  a?*—.  3207^-1 — 5— 


=31.810464- 


.3207)« 
~2^/- 


,    .  .3207  ^     .3207 1* 

JBy  croZtt^iow  X ~  =  + v^l.81046+— ^-  ' 

2  2 


.3207  .3207 

jBv  transposition  x= ^-  ^1 .8 104^4* 


2      -^  ^  ^       2 


:.  16035 


+  V  1-8^046  +  .16035l«  =  16036  ±  yj.81046  +  .0257121225 
^     =  .16035  +  ^  1. 8361721225 s=.16p35±  1.35505:^:1.5154,  of-? 

1 . 1 947,  the  answer, 
p.        9.  Given  <u?^— &r+c=d,  to  find  x. 
By  transposition  (ui^-^bx=^d'^fi^ 

I  By  division  a?' — r-x= . 

J?y  comp.  the  sq.  x^ xrf  — -r-5= — ' — l--r~S« 

a     '  4a*        a        4a^ 


w- 


6  d— c       6* 

By  evolution  a?— --=-f  v* l":r~ft- 

2a     --^     a       4a* 


(I 
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By  transposition  x=(~+^ ^7~i^) 


-•=-21 .  the  answer. 

2a 

10.  Given    5  a?— 3y=x+y+%  and    x*+y*=lla?— 5y,  t6 
find  X  and  y. 

4  v+^O 
Erom  the  Jirst  equation  x^si(—^ =)  y-H5j  whence  a:*=s 

(y  +  5l*=s:)  y*+10y+^5:  «u6«^ift^  these  values  respectively  for 
X  and  x'^  in  the  second  equation,  and  it  becomes  2  ^^+  iOy+Zox 
6y  +  55. 

By  transposition  2y*+4y=30. 

By  division  y'^-j-^yzzl^. 

By  comp.  the  sq,  y*  -f  2  y  4- 1  ==  1^- 
•  By  evolution  y+lsr-jr4. 
JBy  transposition  y=  (-j-4— 1=)  3,  or  ^5. 
Whence  a:=(y  4-5=3  +  5,, or— 5  +  5=)  8,  or  O. 

11.  Given  a:*4*^=3^>  «uid  a;y— 8  y®=s:2,  to  find  a?  and  y. 
Le^  vy=x:  fTiis  ra^ue  substituted  for  x  in  both  equations, 

35 

they  become  «*y*-ffy*=35,  whence  y^=   ^       ;   and    i?y*— Sjf* 

=2,  t<?^e»cey*=-"^-—;'  therefore  — — = -:  whence 

JBy  multiplication  35 1;— 70=2  «*-f  2 1?. 

By  transposition  2 u*— 33 1?=— 70. 

JBy  division  i?®  — 16.5t?=— 35. 

By  comp.  ^Acsg.  z;^ —16.51? +  68.0625  =33. 062 5. 

By  evolution  t>— 8.25=  (+ v'33. 0625=)  +5  75. 

By  transposition  t?=  (8.25 +  5.75=)  14,  or  2.5. 

2  1 

Whence  by  taking  i?=14,  we  have  ys±(^ =)  ^ — ;  and 

V — 2  6 

i:=  (vy^  14,/-:r}  ^'^'^  by  taking  v=9.5,  we  s/iaZZ  have  y= 

2  2 

(^ r^=  >v/-r-=)  '/4=2,  and  a?=  (ry=)  2.5  x  2=5. 

12.  Given  a:+y  +  a:y=19,  and  j:^y+a:y^= 84,  to  find  x  and  y. 
Let  s=j7+y,  and  p=xy,  then  the  given  equations  will  6c- 

eome  (j?+y  +  a:y=)  s+p=19  3  awd  a?2y  +  xy^=(a;  +  y  xa:y=)  5p= 
64:  /rom  iAe  square  of  the  equation  5+/)=:  19,  take  four  times 
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ip=:S4,  and  you  will  have  s^— 2sp-|-p*=^5  5  whence  by  evQltttion 
*— px=  +  5:  this  equation  added  to,  and  subtracted  from  »+p=5 
19,  gives  2*=  (19  +  5=)  24  or  14,  awd  5=12  or  j  -,  arid  likewise 
2/)=  (19+5=)  14  or  24,  awd  pt=7  *>»*  12  5  therefore  x+y=s 
(s=)  12  or  7>  a»<i  ^i/=  (p=)  7  or  12.  Subtract  four  times  the 
last  from  the  square  of  the  last  but  one,  and  there  remaiiiif  Vp*— 
2J?y+y®=  (1^^—28,  or  71*^—48=)  116  or  1  ywhence^  by  evolu^ 
tion,  a:— y=  +  y'116,  or+1;  add  this  to,  and  subtract  it  from 
j:+y=12  or  7,  and  we  shall  ^ace  2  a?=  + ^116  +  12^  or  ,j^l  + 
7=  (by  taking  the  latier  palue  only)  8  or  6>  whence  a:=4  or  3 ; 
2iA:eti7ue  2  y=  (7-f-l=)  6  or  8,  whence  y=sS  or  4  ;  if  we  9naA:e  i 

=4,  ^Acti  y=3  ;  if  x=3,  i^en  y=4  •. 

x^     y^ 

13.  Given  — f.^— =s9,  and  a?+y=6,  to  find  x  and  y. 

y     X 

Let  x=2  +  i;,  and  y=z— u,  //icn  %  adding  these  two  equations 
together,  (r  +  y=)  2  2=6,  and  2=3;  whence  a?=3  +  i?,  and  y= 
3 — V,  Multiply  the  first  given  equation  by  xy,  and  x^  +  y^=9«y^ 
'which  by  substituting  S-\'Vforx,jandS — v  for  y,  becomes  3  +  i?]^ 
+  3— «?7^=9x3  +  rx3 — 1?;  ^/iw  fcy  involution,  multiplication, 
and  addition,  becomes  54+lSv^=^8].— 9v^>  to^tence  by  transposi* 
tion  27t?*=27  5  */iere/bre  v®=l,and  u=  +  l,  whence  x=  (2+9 
=;3+l=)4  or  2j  a/id  y=  (zr-t?=3+l=)  2  or  4)  if  xx:4, 
then  y='2>  but  if  a:=2,  ^Aen  y=4, 

14.  Given  j?^  +  8ar=65,  to  find  x,     Ans.  x=.5,.  or  -^13. 

15.  Given  y^— 12y=540,  required  the  value  of  y  ?    Ans.  y=a 
30,  or  ~  18.  , 

16.  Given  z^  — 20z=— 91,  what  is  2  equal  to?     Am.  2=t 
13,  or  7. 

17.  Given  3  a?»--21x- 450=6000,  to  find  x.     Ans,  ir=50, 
or—43. 

18.  Given   z^+z=2,  required  the  value  of  zP    Ans,  z=:l, 
or  —2. 


^  ^  If  the  former  values  of  x— y,  Aankely,  -^^1X6  or +10.77  ke  takenr, 
lH^en  for  the  affirmative  values  x  ^  1 1.385,  &e.  and  y  «s.6l5,  &c.  and  for  the 
jl^gative  values  x  ».615,  &c.  and  ys  11^85,  &c.  both  of  which  values 
jmswer  the  conditions  of  the  question  equally  with  those  |^ven  above.  It 
«|»pea,rs  from  the  solution,  that  this  example  (which  was  inserted  by  mis- 
take) w  oot  an  adficted,  but  a  jpurc  quadratic,  aad  tbtrefore  is  misplaced : 
^Oie  same  may  be  said  of  the  thirteenth  example. 


k. 


442  ALGEBRA.  Part  IH. 

Id..  Given  5  y»— 26  y4-40=10,  to  find  y.    -^w.  y=3,  or  2. 

•  5         1  ^    ,  ^  11 

20.  Given  a^ — —x-f —.5=0,  to  find  x.    Jru.  a:=---or-— . 

«*        *        1         1 

21.  Given 7=-^**  to  fijid  x.    Am.  x=:rl.5824,  w 

4       5       6       7 

—.7824. 

.  *      1 

22.  Given    ar«-f  &*=c,  to    find   «.      .4n».    x=— --+— -a 

2a—  2 


^4  ac-f  6*. 

^.        2ar*— S     5j:+(5    8x+9    ^^    ,  - 

23.  Given  < 1 = »  to  find  x.     Atu,  «= 

**  4^7  11 

1.205565,  or  —1.179593. 

24.  Given  2ap*-f x— y=Sy*-f 2y,  and  x+y=7,  to  find* 
and  y.     .<^ns.  x=42  or  4,  y  =  —35  or  3. 

98.  By  this  rule  may  be  solved  all  equations  whatever^  wherein 
tRere  are  only  two  different  dimensions  of  the  unknown  quantity, 
provided  the  index  of  the  one  be  exactly  double  that  of  the  other. 

Rule.  Having  completed  the  square  and  extracted  the  root 
as  before^  transpose  the  known  quantities  which  are  on  the 
same  side  with  the  unknown  one,  and  then  extract  the  root 
implied  by  the  index  of  the  unknown  quantity,  firom  both  sides 
of  the  equation  p. 

25.  Given  ar*-|-6cr^=72,  to  find  the  values  of  x. 
By  completing  the  square  a:*-|-6x*-f9=81. 
By  evolution  a:*-j-3=-f  9. 
By  transposition  a;'=  (4-9— 3=)  6  or  — 12. 
By  evolution  x=z(±^6=)  +2.4494897428,  or±^''l% 
the  latter  of  which  are  impossible. 


P  Every  equation  will  have  as  many  roots  as  the  unknown  quantity  iii' 
dimensioDs ;  thus,  in  the  25th  example,  x  being  in  the  fourth  power*  ^ 
equation  will  have  four  roots,  as  appears  by  tlie  solution.  In  example  v, 
y  comes  out  equal  to  49  <nr  25,  the  latter  of  which  being  sabstitated  io  ^ 
equation,  will  not  answer,  except  —5  be  substituted  for  the  square  rootd' 
stead  of  -f'5,  the  reason  of  which  is  obvious,  since  the  S5  arose  froa-'^^ 
—5.  One  root  only  is  required  in  the  following  examples,  as  fin^iflf '* 
rest  would,  in  many  cases,  require  rules  which  have  not  yet  been  fiwD. 
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26.  Given  ^y— 4  ./y =45,  to  find  y. 
By  comp.  the  sq,  y — 4;^y-t-4=s:49. 
By  evolution  .y/y — 2 = ^  7. 

By  transposition  ^y^=  (^7+2=)  9,  or  —5. 
By  involiUion  ys=z  (9)*=)  81,  or  (—51^=)  25. 

27.  Given  aa*— ftrr— c=— d,  to  find  x. 

By  trans,  and  division  x" x^=^ . 

a  a 

•        6    »       6«        C-^d       6*      . 

By   comp,   the  square  x^r. x"  4- -r^^^^  i h7~i==) 

*^  '^  ^  a         4  a*  a        4  a* 

4ac— 4ad+6*  • 


4a« 


By  evolution  x  —5-=  +  V 


»      b  4ac— 4arf+^* 


2a     -  ^  4  a« 

n 


_  -r         ^  4o!c--4a<i+6* 

J5y  transposition  x^  s=z  (- — |-  ^ -~r =) 

2a  ~"  4  a^ 

fe4:>x/4ac— 4ad+^^ 
2~a  * 


^^  evolution  x=i  -— 


2a 

28.  Given  a^-f  2x*=24,  to  find  one  value  of  x.     ^«5.  x=r2. 

29.  Given  y«--4y'=32,  to  find  y.     Ans,  y=r2. 
SO.  Given  2— 2^z=0,  to  find  «.     ^/w.  z=4. 

31.  Given  2ar*— J?*=496,  to  find  x,     Ans.  ar=4.        

32.  Given  x«"--x"=a,  to  find  x.     Ans.  j— "v^  "^  ^2  ^       ' 

99.  PROBLEMS'. 

Every  problem  proposed  to  be  solved  algebraically,  contains  some 
conditions  laid  down,  which  are  called  the  data ;  from  whence; 
one  or  more  quantities  are  required  to  be  founds  called  the  qua^, 
sita.  The  first  thin  *^  necessary  to  be  done  preparatory  to  the  solu- 
tion, is  to  understand  clearly  the  import  and  signification  of  .the 
problem  :  it  must  be  freed  ft*om  every  thing  ambiguous  and  un- 


4  The  word  problem  is  derived  from  jthe  Greek  w^tCXn/ut*  An  algebraie 
problem  is  a  proposition  wherein  some  unknown  truth  is  required  to  be 
investi^ted  or  discorered,  and  the  truth  of  the  discovery  demonstrated. 
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necessary;  the  conditions,  and  the  nxinner  of  their  dependance 
on  each  other,  must  be  dearly  ascertained  and  stated,  and 
they  must  be  carefully  distinguished  from  the  quantities  pro- 
posed to  be  found :  when  this  ia  ^accomplished,  the  Conditions 
of  the  proposed  problem  will  be  exhibited  under  the  form  of 
one  or  mdre  equations;  namely,  as  many  equations  as  there  are 
unknown  quantities,  the  solution  of  which  is  the  subject  of 
the  preceding  rules. 

Much  depends  on  a  proper  substitution  for  the  quanti- 
ties required :  no  general  rule  for  this  can  be  given ;  sometimes 
a  letter  must  be  put  for  each  5  frequently,  having  substituted  a 
letter  for  one  of  the  unknown  quantities,  expressions  for  the 
others  may  be  derived  by  means  of  this  and  the  conditions 
proposed,  without  the  aid  of  new  letters ;  sometiiAes  a  sub- 
stitution for  the  sum,  difference,  product,  quotient,  roots, 
powers,  &c.  of  the  unknown  quantities,  may  be  conveniently 
made ;  but  the  proper  application  of  these  must  be  learned  by 
experience  and  practice. 

The  following  modes  of  substitution  will  apply  in  many  cases. 
For  one  unknown  quantity  put  x,  for  two  put  x  and  y,  x  being 
the  greater,  y  the  less,-  for  their  sum  x-^-y,  for  their  difference 
x—yy  for  the  square  of  the  greater  x^,  for  the  cube  root  of  the  less 
^  ^y,  for  the  sum  of  their  squares  a:^-fy^,  for  the  difference  of 
their  squares  x^-^y'^,  for  the  square  of  the  sum  x^hy]  ^,  for  the 
cube  root  of  their  ditterence  ^  ^x—y,  for  their  product  xy,  their 

X 

quotient  — ,  where  the  greater  is  proposed  to  be  divided  by  the 

y 

less,  or  — ,  where  the  less  is  proposed  to  be  divided  by  the  greater. 

In  general,  the  sum  of  any  two  quantities  is  represented  by 
interposing  the  sign  -f-  between  them ;  the  difference  by  the 
sign  — ,  the  product  by  the  sign  x ,  or  by  placing  them  as 
coefficients  to  each  other,  and  the  quotient  by  placing  the  divi- 
dend above  the  divisor  5  following  in  every  case  the  method 
applicable  to  it,  as  proposed  in  algebraic  notation. 

1.  What  number  is  that,  to  which  9  being  added,  the  sum 
will  be  ^3  ? 

Let  the  required  number  he  represented  by  x. 

To  which  adding  9,  the  sum  will  6e  JP-f  9. 

This,  by  the problenty  equals  53,  whence  x-f  9=^3. 
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Wherefore  by  transposition  a:=  (23—9=)  14,  the  answer 
required  '. 

^.  What  number  is  that,  from  which  27  being  subtracted,  the 
remaiDder  is  41  ? 

Let  the  number  required  be  called  x. 

From  which  subtracting  27,  the  remainder  will  be  a:— 27- 

This,  by  the  problem,  equals  41,  whence  x — 27  ==41. 

Therefore,  by  transposition  xz=z  (41-|-27=)  68,  the  anstcer 
required  •. 

3.  What  number  is  that,  which  being  multiplied  by  4,  and 
5  being  subtracted  from  the  product,  the  remainder  will  be  6  ? 

Let  the  require  number  be  x. 

This  multiplied  by  4,  is  4  x. 

From  which  subtracting  5,  tJie  remainder  is  4x — 5. 

This  remainder  by  the  problem  equals  6,  wherefore  4  x — 5=6l 

By  transposition  4x=  (6  4-5=)  11. 

11 

And  by  division  x=i  ( — = )  2^^,  the  answer  '. 

4.  What  number  is  that,  which  being  divided  by  7>  with  8 
added  to  the  quotient,  the  sum  will  be  9  ? 

Let  tJie  required  number  be  called  x, 

X 

This  divided  by  7f  the  quotient  is  — -. 

X 

To  this  quotient  adding  8,  it  becomes  — -f8. 

X 

Which  sum,  by  the  problem,  equals  9,  whence  —— f  8=9. 


»  Proof  of  proh.  1.     The  number  reqnired  is  14 

For  by  adding  to  it  ... .    9 

The  sum  is S3  as  required. 

»  Proof  of  proh,  2.     The  number  required  is 68 

For  by  subtracting  from  it 27 

The  remainder  is 41  as  was  required, 

11 
«  Proof  of  proh.  3.     The  required  number  is  2-|-a  that  is~X* 

For  if  it  be  multiplied  by  4,  the  product  is  U . 
From  this  subtracting  5,  the  remainder  is  11—- 5ss6, 
according  to  the  problevau 
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Whence  hf  trmuposition  — =  (9—8=)  1. 

And  by  mmUipUcatitm  x^7,  ike  mumer  *. 

5,  What  mimbo:  is  that,  from  which  12  being  sidiCivcted, 
one  fourth  of  the  remaiiider  will  be  22  ? 

Lf^  /Ae  number  required  be  repre$eMUd  hy  x. 

from  tt;/^^  subtractimg  1%  the  rewiamder  is  x — 12. 

JT— 12 

This  by  the  problem  equals  22,  whence  — - — =22. 

HTierefare  by  mult'tplication  x — 12=88. 

And  by  transposition  x=  (88-1- 12=)  100,  the  answer  '. 

6.  What  number  is  that,  to  which  7  being  added,  two  thirdi 
of  the  gum  will  be  8  ? 

Let  the  number  be  called  x. 

To  which  adding  7,  the  sum  is  x-j-J- 

2       2r+14 

Two  thirds  of  this  is  (— xx-f  7=) — . 

2r+l4 

This  equals  8  by  the  problem,  whence  — - —  =8. 

By  multipJication  2i:+14=24. 
By  transposition  2x=  (24-— 14=)  10. 
And  by  division  t=5,  the  answer  '. 
7.  What  number  is  that,  which  being  added  to  16,  and  sub- 
tracted from  20,  the  remainder  will  be  two  sevenths  of  the  sum  ? 


•  Proof,    The  number  required  u  7. 

7 
For  tbi»,  divided  by  7,  via.  — ,  b  1. 

To  which  adding  8,  the  sam  is  \  +  S^9,  according  to  the  probleio 

»  Proof,     The  number  required  is  100. 

From  which  subtracting  13,  it  becomes  100—  12«B^g. 

88 
One  fourth  of  this  remainder,  or  -r-  is  02,  as  was  proposed. 

f  Proof.    The  number  required  is  5. 

To  which  adding  7,  the  sum  is  5  +  7  or  1 2. 

2  2X12       24 

Two  thirds  of  this  sum  is  —  X  12*=  ( — r —  =»)  "^  =  8,  as  wa* 

proposedi 
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Let  the  number  be  called  x.  *■ . 

This  added  to  16,  the  sum  is  x^l6, 

Ttoo-sevenths  cf  U}hich  is  ( — xj+16=)  —^ — . 

jllso  szLbtracting  xfrom  20>  the  remainder  is  SO^-'X. 

Wherefere  by. the  problem  20— x=: . 

This  by  multiplication  becomes  140— 7x=x2x«f  32. 
jind  by  transposition  9xfi=108. 
Whence  by  division  xs  12^  the  answer  \ 

S.  What  number  h  that^  of  which  its  one-fourth  part  exceeds 
it!  one«fifth  part  by  4. 

Let  the  number  sought  be  i. 

Then  its  one-fourth  part  U)ill  be  — . 

X 

And  its  one-ffth  part  — . 

X         X 

Whence  by  the  problem  — ±= |r4. 

4       5 

By  multiplication  5  xae  4  x  -f  80. 

Whence  by  transposition  x=s80,  the  answer  «. 

9.  A  lady  being  asked  her  age,  replied, '  If  you  add  ^,  ^,  and 
I-  of  iny  age  together,  the  sum  will  be  18  :*  how  (Ad  was  she  ? 
Let  the  lady*s  age  be  called  x. 

Then  will  its--rbe^,  its  — = — ,  and  its  7-=-^. 
3        3  4      4  6       6 

XXX 

Therefore  by  the  problem  -, — | h-^=18. 

3       4       6 


*  Proof.    The  required  number  is  12  ;  for  by  adding  16  to  it,  the  sum  it 

12 4'  \6*»'-29  ;  alta  subtracting  the  given  number  IS  from  20,  the  remainder  is 

2        28  X  2       56 
20— 12« 8 :  now  8  is  two-sevenths  of  28,  for  28  X  — «  ( — =— «-)  — « 8,  as 

was  proposed. 

80 

•  Pfoof,    The  number  to  be  found  is  80 ;  for  one-fourth  part  of  it  is  -r-= 

80 
20,  and  one-fifth  part  —eld:  now  20  exceeds  16  by  4,  which  wa»  to  be  shewn. 
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Whence  hn  multiplicq,tion  by  VZ  (4j:+3  jr-f-^xas)  9x==216, 
And  by  division  a:=24  years,  the  answer  •*. 
10.  Divide  17  shillings  between  two  p^rsons^  so  that  one  may 
have  4  shillings  more  than  the  other. 
Let  the  less  share  he  called  x. 
Then  will  the  greater  fee  a? -f  4. 
And  both  shares  added  together ;  loiW  &e  2.r+4, 
This  by  the  problem  equah  17,  or  2  J? 4-4=  17* 
Jilience  by  transposition  '2x=z  (17 — 4=)  13. 

13 

And  bif  division  x=:  ( — =64^=)  Ss,  6d,  =  the   least  share} 

Z 

snhfract  thi^from  17,  o^d  (17—65.  6d.=)  lOs.  .6d.:=:  the  greater 


share 


c 


•     *     Or  thus^ 

Let  the  greater  ahare  be  x. 

Then  the  less  will  be  x — 4. 

The  sum  of  these  equals  If,  viz.  2  a:-— 4=17. 

Whence  2a;=21,  a:=105.  6d,  and  x— 4=6*.  6rf.  cw  before. 
11.  Three  persons.  A,  B,  and  C,  rent  140  acres  of  land  be- 
tween them,  of  which  A  lias  twice  as  much  as  B,  and  B  thrice 
as  mueh  as  C  5  how  many  acres  has  each  ? 

Let  Cs  7iumber  be  called  x. 

Then  Bs  will  be  (z=:  thrice  Cs,  or)  Sx. 

And  An  {z=z twice  B's,  or)  6 x. 

And  the  sum  of  these,  by  the  problem,  10  j:=140. 


^  Proof.     The  laJy's  a^e  is  24 : 

24 
For   I  of  it,  or--c^8. 


24 

:^of  it,or--=.G. 
4 

24 
f  of  Jt,  or  ^^  =»  4 

Their  sum  —  18,  u»  r^quirtd. 

s.      d. 

«  Proof. 

The  share  of  one  is    10      6 

That  of  the  other  . .  (>  Vi 
The  sum  of  both  is  f?  0 
And  the  diflVreuce     4      0  egrceahly  to  tht 

- 

eonditions  proposed. 
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4- 


Whence  »==14=C^  share,  5j?=  (3x  14=)  42=sF«  share, 

jand  6x=:  (6x  14=)  84=^«  share  *. 

l!!.  If  the  half^  third,  and  fourth  ports  of  my  number  of 

shillings  be  added  together,  the  sum  will  be  one  shilling  more 

than  I  have }  how  many  shillings  have  I  got  ? 

.  X  ^    X 

Let  x=:the  number  required,  then  will — z=.thehalf,  — ==: 

...  *  o 

X 

fhe  third  part,  and  — ^zthefourthpart ;  also  x-^-l^  one  more  than 

fJC  3C  ^£ 

I  haves  whence  by  the  problem  — -H 1 =x+lj  this  equation 

t  ^34 

cleared  of  fiactions,  becomes  (6a:+4a:+3a?=)  13a?=12x+12; 

wherefore  x=12,  the  number  required*,        ' 

13.  A  legacy  of  l^Ol.  was  left  between  A  and  B,  in  such  sort, 
that  ^  of  A*s  share  was  €qual  to  f  of  B*s  5  whab  sum  did  each 
receive  ? 

Let  SxzizJ's  share,  then  will  7xs=:Rs,  and  their  sum=s 

120 

[0a7-|-7a?=)  15«=190  by  the  problem  $  whence  x=:  (^rr=)  8: 

mtsequently  Sx=:64l,^jfs  share,  and7x=:B6l.=:Fs. 

14.  4  P^t  ^s  4.  in  the  mud,  -^  in  the  water,  and  11  feet  above 
he  water  5  required  the  length  of  the  post  ? 

X 

Let  its  length  be  called  x,  then  the  ^  part  will  be  — ,  and  the 

4 

'part  -^;  whence  by  the  problem f- 1-  ll=:r  .•  this  equation 

X 

^eared  of  fractions,  5fc.  we  shall  have  xsz^Ofeet;  — =5  feet  in 

X 

itf  mud,  and  ---:=z4feet  in  the  water, 
5 


<  Proof,    A's,  B*s,  and  Ca  shares  added  together,  vik.  84  -f  42  +•  14=:  140, 

lifCh  is  ooe  condition  of  the  problem. 

iUso  A's  shftre  is  double  of  B's,  for  84  =>  2  X  42;  aud  B's  share  is  triple  of 

),  for  42s=3  X  14,  which  is  the  other  condition. 

*  Proof,    The  number  obtained  by  the  solution  is  12 ;  the  half  of  which  is 

the  third  4,«nd  the  fourth  3:  now  6  +  4-f  3:=^13»12+ 1 ;  that  i«,  the 

a  of  the  half,  third,  and  fourth,  exceeds  the  number  I  have  by  I,  which  was 

be  shewn.     In  like  manner  the  truth  of  the  conclusions  in  all  the  follonn/ifi|f 

tblems  may  be  demonstrated. 

VOL.  I.  G  g 
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15.  A  burner  turned  152  beasts  Ifato  a  meadow  $  to  eveiy 
horse  there  were  3  cows,  and  to  every  cow,  5  sheep  3  how  maDf 
of  each  sort  were  there )  / 

Suppote  there  were  x  horsesy  then  would  there  he^3  x  cow$,  and 
(3xx5:s)  IB X  sheep;  whence  by  the  problem  (x+3x+I5x=s) 
19x=152:  therefore  xzzzS  horses,  3x=24  coin,  and  15x=129 
sheep, 

16.  A  man  has  six  sons,  whose  successive  ages  differ  by  4 
years,  and  the  eldest  is  thrice  as  old  as  the  youngest;  required 
their  several  ages  ? 

Let  t]i€  age  of  the  yourtgat  be  x. 

Then  will  that  of  the  second  youngest  be  x+4*  •    « 

that  of  the  third x+8. 

that  of  the  fourth x+  L2. 

Ma^  of  the  fifth .  . .  x+  16. 

that  of  the  sixth x4-20. 

fVhence  by  the  problem,  x+203=3  x,or^  xas20^  and  xsslQ  yean 
zsthe  age  of  the  youngest ;  also  i:+4=2  (10+4=)  I4^the  age  of 
the  second,  X'\-8s=:lS=ithatof  the  thirds  x-^l2:sz9lZ=s that  of  tk 
fourth,  x+ 16:=26=:^^^  of  the  fifth,  andx+20^30=zthe  gp(i 
the  eldest. 

r?.  Two  butchers  bought  a  calf  for  40  shillings,  of  which  tiiB 

part  paid  by  A,  was  tb  the  part  paid  by  B,.  as  3  to  5  3  what  sum 

did  each  pay  ? 

5x 
Let  x=:As  parti  then  3  :  5  :  :  x  :  -—z^B's  part;   whence  hf 

bx    Sx-^^x       8x 
the  problem  (x-f— ss — - — =•) — =40}  therefore Sx^^\90, ad 

5jp        5x15     75 

ar=  15  shillings  paid  hy  A  ;  also  —  (=x — - — = — =)  255At/^ 

paid  by  B, 

Or  thus. 
Let  SxnzAs  part,  then  will  bxdzB's,  and  their  smnSts 
4a,  whence  a?=i5  -,  therefore  3  x=s  I5s.  =zsum  paid  by  A,  andSi^ 
2bs,^=isum  paid  by  B,  the  very  same  as  before, 

18.  A  person  rented  a  house  on  a  lease  of  21  yeai9, 9ti 
agreed  to  do  the  repairs  when  --  of  the  part  of  the  lease  elsfV* 
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g 
ed.  should  equal  —  of  the  part  to 'come  3  how  long  will  he  have 

been  in  poBS^ssion  when  the  repairs  kre  hegon  ? 

Lei  xs^the  time  dapsed,  then  wUl  ^l-^sngBthe  time  to  comei 


Stx  8      ^— — 

cl8t>  ^^iwo  thirds  of  the  time  elapsed}  and  (—-xSl— *=) 

168— &*  *■ 

— - — -sieight  ninths  of  the  time  to  corner  tbhence  by  thepfO" 

^x    '168-^8  X 
6lem, ---= ;  this  cleared  of  fractiatts,  is  18x=504  — 

S4x,  ir^;i06  42x=:5D4>  and  j?=12  years,  the  time  required* 

10«  Two  country  girls  went  to  a  &irj|  A  laid  out  as  much 
above  4  shillings^  as  B  did  under  6  3  and  the  sum  spent  by  A 
was  to  that  spent  by  B  as  7  to  8  3  how  much  did  ^each  lay  out  ? 

Lei  4-f  X  he  the  sum  A  spent,  then  will  6—x  he  the  sum  B 
spent ;  then  by  the  problem  4+x  :  6 — x  :  :  7  :  8:  whence  by  mul- 

iq>lying  extremes  anfi  means,  (4 -hx  x  8=6 —x  x  7/ ^  34 + 8  x= 

10     2 
49—7*;  therefore  \Bxzs:\0,and^x^  (— =r—  of  a  shillings)  9 

pence;  whence  4+x=^4«.  8d,=igUm  spent  by  A,  and  6— x=  (6f.— 
8d.=:)  St.  4d.=:nfm  spent  by  B.' 

20.  The  sum  of  the  ages  of  a  man  and  his  wife  is  55  years^ 
and  his  age  exceeds  her*s  by  7  years  3  required  the  age  of  each  ? 
Let  x-=zthe  man's  age,  then  55— x=^/ie  woman* s^  suhttact 
the  latter  from  the  former,  and  2x— 55==7  by  the  problem; 
whence  ^x=zG2,  and  x=31  years=^the  man's  age,  therefore  Sd-^x 
k:  (55— 31=i)24ye<ir5=</ie  wife^s  age, 

iJft  ihua. 
Let  x:ax the  wife's  age,  then  55— x=(&e  man's;  subtract  the 
former  from  the  latter,  and  55— 2x=7  by  the  problem;  whence 
2x=  (55-^7=)  48,  and  x=24=^/ie  wonum's  age;  also  55-^x=: 
(55—24=)  Sl=:^the  man's  age,  as  before. 
^  Or  thus^ 

Let  xzzzthe  man's  age,  then  x— 7=/^^  woman's;  add  both 
equations  together,  and  2 x— 7=55  by  the  problem;  whence  x= 
81,  and  x— 7=24,  as  before. 

Or  thus. 
Let   x:=ithe  woman's    age,    then   x+7='^^   man's;    add 
both  equations  together,  and  2x4-7=55  by  the  problem;,  whence 
xs=24,  and  x-f7=31,  as  before. 

Gg« 
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Or'tfans, 

Let  xszthe  man*s  age,  y=ithe  woman's ;  then  6y  the  prolkm 
x4.y=55^  and  ot — ^==7;  thu  may  he  solved  by  each  of  the  three 
methois  in  Art,  90^91>  and  92,  whence  x  will  he  found=s:iS\,  md 
y=24,  OM  hefore, 

21.  What  two  numbers  me  those,  the  sum  of  which  is  140  3 
and  if  four  timed  the  less  be  subtracted  from  three  tines  the 
greater,  the  remainder  is  70. 

Lei  x=the  greater,  then  140->x=^Ae  less;  3  times  the 
greater=s3x,  and  4  times  the  less=.  (4x140— ar=)  560— 4j; 
therefore  by  the  problem  (3x^560— 4  x=)  7ar-- 560=70;  whence 
7x=630,  and  xzs9a=sthe  greater,  also  140— a:=  (140—90=) 
50=  ^Ae  less. 

22.  A  labourer  received  his'  week's  wages^  amounting  to 
twenty  shillings^  in  half  crowns  and  sixpfences^  and  there  were 
twenty  pieces  in  all ;  how  many  of  each  did  he  receive  ? 

Let  x=z  the  number  of  half  crowns,  then'^O — x=:^the  number 
of  sixpences,  also  5x:sthe  number  of  sixpences  in  x  half  crowsh 
and  40^the  number  in  20  shillings;  therefore  (507+20— xs) 
407+20=10  by  the  problem;  tphence  4x3=20.  and  xssj;sthe 
number  of  half  crowns,  and  20— x=»  (20—5=*:)  IB^the  number 
of  sixpences. 

23.  A  paid  B  20  guineas^  and  then  B  had  twice  as  mudi 
money  as  A  bad  left  j  but  if  B  had  paid  A  20  guineas,  A  would 
have  had  thrice  as  much  as  B  had  left^  what  sum  did  eadi 
possess  at  first  ? 

Let  x-=^As  sum  at  first ^  yzszBs,  then  x — 20=.^#  remaiiiiu^ 

sum,  and  y+20=sB*5  sum  after  the  payment  was  made  ;  ahox-\- 

20zczAs  sum,  and  y— 20  £*s  remainder,  had  B  paid  A  20  gu'meas} 

whence  by  the  problem  y  +  20=  (2xx— 20=i=)  2x— 40,  and  j+ 

20=  (3xy— 20=)  3y— 6O5  from  the  former  y=2x— 60,  and 

x+SO  X+80 

from  the  latter  y= — ^ — ;  whence^ x-^60=  — ; — ,  ondx—lSO 

=x+80,  or  5x=260,  therefore  x=52  gmneas  ;  also  y=2x— 60 
=  (104—60=)  44  guineas. 

24.  It  is  twelve  o'clock,  and  the  hour  and  minute  hands  of 
my  watch  are  exactly  together  3  at  what  o'clock  will  they  be  next 
together,  and  how  often  does  the  minute  hand  pass  the  hoiff 
hand  in  twelve  hours  ? 
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Let  x=^the  space  the  hour  hand  has  passed  (or  its  distance 

from  12)  when  they  come  together:  now  it  is  evident  that  the 

minute  hand  must  go  once  round  tJie  dial  besides  the  space  x,  ir^ 

order  to  overtake  the  hour  hand:  whence  l-^-x^^the  space  through 

which  the  minute  hand  moves  in  the  same  time.     Likewise  the 

minute  hand  moves  12  times  as  fast  as  the  hour  hand,  wherefore 

12  :  1  : :  !+»  :  x,  by  theprghlem;  whence  12  J?=l+x>  or  \\x=r 

1  12  1  5 

\,  or  ^3^9Bi—  of  12  hours,  =—  of  1  kour^l  —  kour=:\h, 5m. — 

5  12  11 

=5  — -  minutes  past  one  o* clock  i  also  12-s— ^  =12  x  — =11,  the 
..11  ^        .  11  12 

number  of  times  the  minute  hand  passes  the  other  in  12  hours. 

25.  Two  beggars  went  to  an  alehouse  to  share  their  booty ; 
after  dividing  it  equally^  A  spent  5d.  and  B  8d.  they  then  tossed 
up,  and  A  won  20d,  of  B^  after  which  A's  cash  was  double  of 
B*s ;  what  sum  had  each  at  first  ? 

Let  a:=  the  share  of  each,      ' 
Thenx—^^^^s  suml      /.. .. 

-^nd  (x— 5+20=)  x-fl  5 =-^5  wml     r.      .     - 

(x^8-.20=)  xl^S^Es  sum  J  ""f^"'  '^^''^^  ""P' 

r^re/bre  a?+15=(2x*— 28=:)  2a?— 56  by  the  problem; 
whence  x=71  pencez=zBs.  lld.=ithe  share  of  each, 

26.  What  fraction  is  that^  which  if  1  be  added  to  its  nume- 
rator^ the  value  of  the  fraction  will  be  i ;  but  if  1  be  added  to 
its  denominator^  the  value  will  be  i  ? 

X 

Let  xz:ithe  numerator,  y=^the  denominator,  then  — =it}ie 

y 

x-^'X      1               jp         1  • 
fraction;  wherefore  by  the  problem ~"S~^  ^^^ 7— — • 

if  y  ' 

From  the  first  \quation  we  have  J:=-| — 1>  and  from  the  se- 
cond x^s. ,  whence  ■t--**1= :  from  this  by  reduction  we 

4  8  4       "^  ' 

v+l  X      4 

get  y^\b,  and  consequently  a?B=(— — =)  4,  whence  — = — = 

the  fraction  required. 

27.  A  Grentleman  left  SQL  between  two  persons,  whose  shares 

2        3 
ffirere  respectively  ^  "Z"  ^  "^  i  what  sum  did  each  receive  ? 

G  g3 
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Let  XX  the  lea»t  share,  then  56 — x^ezthe  greater^  and  ^  the 

problem  x  :  56— a? '  hir-  — *  whence  -^s? .  ■    ;  therejon 

896 
x=(-~-=24/.«l62=)  24/.  4«.  Sdj*  and  5(?—x=: (56— 24.2163 
37 

5=31.78385=)  311.  15*.  8d^. 

28.  Some  fishermen  having  caught  a  shark,  and  cut  it  into 
three  pieces,  the  tail  weighed  60  pounds )  the  head  wei^ied  as 
much  as  the  tail  and  ^  the  body }  and  the  body  weighed  as 
much  as  the  head  and  tail  together  3  rec[uired  the  weight  of  the 
shark,  and  of  each  of  its  parts  ? 

X 

Let  x=zthe  weight  of  the  body,  then  60+-—  =: toeigr^t  of  the 

4 

head;  a$id  (60+— +605=)  ---\- 120=:  x,  by  the  problem;  whem 

X 

X7=160  pounds:=the  vfeight  of  the  bqdy,  60-| ;=z(6O+40=) 

A  '        4  ■ 

100  pounds^the  weight  of  the  head;  and  (160+100+60=) 

320  pounds  s=  the  weight  of  the  shark, 

29.  A  hare  is  50  of  her  own  leaps  before  a  greyhound,  and 
takes  4  leaps  to  the  greyhound's  3  ;  but  2  of  the  greyhoaod*! 
leaps  are  as  much  as  3  of  the  hare*s ;  how  many  leaps  must  each 
take  before  the  hare  is  caught  ? 

Let  x^^the  greyhound* s  leaps,  y=:the  hare's  after  the  do§'i 
starting,  then  y-\-b0^^the  whole  of  the  Juire's  leaps.     ButS.i 

4x 

: :  X  :  y  by  the  problem,  whence  Sy=z4x,  and  ya=- — ,  also  y+50 

4  J7  4x 

=; — J- 50  J  whence  by  the  problem  2  :  S  :  :  x  : ^50,  therefore 

*}  3 

-—  +  IPO^S  X  ,•  whence  x^S0O=:the  greyhounds  leaps,  and  --I- 
3  0 

50=450==^^  har^S  leaps. 

30.  A  market-woman  bought  a  niUnber  of  eggs  at  2  a  penor, 
and  as  many  at  3  a  penny,  and  sold  them  all  at  5  for  twopeoce^ 
whereby  she  lost  fourpence ;  how  many  eggs  had  she  in  all? 

Let  xz^ the  number  of  each  sort,  then  2x-=.her  whole  slodit 

X  X 

also  —=ithe  value  of  those  at  2  a  penny,  and  — =:the  value  oj 
"  3 

4  X 
those  at  3  a  penny ;  but  5  :  ^  :  :  2x  ;  -^szthe  value  ofthevh^ 
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X      X      4x 
mt  B  for  twopence  ;  whence  by  the  problem— i--^ ^==^>  come' 

^  2       3        5 


quently  at=120==iAe  numbei^of  each  sort,  • 

.  31.  How  must  1  divide  the  number  39  into  four  parts^  so 
tiiat  t)ie  first  part  being  increased  by  i,  tlie  second  diminished 
by  2>  the  third  multiplied  by  3,  and  the  fourth  divided  by  4, 
the  8um«  difference^  product,  and  quotient^  may  be  equal  to  each 
other  ? 

Let  x—l=zthe  first  part,  then  x-\-^:=^the  second,  — =:the 
third,  and  4 x^=:ihe fourth:  then  by  the  problem  (x — l-^x+2i- 

X  X 

4-4iic?=)  ^Xif— — |r-ls=395  this  resolved  gives  x=6,  whence 


3  '  '        '3 

X 

j:— 1=5,  a:-f  2s=8,  — =2,  and  4x^^7A,  the  parts  required. 

32.  A  sets  out  from  London,  and  travels  towards  Carlisle,  at 
the  rate  of  2\  miles  an  hour  -,  B  sets  out  at  the  same  time  from 
Carlisle,  and  travels  towards  London,  at  the  rate  of  3-^  miles  an 
hour ;  in  how  many  hours,  and  whereabouts  on  the  road  will 
they  meet,  supposing  the  distance  of  the  two  places  from  each 
other  to  be  301  miles  ? 

X 

Let  x=zthe  time  required,  then  (24-xa:=)  2a:+ — =:J*s  dis- 

X 

lance  travelled,  and  (37X07=)  Sx-^^—^Ifs  distance,  whence  by 

yC  vU  vJ  Jm 

the  problem  (2x+-— -+3x+— -=)  5«+ "T"^^^^  >  ^^^  resolved 

S  8  1204      5  20 

fwes  *=&223  hours,  and  52— x24^:^(— ^Xy=)lSO^  milet 

20  3 

from  London,  or  (301— 130^=)170^  miles  from  Carlisle. 

23  23 

33.  Farmer  Trott  and  fats  Wife,  ev'ry  week  of  their  lii^^ 
Us*d  to  drink  out  a  firkin  of  Ale ; 

How  comes  it  about,  says  Trott,  when  Fm  out. 
That  it  lasts  eighteen  days  without  fail  ? 
But  you're  going  to  Gloster  to  visit  Aunt  Foster, 
And  then  Tve  a  fancy  to  see. 
If  I  drink  at  the  rate  that  I  have  done  of  late^ 
How  long  the  same  quantum  serves  me. 

^g4 
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While  the  visit  wife  made,  to  the  Aunlt  aforesaid. 
House  and  &nning  Trott  superintended. 
If  he  drank  of  his  beer,  as  h^*d  done  all  the  yeaf. 
In  what  time  would  his  firkin  be  ended  ? 

Let  xsszthe  number  of  days  it  toould  last  him^  then  x  days  :  1 

T 

firkin  :  :  7  days  :  — =:th€  quantity  drank  by  him  in  a  week;  and 

X 

i 

7 
18  days  :  I  firkin  :  :  7  days  :  —=zthe  quantity  drank  by  her  in  a 

7      7  5 

week;  therefore 1— -=1  by  the  problem,  whence  a? =11 —  days 

X      18  11 

=  the  time  it  serves  him. 

34.  In  the  ruins  of  the  anciept  city  of  Palm/ra,  there  were 
found  two  cubical  blocks  of  Granite,  containing  together  728 
cubic  feet,  and  the  side  of  the  less  was  to  that  of  the  greater*  as 
3  to  4  3  required  the  side  of  each  I 

Let  x^the  side  of  the  less  cube,  then  (S  :  4  :  :  x  :)  — '= 

the  side  of  the  greater:  whence  (3i^'\ 1  =)-^ — =728;  whence 

728  X  27 

910:^=728x27,   and  x»=(i-— =)   8x27,    therefore    j= 

•f  *• 

4x 

(^V'^x2r=2x33s)  6  feet=the  side  of  the  less  cube,  and  — 

24 
=  ( — =)  8feet=zthe  side  of  the  greater, 

35.  A  Jockey  has  two  horses,  A  and  B }  he  has  also  two  sad- 
dles, one  worth  16/.  the  other  worth  4l.  now  if  he  puts  the  best 
saddle  on  A,  and  the  worst  on  B,  A  will  be  worth  twice  as  much 
as  B  :  but  if  he  puts  the  best  saddle  on  B,  and  the  worst  on  A, 
then  B  will  be  worth  thrice  as  much  as  A  j  requii*ed  the  value 
of  each  horse  ? 

Let  x=zthe  value  of  A,  y=:the  value  of  B, 
r/ieno:+16=(2x'5fT4=)2y.+  8    \  .     ^,  ., 

And  y  +  16=(3x^T4=)  3:r+12/  ^  '^ P'^^^' 

From  the  first  jp=2  y— 8,  and  from  the  second  jc=^— — ,  cofi" 
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y  +  4 
sequently J2  y,r^&^ ,  whence  ^=(54-=)  oL  l^s»=^tfig^ price  of 

Bj  andx=(S^=z)  SI.  43,=^  the  price  of  A. 

36.  A  privateer  hsM'ing  taken  a  prize,  its  value  was  divided 
equally  among  the  crew,  each  man  receiving  l!.  and  -rw  part  of 
the  mmaiader;  now  if  the  number  of  men  be  added  to  the  num^* 
ber  of  pottuds  each  teceived^  the  square  of  the  sum  equals  four 
times  the  value  of  the  prize  3  required  its  value,  the  number  of 
men^  and  the  share  of  each  ? 

het  x=ithe  number  of  men,  fszthe  share  of  each,  then  will 

3cyz=ithe  valine  of  the  prize,  whence  by  the  problem  (:r'-f  yl®=)  ^*-|- 

^xy-{-y^=:4ixy,  subtract  4xyfrom  both  sides,  and  x^—^xy-^-y^ 

=0,  the  square  root  of  this  Ma:--y=0,  whence  x-szy,  consequently 

jn/=z3^z=ithe  value  of  the  prize;  therefore  by  tliM  problem  l-f 

^2—1  :c^— 1 

=a:  (or  y)z=each  man's  share ;  whence =j:— 1 :  divide 

100  ^      ^'  100  ' 

^+1 
this  equation  hy  t—  1  and =1,  whence  x=::99=^the  number  of 

men,  y=(j:=)  99  pounds  each,  and  xy=z(99x99=)  9S0ll.^the 
value  of  the  prize, 

37.  A  learned  society  raised  a  fund  for  the  purchase  of  a 
library  -,  now  if  there  had  been  40  members  more,  each  would 
have  subscribed  3/.  less  than  he  did;  but  if  there  had  been  50 
less,  each  must  have  paid  61.  more :  how  many  members  were 
there,  what  did  each  contribute,  and  what  sum  did  the  library 
cost? 

Let  x=:the  number  of  members,  yz=the  sum  each  paid,  then 

tyz=,tlie  sum  subscribed',  whence =Me  sum  each  would  have 

^  x-f40 

xy 
7aid,  had  there  been  40  more,  and  — ^-^=zthe sum  each  must  have 

a;— 50 

jaidf  had  there  been  50  less;  whence  — ^=y--3,  and  — 


j:  +  40     "  x^SO 

I -{-6,  by  the  problem. 

From  the  first  of  these  xy:=xy + 40  y —3  x— 1^0. 
And  from  the  second,  xy  =^xy-^  50  y  +  6  x-^  300. 

40  y— 120      ^        25y-fl50      ,       , 
n  hence  j7= and  x  =  — ^ — ■_ — ,  therefore  40  y — 

«5  o 
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120r=25y+l^*  or  ^=sl8Z.  x=200  persons,  and  a:y=?3600{.= 
the  value  of  the  libra^f, 

38.  A  lady  speot  f  of  her  money  at  the  linen  draper's^  i  oi 
the  remainder  at  the  mercer*s>  4-  of  what  she^  had  left  at  the 
milliner's^  paid  $  shillings  for  a  hackney  coach^  apd  csMried 
home  V<r  of  the  sum  she  had  at  first;  how  much  was  it,  what 
^sum  did  she  lay  out  at  each  plaoe^  and  how  much  bad  she  left  ? 

Let  x=zher  sum  at  first, 

4  4x 

Then  (-^xx=)  —^zsum  ^id  the  Unen  draper. 

And  (ar— -— =)  -—-^zremainder, 
7        7 

7"    3jp        X 
Then  (—  x  -r-=)  —^sum  paid  the  mercer. 

And  {—' — —5=) —55 remainder. 

1      2jr        X 
Then  ("5"  X  5T=)  57=*.*"'?*  p^^^d  the  milliner, 

X 

Also  ;--=«ttm  carried  home. 
30 

4^       00         jc        X 

Therefore  --+— .4._.-j.---j.3=a:,  6y  the  problem. 

^(y7x 

fVhence  x^-——=:3,  and  x=z  (210  shillmgs=z)  lOZ.  10*.=* 

fier  sum  at  first.    Whence  also. 

Ax       4x210 

— -=  ( — - — ==120  shill.:sz)  6l.^:ssum  spent  at  the  Unen 

draper's, 

x       210 
---=5?(—  =70  shill,za^)M.  105.=«U97i  spent  at  tfii  fnercers. 

X       210 

~-5=(^— — =)  10  shillings=!^ sum  spent  at  the  milliner's, 

X        210 
And  :rr=(-rT-==)  7  shillings  =isum  carried  home, 
30        30  °  ' 

» 

39.  A  gambler  lost  at  play  4-  of  his  cash^  and  then  won  10 

shillings  -,   next  he  lost  ^  of  what  he  then  had^  and  won  10 
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shUliDgs ;  las4y^  he  lost  -^  of  what  he  had  left^  and  went  home 
with  45  shillings  in  his  purse :  what  sum  did  he  begin  with  ? 
Let  x=his  number  of  shillings  at  first. 

Then  — z^his  first  loss. 

And  (x — —2=:) — ^=ith^ remainder, 
.4        4 

Si?  .3a:+40 

Also  ( — fHlOse)  — - —  zssum  begun  with  the  second  time, 
4  4 

^.         1     •5a:+40    .3a:+40     ..  ,, 

Then  ( — x =)  — ^  w    zshts  second  loss. 

•     ^  ^   3a:+40    3a:+40     ,^     ^3x+90     ,^ 

And  ( hlO=)  =sthe  sum   besnm 

^4  20  ^       5  * 

with  the  third  time, 

1      3x4-90       x+30 

Also  (-—x =:) =Ai«  la>st  loss, 

^6  5  ^10 

W7L     r      ,3x4-90    x+30     .  x+30      _     .....        ,      . 
Wherefore \ =) — -r — a=45  shUlings  by  the 

problem ;  wfience  x=60  shillings^^his  sum  at  first, 

40.  Out  of  a  cask  containing  81  gallons  of  wine^  a  quantity 

was  drawn^  and  the  cask  filled  up  with  watery  the  same  quantity 

of  the  mixture  was  drawn  off  three  several  times  after^  and  the 

cask  filled  up  each  time  with  water;  after  which  it  appeared, 

that  the  cask  full  of  the  mixture  contained  only  16  gallons  of 

yrine  :  how  much  wine  was  drawn  off  each  time  ? 

Let  x:=  the  quantity  of  liquor  drawn  out  each  time, 

Tfien  81— xs=Me  quantity  left, 

81x— x* 
But  (81  :  ^1— X  : :  X  :  )  — - —  =^wine  drawn   the  second 

time.  

>.^io,           Sl-x*     ,8l-al^  .^    ,. 

And  81— X =) — -- — ^quantity  left. 

81 -x|*  ,  81— x)«xx        .      .  ,,,,.. 

Also  (81  : : :  X  :  )  -—-^.wme  drawn  thethirtf, 

"•  81  81) 

time. 

-^[ZUl^     81^^     .Sl^ 
4nd  .(-gj— '^^^  "1^  ^quantity  left. 

Then  (81  :  -  : :  x  :  )  It — JL ^zwine  drawn  the 

sH*  8Tl' 

fourth  time. 


• 


I      ■ 
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^nd  {—=^ ==^5 —  =)  -^:r5-=9«<inh<^  left. 

^  sD! ^  -81?  sll' 

81— -i!*  » 

Therefore     ~^^'  =(1^=)  §1*  by  the  problem.  ^ 

Whence  8T^*=  (^*X8Tl3=2l*x5Sl441=)2l*X27l*- 
Consequently  81— j;=:1[fix?7=»)  54>  an<t«=:27  gallons, 

41.  Borrowed  of  an  usurer  three  sums  of  money:  if  the  first 

be  multiplied  into  the  sum  of  the  other  two>  the  product  will 

be  140^000  pounds  j  if  the  secoad  be  multiplied  into  the  sum 

of  the  other  two>  the  produict  will  be  180^000Z.  and  if  the  third 

be  multiplied  into  the  sum  of  the  other  two,  the  product  will 

be  200,000i.' what  were  th^  particular  sums  borrowed  ? 

Let  x;  y,  and  z,  be  tlie  three  sums  respectively. 

Then  {xxy+z=)  xyH-xz=:  140000a 

(yxx+zs:)  j:y  4-^2=  180000  V  by  the  problem, 

{zxa?-fy=)  xz+yz  =200000^ 

The  sum  of  these  divided  by  2,  gives  j^+xz+yz= 260000. 

Subtract  each  of  the  three  former  from  this,  and  there  arises, 

-   120000 
yz=  120000,  whence  y= 


jcz=  80000,  whence*  z:=.  ^ 


z 
60000 


xy:=^  60000,  whence  y= 


X 

60000 


X 

,,       ,       ,  120000     60000 

But  (y=) = ,co7ise9Me»%(l20000a:= 600002, 

Z  X 

.          1           ,                  80000     ,80000     ,       ^        z2 
or)x=:—z;  whence  z=( =)  — j — ,  tlierefore  —  =80000, 

or  z*=  160000/.    whence    z=400/.   a:=(4^z=)    200Z.    and    y= 

60000     ,  ^     , 
( =)300Z. 

X 

42.  A  merchant  is  indebted  to  A,  B,  C,  and  D,  as  follows :  to 

A  he  owes  half  as  much  as  to  the  other  three,  to  B  one  third 

as  much  as  to  the  other  three,  to  C  one  fourth  as  much  as  to  the 

other  three,  and  to  D  70  pounds  less  than  to  A  j  how  much  does 

he  owe  in  the  whole,  and  ^o  each  person  ? 

Let  the  respective  sums  be  x,  y,  z,  and  u  ;  then  by  the  problem 

y-\'Z'{-u           x-^z-^-u         x+y-\'U 
^= — 2 — y  y=---^ — )  s= — ,  and  uzz^X"- 70',  whence 
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2x=2y+2+tt^  3  jf=a?+r4-«,  4z=a:+y  +  w,  and  Ktirj?— 7O5  ad^i 
X  to  the  first  of  these,  y  to  the  second,  and  *  to  the  third,  and  we 

^ikaZZ  Aat^3;r=s(a?+^+2+tt=^  4^=5  2;  whence  z:=^-^,  and y^=z 

—  /  substituting  these  values  fespeetively  for  z  and  y  in  the  first 

Sop     3j;     •      ,  13x 

equationy^x:=: [•  —  -{-u,  whence  u=^---—;  substitute  this  value 

4       5  20 

13>r 
for  u  in  thefc/&rih  eqwUiim,  and  it  becomes  — —±=0:— 70,  whence 

Sir  3jc 

j?=500/.y  =(--=)  150Z.  3?=  (—=)    120^,.  a«d  «=(ar— 70=) 
.4  5  ' 

I30Z.;  dlso  (j?+y+2+«=)  600Z.=iAe  sum  of  the  debts. 

43.  The  difference  of  two  numti^s  is  6,  and  their  product 
16  3  what  ire  the  numhers  ? 

Let  x=the  greater,  then  x-^^^the  less,  and,  {x--6xx=z) 
at*— 6 0^=16  fey  the- problem  :  complete  the  square ^  Std  x^  ^6x-^9 
=s=(16+9=)  255  whence  by  evolution  a?— 3=-f  5>  and  x=S-£5 
=8,  or  —'2 ;  also  a?— (Tfc  (8— 6,  or —2—6=)  2,  or  — '8  5  wherefore 
the  required  numbers  are$  and  2. 

Or  thus, 

1  f> 

Let  x=:the  greater,  then — ^the  tess,  dhertfore  by  the  pro- 

X 

hlemx -=6}  wJtence  as  before  x^— Q'arasIS^  and  x=iS,  also 

X 

— =2. 

X 

Or  thus, 
Lei  xz=the  greater,  y^the  less,  then  x^y:=z6,  and  xy^=l6. 
Prom  eq.  I,  x^s^y-^S,  8iU)stitute  this  value  for  x  in  eq,  2,  and 
(y  +  6  X  y =)  y'+6y=163  whence  by  completing  the  square  y '  + 
6  y +  9=25,  and  by  evolution,  8fc,  y=2,  and  x=(y  +  6=)  8,  as 
before, 

44.  A  pavement  consists  of  1000  equal  square  stones,  th^re 
are  30  more  in  length  than  in  breadth ;  how  many  are  there  in 
each? 

Let  x^the  number  in  breadth,  then  x-^SO=si  the  number  in 

length,  and  by  the  problem,  (T+SOx x=)  x'  +30a;=  1000 :  com- 
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plete  the  squari,  and  a:«  +  30a?+15|»  =  (1000-|-i5|"=)  1225; 
by  evolution  :r+]5:s35^  whence  t:=:ZO=^the  number  in  breadth, 
and  x+30=50=f^  number  in  length,  ^ 

45.  A  rider  on  a  journey  received  a  sum  of  money,  and  after- 
wards as  much  more  -,  on  his  return^  having  deducted  bl.  for 
travelling  expenses^  he  finds  that  the  remainder  is  to  the  square 
of  the  sum  first  received  as  3  to  64 :  what  sum  did  he  bring 
home? 

Let  x=ztlie  sum  first  received^  then  foUl  2jp— 5=i^e  sum 
brought  home;  wherefore  by  the  problem  9^—8  :  x*  :  :  3  :  64, 
whence  (2x— 5x64=a'»  x3,  or)  128  ar— 320=3  «»,  whence  also 

.     128a?        320  ,        ^  .  ^  128a:  .  16384 

t* — = —;  complete  the  square,  and  or* — -- — \- 


3     •     36 

16384     320     ,12544          ^   ^          ,     ',-           128         112 
-(-jg 3" "^^"36"^  ^  evolutwn  3C ^=^4--^, 

128+112      24b       16 

whence  x=^( == =)-r-  <w  -r-=40Z.  or -2/.  13*.  4d.  whence 

^6  ^6  6 

also  2  J— 5=(80— 5,  or  51, 6s.  8cf.  —5=)  75Z.  or  6s.  Sd,  the  for- 
mer only  answers  the  conditions  of  the  probU;pi. 

46.  An  army  preparing  a  city  to  stoitn> 

Is  drawn  up  on  the  plain  in  tecrangulai^  form. 
It  contains  sixteen  thousand  eight  hundred  brave  men. 
And  the  front  exceeds  triple  the  depth  by  thrice  ten  -, 
Say  what  niunber's  in  each,  without  blunder  or  fault  ? 
And  be  quick — ^for  the  signal  is  made  to  assault. 
Let  x:=z.  the  number  of  men  in  depthy  then  3  a:-f'30=  the  number 
in  front,  and  (a:x3x+30=)  3  a?" +30  a: =16800  by  the  problem , 
whence  x^  -f  1  Ox =5600  j  and  completing  the  square,  x^  -|- 10  j-f- 
25=5625,  whence  a?=fO=^/ie  number  in  depth,  and  3a:-|-30= 
^40=ithe  number  in  front, 

47.  Bought  two  pieces  of  mahogany  for  20  shillings,  one  was 
two  feet  longer  than  the  other,  and  each  cost  as  many  shillings 
per  foot  as  it  was  feet  in  length  j  required  the  length  of  each  ? 

Let  x:=:the  length  of  the  Less  piece,  then  x-\-2=zthe  length 
of  the  greater;  also  (a:xx=)  x^=:the  value  of  tlie  less,  and 
(x-h2xa:-f  2=)  x^  +  4x^4=:the  value  of  the  greater,  and  the 
sum  of  these  values=:^x'  ^^x-^-Ar^^O  by  the  problem,  whence 
a7'-f-2a?=8,- and  completing  the  square  a?' +2  0^+1=93  whence 
also  a:=2  feet^the  less  piece,  and  a:+2=4  feet=:the  greater. 
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48.  A  l^dy  boiigjiit  a  basket  of  peaches  for  fovq^hilKngs,  but 
four  of  diem  proving  bad^  occasioned  the  rest  to  stand  her  in 
two-pence  apiece  more  than  they  otherwise  would  have  done ; 
how  many  did  she  buy) 

Let  xsiihe-nuy^ber^  then  :r— 4=:lAe  number  of  good  ones; 

48 
ulso  4s. =48  pence^the  sum  they  cost,  therefore  — =:the  value  of 

t  X 

48 
each  had  they  all  been  good;  and =Me  value  of  each  of  the 

X '      ft 

Aft  Afl 

test,  4  being  spoiled ;  whence  by  the  problem  — i — = — 1-2^/  this_ 

jP^^tt         X 

cleared  {^fractions,  we  have  48i?=48x— 192+to*  —8  x  5  whence 
X*  ^4 xsz96,  and,  completing  the  square,  8fC,  x=^i^=zthe  number 
reiqitiredy 

49.  Bought  eight  cows^  and  sold  them  again  for  56Z.  whereby 
t  gained  as  much  per  cqnt.  as  they  all  cost  5  what  sum  did  I  give 
Ibr  each  ? . 

Let  xszthe  price  of  eachy  then  S^^^what  the-S  cost,  and  56 

^^8x:=the  gain  on  the  whole;  therefore  by  the  problem  8x  :  56— 

5600— ^OOx     ^700— 100  07     ,^  . 

Sx  : :  100  :  ( — ■  ■  =) znthe    gam   per   cent^t 

Sod  X 

yoO— IOO:r 
whence  by  the  problem,  Sx=z^ — ■ ,  or  8ap*=700— lOOar, 

whence  x*  + 12.5  x=si87.5 ;  and  completing  the  square  x'  + 12.5 » 
+39.0625=:  126.5625^  whence  x^Sl.^thi^m  iiach  cost. 

50.  Gave  202.  for  a  side  boar^  and  sold  it  again  for  a  sunv 
which  being  multiplied  into  the  gain,  the  product  will  be  i^the 
cube  of  the  said  gain  ;  what  sum  did  it  sell  for  ? 

Let  x=:the  gain,  then  20+a;=^^  sum  U  sold  for  ;  wherefore 


3x»  :      ,         .,  ,  10 


(20-f'JPXx=i)  20  a: -fa?*  = by  the  problem,  whence  x' — ;r^= 

10  tf 

sioo 

— ;  this  resolved,  gives  x=ilOl.:^the  gain,  and  20+a7=BO/.s: 
the  sum  it  told  for, 

51.  Two  gardeners  carried  between  them  100  melons  to  mar- 
ket^  and  received  equal  sums  -,  but  A  (who  had  the  best)  said 
to  B>  '  Had  I  carried  as  many  as  you,  I  should  haiK  received 
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41,  lOi.  for  tiMm}'  sa}*8  B, '  Had  I  carried  no  more  than  jou^  I 

should  have  taken  only  2Z.  for  mine :'  how  many  had  each,  and 

what  was  the  price  ? 

Let  xz=zAs  number,  then   lOO—xsxB's,  alio  41.  10».=:90 

4000 -^40x 
ihilL  and  2/. =40  skill,  whence  x  :  100 — x  :':  40  : = 

X 

gOx 

Hie  sum  B  received,  and  100— J?  :  a: : :  90  : snthe  sum  A 

100— a: 

.     .      ,  4000—401?        90  j:     ,       .  ,,  .. 

received,  whence ■ = by  the  problem ;   thu  re- 

X  100 — X 

duced,  gives  x=s40  mehns-s^As  number,  100 — x=60  fnelons=B's 

,       ,4000— 40x     ^       ^  4000— 402r     ,  200— 2x 
number;  also  ( — * 5-60=) =)  = 

120  '90x 

-—- =1  shillings  the  value  of  each  of  B*s  melons :  and  ( j- 

120  ^  /  -^  U00=jr 

90a:  ,        9x         360      3 

40= =)    =- — =-— ;=!  shtlL   6  nence=zthe 

4000— 40x     ^400— 4X     240      2  ' 

value  of  each  of  As, 

52.  Two  partners  gained  2462.  A's  money  was  5  months  in 
trade^  and  his  share  of  the  gain  was  80/.  less  than  his  stock  ^  B 
liad  put  in  502.  less  than  A,  but  his  money  had  been  7  months 
in  trade  \  required  the  stock  and  ggin  of  each  ? 

Let  x-^As  stock,  then  x--bOz^B's  stock ;  also  x — 80=  As 
gain,  and  (246— x — 80=)  326  — x=F5  goin;  now  because  As 
stock  X  its  time  :  As  gain  :  :  B's  stock  x  its  time  :  B's  gain,  there- 
fore bx  :  X— 80  :  :  (x— 50x7=)  7^—350  :  326— a:;  whence  by 
^lultiplying  extremes  and  means,  1630a: — 5a?*=7x^— 910J+ 

635     7000 

2S000,  or   12a;"— 2540 a:=— 28000,  or  x'' a,— — ^ : 

3  3 

,             ,                1  ,,u                        3      ^35        1(X8C6.25 
whence,   by    completing    the    square,   x' -x-^ = 

100806.25     7000     ^  79806.25  ,  317-5 

( =)   ;      whence     x .=  (4-,/ 

^9  3^9  3  ^-^ 

79806  25     ,      282.5        _,        317.5  +  282.5  f 

=)  ±— ^ »  "'^^  ^= T =200lz=z  As  stock, 


f  It  is  evident  that  the  affirmative  value  only  must  be  used  in  this  place, 
otherwise  x  would  be  =  8^  ;  and  B*,s  stock,  which =x— 50,  would  be  a  nejja- 
tive  quantity,  which  is  absurd. 
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jr— 50=150;.=F«  stock,  x-^QOssl^oLssAs  gain,  and  326— ai 
=  126^.  =£*«  gain. 

53.  Of  a  company  of  boys  playing  at  marbles,  three  won  50 
between  them>  fi*s  winnings^  if  increased  by  the  square  root  of 
As^  would  amount  to  19,  but  if  increased  by  the  square  root  of 
Cs,  the  sum  would  be  21 3  how  many  did  each  win  ? 

Let  x*^=iA!8  wirmingBy  y'=zB^8,  and  z'zsiCs;  then  by  the 
jprotfero  ap*-4-y'H-z»  =50^  y'+a?s=  19,  and  y»+«=21 5  take  the 
sum  and  difference  of  the  second  and  third,  and  2y'  +a7+z=40^ 
and  X — jr=2  the  square  of  the  last  is  z' — 2  ac-J-a?*  =4 ;  subtract 
this  from  the  first,  and  y^  +2zj:=46^  this  doubled,  is^y  '\-4z^ 
=92:  subtract  the  fourth  from  this,  and  4zx^x — 2; =52,  but 
from  the  fifth  z=j7+2  3  this  value  substituted  for  %  in  the  precede- 
ing  eqiuUion,  it  becomes  (4a?xa:-4-2T-ap— j? — 2=)  ^m"  -f-6j?— 2=s 

3        54 

52,  whence  x^  +---t= —  5  this  resolved,  gives  x=3,  whence  jc*  =s 

9z=.As  winnings;  also  z=(ar+2=)  5>  whence  z'=s25=:C«  win' 
nings ;  and  y«=(19—J?=)  l6zs:B*s  winnings, 

54.  In  a  certain  garden  there  are  three  square  grass-plots^ 
containing  together  93  square  yards,  the  difierence  of  a  side  d^ 
the  first  and  a  side  of  the  second  is  equal  to  the  difference  of  a' 
side  of  the  second  and  a  side  of  the  third  5  moreover^  if  the  side 
of  the  first  be  multiplied  by  S,  that  of  the  second  by  4,  and  that 
of  the  third  by  5,  the  sum  of  the  products  will  be  66  5  required' 
the  side  of  each  ? 

Let  X — z=the  side  of  the  least,  x:szthe  side  of  the  second, 

then  x-^zzsthe  side  of  the  greaiest.     The  squares  of  these  added 

together, giccS a?'  +2 «'  =935  also  (a?— zx 3  xa?+4-f  a?-f-«x  5=) 

\^x-^9,z:szW  by  the  problem,  whence  z =33— 60?;  this  squared, 

is  z'  =  1089—396  ^+36  a?'  ;  this  value  substituted  for  z*  in  the 

equation  3a?«+2z»=93,  gire»   (3 a?» +2178—792 j:+ 72 a?«=) 

264  695 

75a?»— 792a?+2178=93,  w^cwcex'— ■— -a?=— — -,  whence  x 

=5,  z=(33 — 6a7=:)3>  wherefore  X'-z^^,  andx-^zssiS, 

55.  A  hitler  bought  two  geese  for  70  pence,  and  gave  8  pence 
more  for  one,  than  he  did  for  the  other  3  what  did  each  cost^ 
him  ?     Ans.  the  first  3*.  3d.  the  other  2«.  7d. 

56.  Two  persons  who  are  60  miles  apart,  set  out  at  the  same 
time  intending  to  meet :  A  dravcis  3  miks  an  hotuv  B%}  how 

VOL.  1.  ah 
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Biany  miles  and  hours  will  each  have  travelled  when  they  meet? 
^ng»  l^  liowrs,    A  travels  36  miles,  B  24  imles, 

57.  ^  is  5  years  older  than  B,  Bia  4  years  older  than  C,  and 
the  sum  of  their  ages  is  73  years  5  reqiured  the  -age  of  eadi. 
Ans,  A  29  yearsy  B  24,  C  20. 

58.  In  a  Christmas  pudding,  -^  is  flour^  4-  milk^  -J-  eggs^  4-  suet 
and  fruit,  to  which  is  added  three  quarters  of  a  pound  of  spices 
and  other  ingredients  3  required  the  weight  of  the  pudding  ? 
Ans.  15  pounds, 

59.  Three  men  bought  a  horse  for  301.  B  paid  twice  as  much 
as  A,  and  C  paid  as  much  as  A  and  B  together  3  what  sum  did 
each  pay  ?  Ans.  A  paid  51.  B  10/.  and  C  15/. 

60.  Some  mice  having  made  a  lodgment  in  a  Cheshire  cheese, 
and  nibbled  aWay  five  shillings*  worthy  four-fifths  of  the  remainder 
was  sold  for  21.  I6s,  required  the  value  of  the  whole  cheese? 
Ans.  31.  155. 

61.  A  courier  was  dispatched  from  Paris  to  Constantinople 
with  orders  to  travel  20  miles  a  day  3  6  days  after^  another  was 
sent  express  after  him^  and  travelled  35  miles  a  day  3  how  many 
days  must  the  latter  travel  to  overtake  the  former  ?  Ans.  8  days. 

62.  Two  persons  ofifered  themselves  as  candidates  for  the 
office  of  schoolmaster  in  a  certain  village,  where  there  were 
329  voters^  and  the  successful  candidate  gained  his  election  by 
a  majority  of  53  5  how  many  voted  for  each  ?  Ans.  191  for  the 
one,  and  138 /or  the  other, 

6*3.  A  vagi-ant,  on  being  apprehended,  gave  the  following 
account  of  himself^  *'  I  was  apprenticed  at  14,  served  3  years, 
then  ran  away,  have  been  t-V  of  my  life  a  sailor,  ^  a  soldier,  and 
have  passed  a  year  more  than  ^  of  my  life  subsisting  mostly  on 
charity  5"  how  old  was  he  ?     Ans.  48  years, 

C4.  If  from  4^  of  my  height  in  inches  12  be  subtracted,  ^  of 
the  remainder  will  be  2 ;  what  is  my  height  ?   Ans.  5  feet  6  inches. 

C5.  A  footman,  who  was  hired  for  1^/.  a  year  and  a  liver}', 
was  turned  away  at  the  end  of  7  months,  and  receired^S/.  ISs. 
9d.  besides  his  livery  5  what  was  its  value  ?     Ans.  7  guineas. 

66.  A  bowl  of  punch  was  mixed  as  follows  3  ^  was  rum,  I 
brandy,  -iV  acid  and  sugar,  and  3  pints  more  than  half  of  all 
thete  water  3  how  much  did  the  bowl  contain  ?     Ans.  6  quarts. 

()7    The  paving  of  a  s^juare,  at  2  shillings  a  yard,  cost  tin 
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times  as  much  as  the  inclosing  it  at  5  shillinc^s  a  yard  5  required 
the  side  of  the  square  ?     Arts,  100  yards, 

68.  If  B  gives  A  5  apples^  A  will  have  twice  as  many  as  jB  ; 
but  if  A  gives  B  ty,  B  will  have  thrice  as  many  as  A-,  how  many 
apples  has  each  ?     Ans,  A  II,  B  IS, 

69.  Two  gipsies  bought  a  tin  kettle^  and  as  Sal  paid  ten 
pence  more  than  Rachel^  it  was  agreed  that  the  latter  should 
^rfbrm  the  duties  of  the  kitchen  five  times  to  Sal's  three  5  sup- 
posing this  a  just  equivalent^  what  sum  did  the  kettle  cost  ? 
Ans.  Ss.  4d, 

70.  Ten  years  ago^  in  manhood's  early  stage. 
Two  figures  duly  placed^  expressed  my  age  j 
They'll  do  the  same>  when  eight  moi«  years  are  past. 
By  placing  that  the  first,  which  stood  the  last : 
Time  flies  apace, — ^ye  gay  and  thoughtless  say. 

Of  mine,  how  many  years  have  pass'd  away  ?  Ans,  34  years, 

71.  The  weight  of  the  head  of  Goliath's  spear  was  less  by  one 
pound  than  one-eighth  the  weight  of  his  coat  of  mail,  and  both 
together  weighed  17  pounds  less  than  10  times  the  spear's  head  5 
required  the  weight  of  each  ?  Ans,  the  coat  208  pounds,  the 
spear's  head  25  pounds, 

72.  The  ages  of  a  man  and  his  wife  are  such,  that  his  being 
multiplied  into  the  square  root  of  hers,  the  product  is  180  3 
but  hers  multiplied  into  the  square  root  of  his^  gives  150  for  the 
product  3  what  are  their  ages  ?  Am,  the  man*s  36  years,  his^ 
wife's  25  years, 

73.  A  shepherd  with  his  flock  was  met  by  a  company  of  sol- 
diers, who  plundered  him  of  half  his  flock,  and  half  a  sheep 
o^er  3  a  second,  a  third,  and  a  fourth  company  met  hiin,  and 
plundered  him  successively  of  half  what  he  then  had,  and  half 
a  sheep  over,  so  that  on  arriving  at  home,  he  had  but  eight 
sheep  left  3  how  many  had  he  at  first  ?     Ans,  1 43. 

74.  A  trader  maintained  himself  on  50^  a  year,  and  cleared 
yearly  one-third  of  his  then  remaining  stock,  by  which  means  at 
the  end  of  the  third  year  his  original  stock  was  doubled  3  what 
sum  did  he  begin  with  ?     Ans,  740l, 

75.  The  sides  of  three  cubical,  blocks  of  mahogany  have  equal 
dift'erences,  their  sum  is  15,  and  the  solid  content  of  the  three 
together  is  41)5  cubic  inches  3  required  tlie  side  of  eacli  ? 
An.i.  3  inches,  5  inches,  and  7  inches. 

n  h2 
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76.  It  is  required  to  divide  the  number  S7  into  two  aoA 
parts^  that  if  the  greater  be  divided  by  the  leas^  and  the  lesa 
by  the  greater^  the  former  quotient  may  be  to  the  latter  as  25 
t0  16.     4n8,  15  and  12. 

77.  ^  is  4  years  older  than  B,  and  the  sum  of  the  squares  of 
their  ages  is  976  -,  required  their  ages  ?  Ans,  As  24  tft^rs,  ffs 
20  jfears, 

78.  A  nursery  man  planted  6400  trees  at  equ^  distances,  in 
the  form  of  a  rectangle,  having  50  trees  more  in  front  than  in 
depth ',  required  the  particular  number  in  each  ?  Ana,  120  ta 
front,  70  in  depth. 

79.  A  rectangular  pavement  consists  of  533  equal  square 
stones,  and  if  the  number  in  length  be  added  to  that  in  breadth, 
the  sum  will  be  54  >  required  the  number  in  length  and  breadth  ? 
Ati^t,  41  in  length,  13  in  breadth, 

80.  What  number  is  that  virhich  being  tripled,  and  15  added 
to  the  triple,  the  sum  shall  be  to  the  square  of  the  said  number, 
as  6  to  5  ?     Ans,  5. 

*  81.  A  person  boi^ht  mackerel  for  30  pence,  and  recaviug 
one  more  than  the  nmnber  originally  bai^gained  for,  occasioned 
the  whole  to  stand  him  in  a  penny  a  piece  less  than  they  other- 
wise would  have  done ;  what  number  did  he  buy  ?     Ana.  6. 

82.  A  lady  bought  lace  for  Al.  As.  but  on  her  arrival  at  home 
ahe  found  that  2  yards  had  been  clandestinely  cut  off  from  the 
piece,  whereby  her  lace  cost  a  shilling  a  yard  more  than  it  ought 
to  have  done  -,  how  many  yards  were  there  ?     Ans.  14. 

83.  A  gang  of  smugglers  had  their  cai^u  seized,  and  were 
fined  lOOOl.  on  which  two  of  the  party  absconded,  leaving  each 
of  the  rest  to  pay  25Z.  more  than  hb  proper  share ;  how  manj 
were  there  in  the  gang  ?     Am.  10. 

84.  If  my  shillings  be  subtracted  from  20,  and  if  6  be  added 
to  my  shillings,  the  square  of  the  remainder  will  be  to  the  sum, 
as  8  to  11 3  how  many  have  I  ?     Ans,  16. 

85.  Two  couriers  set  out  at  the  same  time  from  two  cities 
120  leagues  apart^  intending  to  meet^  the  first  travels  5  leagues 
a  day,  the  other  3  leagues  a  day  less  than  the  number  of  days 
they  travelled ;  required  the  number  ?     Ans.  10  days 

86.  The  pile  of  a  bridge  is  ^  in  the  ground,  5  feet  in  the 
water,  and  the  square  of  both  together  is  to  the  part  above 
water,  as  27  to  5  :  required  its  length  ^     Ans.  24  feet, 

87.  Bought  120  yards  of  ribband,  and  as  many  of  binding' 
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and  received  one  yard  more  of  binding  than  of  ribband  for  a 
shilling  5  now  the  ribband  cost  6  shillings  more  than  the  bind-  . 
ing)   how  many  yards  of  each  were  bought  for  a  shilling? 
Am,  4  yards  of  ribband,  5  yards  of  binding, 

88.  A  dealer  bought  a  lot  of  pigs  for  332.  15«.  and  by  selling 
them  at  ^l.  8s.  each  gained  as  much  as  a  pig  cost  >  what  number 
did  he  buy?     Ans.  15. 

89.  On  the  rumour  of  an  approaching  invasion^  a  nobleman^ 
desirous  of  instructing  his  dependants  in  the  manual  exercise, 
endeavoured  to  form  them  into  a  square^  but  had  20  men  too 
many;  he  then  increased  the  side  by  one  man,  but  wanted  21 
to  fill  up  the  square ;  how  many  were  there  ?     An:s.  420. 

90.  A  rectangular  garden  contains  1200  square  yards,  and 
the  length  is  to  the  breadth  as  4  to  3 ;  what  will  the  fencing 
cost  at  Ss.  6d.  per  yard  ?     Ans.  241.  lOs. 

91.  A  former  bought  a  number  of  calves  for  401.  and  after 
reserving  5,  sold  the  rest  for  361.  whereby  he  gained  8  shillings 
a  head  -,  how  many  did  he  buy  ?     Ans.  20. 

92.  The  majrpole  of  a  country  village  being  blown  down,  was 
broken  into  thi*ee  pieces  by  the  foil  3  the  common  difference  of 
their  lengths  was  1  foot>  and  the  cube  of  the  greater  piece  ex- 
ceeded the  product  of  all  three  by  560 ;  required  the  length  of 
the  pole  ?     Ans.  39  feet. 

93.  A  joiner  has  a  mahogany  plank  10  feet  long,  and  is  de- 
sirous of  cutting  it  into  two  unequal  segments,  each  of  which  is 
to  constitute  the  side  of  a  square  table,  the  less  table  to  be  4  of 
the  greater 5  whereabouts  must  he  cut  the  plank?  Ans,  at 
4. 494S97  feet  from  the  end. 

94.  A,  B,  and  C  freight  a  ship,  towards  which  B  pays  \O0h 
more  than  C,  and  A  200i.  moi*e  than  /?,  moreover  As  payment 
is  equal  to  thirty  times  the  square  root  of  the  sum  of  Es  and 
Cs  3  what  simi  does  each  pay  ?    Ans.  A  1500/.  B  13O01.  C  12002. 

95.  If  the  number  of  people  in  a  certain  parish  be  quadru- 
pled, and  13000  added  to  tlie  quadruple,  the  sum  will  be  to  the 
square  of  the  number  as  3  to  50  3  how  many  does  that  parish 
contain  ?     Ans.  500. 

96.  Sold  a  quantity  of  almonds  for  6L  and  gained  four  times 
as  much  per  cent  as  the  almonds  cost  3  how  much  was  that  ? 
Ans.  51. 

97.  Two  hawkers,  A  and  B,  travel  together,  A  has  40  ells  of 
cloth,  B  90',  A  sells  i  of  an  ell  more  for  a  crown  than  B  ;  hav- 
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ing  iold  the  whole,  they  find  that  they  have  taken  42  crowns 
between  them ;  how  many  ells  did  each  sell  for  a  crown  ?  ^ju. 
A  sold  34  ells,  B  3  ells. 

98.  Two  merchants  dissolving  partnership,  shared  70000/. 
between  them ;  A^s  share  of  the  original  stock  was  120002.  and 
JB's  share  of  the  gain  24000Z.  what  was  Es  share  of  the  stock, 
and  As  gain  ?     Ans.  Es  share  16000/.  As  gain  18000/. 

99.  What  number  is  that  which  being  divided  by  the  pro- 
duct of  its  two  digits,  the  quotient  is  2,  and  if  27  be  added  to 
the  number,  the  digits  will  be  inverted  ?     Ans.  36. 

100.  A  nobleman  hired  a  painter  for  42  days,  and  agreed  to 
give  him  as  many  shillings  for  his  trouble,  as  would  be  equal  to 
half  the  square  of  the  number  of  days  he  worked  5  and  to  de- 
duct as  many  as  would  equal  the  square  of  one-third  the  num- 
ber of  days  he  was  idle ,  the  time  being  expired,  the  painter 
received  at  the  rate  of  six  shillings  a  day  for  the  whole  time  ^ 
how  many  days  did  he  work,  and  how  many  was  he  idle  ?  Ans. 
24  days  worked,  and  18  days  idle. 

101 .  The  joint  stock  of  two  partners  was  3000/.  A's  money 
was  12  months  in  trade,  and  ffs  9  months  3  when  they  shared 
stock  and  gain,  A  received  19S4/.  and  B  3476/.  what  was  each 

man's  stock  and  gain  ? 

.        ^    r  stock  1000/.     „,     f  stock  2000/. 

Ans.  As  <  ^ciAi      Bs  <  y  A-^i'i 

\gam     984/.  \gain   14/ 6t. 

102.  The  ages  of  two  persons  are  such,  that  the  age  of  the 
first  is  to  that  of  the  second,  as  that  of  the  second  is  to  50,  and 
the  sura  of  the  squares  of  their  ages  is  2624;  required  the  age 
of  each  ?     Am.  the  first  32,  the  other  40. 

103.  A  trader  at  the  end  of  the  first  year  had  doubled  his 
original  stock,  the  second  year  he  gained  80/.  more  than  the 
square  root  of  his  said  increased  stock,  the  third  year  being  \erj 
successful,  he  cleared  half  the  square  of  all  he  had  at  the  end 
of  the  second,  and  leaving  ofi:'  business,  he  finds  himself  worth 
18240/.  what  smn  did  he  begin  with  ?     Ans.  50/. 
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